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PREFACE TO SEVENTH EDITION 


T he changes in this edition are more important than in any 
since the second. The hook has been reset, and this has 
given me the opportunity of altering it freely. 

I have cancelled what was Appendix II (on the '(), o, 
notation), and incorporated its contents in the appropriate 
places in the text. I have rewritten the parts of Chs. VI and VII 
which deal witli the elementary properties of differential 
coefficients. Here 1 have found de la Vallee-Poussin’s Cours 
(/'analyse the host guide, and 1 am sure that this part of the 
bool; is much improved These important changes have naturally 
involved many minor emendations. 

I have inserted a large number of new examples from the 
papers lor the Mathematical Tripos during the last tw r enty years, 
which should bo useful to Cambridge students. These were 
collected for me by Mr E. R. Love, who has also read all the 
proofs and connoted many errors. 

The general plan of the book is unchanged. I have often felt 
tempted, re leading it in detail for the first time for twenty 
years, to make much more drastic changes both in substance 
and in style. It was written when analysis was neglected in 
Cambridge, and with an emphasis and enthusiasm which seem 
rather ridiculous now If 1 were to rewrite it now I should not 
write (to use Proi. Littlewood's simile) like 'a missionary talking 
to cannibals', but with decent terseness and restraint; and, 
writing move shortly. 1 should be able to include a great deal 
more. 'The book would then be much more like a Traite d'analyse 
of the standard pattern. 

It is perhaps fortunate that I have no time for such an 
undertaking, since I should probably end by writing a much 
better but much less individual book, and one less useful as an 
introduction to the books on analysis of w liioh, even in England, 
there is now no lack. 


November 1937 


G. H. H. 



EXTRACT FROM THE PREFACE 
TO THE FIRST EDITION 


T Hrs book has been designed primarily for the use of first year 
students at the Umv ersities whose abilities reach oi approach 
something like what is usually described as scholarship standard ’ 
I hope that it mav be useful to other classes of leaders, but it is 
this class whose wants I have considered first It is in any case 
a book for mathematicians I have nowhere made any attempt 
to meet the needs of students of engineering or indeed any class 
of students whose interests are not primarily mathematical 
I regard the book as being really elemental y There are plenty 
of hard examples (mainly at the ends of the chapters) to these I 
have added v herever space permitted, an outline of the solution 
But I have clone my best to avoid the inclusion of anything that 
involves really difficult ideas For instance uniform c onvergenc e, 
double series infinite pioducts are never alluded to and 1 prove 
no general theoiems whatever concerning the mveision oi limit 

e) 2 / f 2 / 

operations—I never even define , . and _ \ In the last two 

exey ci{( r 

chapters I have occasion once or tvvic e to integrate a pov er sei les 
but I have confined myself to the very simplest cases and given 
a special discussion in each instance 

<> Jt H 
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CHAPTER I 


REAL VARIABLES 

1. Rational numbers. A fraction r = p/q, where p and q 
are positive or negative integers, is called a rational number. We 
can suppose (i) that j> and q have no common factor, since if they 
have a common factor we can divide each of them by it, and 
(ii) that q is positive, since 

pl(-q) = (-p) <j- (-;>) (-?) = V <1- 

To the rational numbers thus defined we may add the "rational 
number 0’ obtained by taking ]> - 0. 

We assume tiiat the reader is familiar with the ordinary 
arithmetical rules foi the manipulation of rational numbers The 
examples which follow demand no knowledge beyond this 

Examples I. 1. If r and s aio rational numbers, then r + s, r —s, r«, 
and r.s arc rational numbers, unless in the last case s = 0 (when rjs is of 
course meaningless). 

2 If A, m, and n are positive rational numbers, and m>n, then 
A(m 2 — n l ), 2 Amn, and A(rn 2 +n 2 ) are positive xational numbers. Hence 
show how to determine any number of right-angled triangles the lengths 
of all of wbo.se Rif les are p.Timml - 

3. Any terminated decimal represents a rational num ber w hose d g- 
iiomnlat oi con tains no factors oilier than 2 or 5 (ViTii.ris.elv ariy smcIi 
rational numbei can be expressed, and in one waj onlj, ab a terminated 
decimal. 

[The general theory of decimals will be considered m Ch. IV.] 

4. The positive rational numbeis umj be arranged in the form of a 
simple series as follows: 

Li.M.t.LL'M.I.- 

Show that p/q it, the + — 1) (p + q — 2) -f <j]th term of the series. 

[In this sene** every rational number is repeated indefinitely. Thus 1 
occurs as . Weean of course a\ oid this by omitting c\ ory number 
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which has already occurred in a simpler form, but then the problem of 
determining the precise position of pjq becomes more complicated.] 


2. The representation of rational numbers by points 
on a line. It is convenient, in many branches of mathematical 
analysis, to make a good deal of use of geometrieal illustrations. 

The use of geometrical illustrations in this way does not, of 
course, imply that analysis lias any sort of dependence upon 
geometry: they are illustrations and nothing more, and are em¬ 
ployed merely for the sake of dearness of exposition. This being 
so, it is not necessary that we should attempt any logical analysis 
of the ordinary notions of elementary geometry; we may he 
content to suppose, however far it may be from the truth, that 
we know what they mean. 


Assuming, then, that we know what is meant by a straight line, 
a segment of a line, and the length of a segment, let us take a 
straight line A, produced indefinitely in both directions, and a 
segment A u A i of any length. We call A ( , the origin, or the point 0, 
and A] the point 1, and we regard these points as representing 
the numbers 0 and 1. 


In order to obtain a point which shall represent a positive 
rational number r = p,q. we choose the point A r such that 
A a A r <A n A, = r, 

A g A r being a stretch of the line extending in the same direction 
along the line as A 0 A v a direction which we shall suppose to be 
from lett to right w hen. as in Fig. 1, the line is drawn horizontally 
across the paper. In order to obtain a point to represent a 



Fif!. l 

negative rational number r = — s, it is natural to regard length as 
a magnitude capable of sign, positive if the length is measured in 
one direction (that of A 0 Aj), and negative if measured in the 
other, so that AR = — BA ; and to take as the point representing 
r the point A_ s such that 

AyA = —A_ s A g = — A 0 A K . 
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We thus obtain a point A r on the line corresponding to every 
rational value of r, positive or negative, and such that 
A a A r = r.A 0 A 1 , 

and if, as is natural, we take A 0 A l as oui unit of length, and write 
A 0 A l = 1, then we have 


A 0 A r = r. 

We shall call the points A r the rational points of the line. 


3. Irrational numbers. If the reader will mark ofE on the 
line all the points corresponding to the rational numbers whose 
denominators are 1,2,3 ... m succession he w ill readily convince 
himself that lie can co\ei the line with lational points as closely 
as he likes We can state this more precisely as follow s. if wc take 
any segment BC on A , wc can find as many lational points as we 
phase on BC 

Suppose, lor example, that BC falls withm the segment A 1 A 2 
It is evident that if we < hoo.se a positive integoi k so that 

k. BO > 1 .(1)*, 

and divide *4 1 A 2 into k equal paits, then at least one of the points 
of division (say P) must fall inside, BC. without coinciding with 
either B or C For it this were not so. BC would be entirely in¬ 
cluded in one of the k paits into which A l A 2 has been divided, 
which contradicts the supposition (1) Hut P obviously corre¬ 
sponds to a rational nutnbei whose denominator is k Thus at 
least one rational point P lies betw een B and C. But then w e can 
find another such point Q between B and P another between 
B and Q, and so on indefinitely , i e , as we asseited a hoc e, we can 
find as many as we please We may expiess this by saying that 
BC ui( hides infinitely many rational points 

The meaning of such phiasos as ‘mJiniUly mam/ or an infnuii/ of', m 
sin h sentences as ' BC liu lull, s minutely many rationul points oi ‘there 
an an infinity of rational points on JSC or ' there an an infinity of positive 
integers', will be consltleied more closely in CJi. IV. The assertion 'there 
are an infinite, of positive integeis’ means given any positive mtcger n, 

* The assumption that this is possible is equivalent to the assumption of »hat is 
known as the avioni ot Ai<himi'iit s 
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however large, we can find more than n positive integers’. This is plainly 
true whatever n may be, e.g. for a = 100,000 or 100,000,000. The assertion 
means exactly the same as ‘we can find as many positive integers as we 
please’. 

The reader will easily convince himself of tho truth of the following 
assertion, which is substantially equivalent to what was proved in the 
second paragraph of this section: given any rational number r, and any 
positive integer n, we can find another rational number lying on either 
side of r and differing from r by less than Ijn. It is merely to express this 
differently to say that we can find a rational number lying on either aide 
of r and differing from r by as little, as we please. Again, given any two 
rational numbers r and s, we can interpolate between them a chain 
of rational numbers in which any two consecutive terms differ by as 
little as we please, that is to say by less than 1/e, where M is any positive 
integer assigned beforehand. 

From these considerations the reader might he tempted to 
infer that an adequate view of the nature of the line could be 
obtained by imagining it to be formed simply by the rational 
points whieh lie on it. And it is certainly the case that if we 
imagine the line to be made up solely of the rational points, and 
all other points (if there are any such) to he eliminated, the figure 
which remained would possess most of the properties which 
common sense attributes to the straight line, and would, to put 
the matter roughly, look and behave very much like a line. 

A little further consideration, however, shows that this view 
would involve us in serious difficulties. 

Let us look at the matter for a moment with the eye of common 
sense, and consider some of the properties which we may reason¬ 
ably expect a straight line to possess if it is to satisfy the idea 
which we have formed of it in elementary geometry. 

The straight line must be composed of points, and any segment 
of it by all the points which lie between its end points. With any 
such segment must be associated a certain entity called its length, 
which must be a quantity capable of numerical measurement in 
terms of any standard or unit length, and these lengths must 
be capable of combination with one another, according to the 
ordinary rules of algebra, by means of addition or multiplication. 
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Again, it must be possible to construct a line whose length is the 
sum or product of any two given lengths. If the length PQ, along 
a given line, is a, and the length QR. along the same straight line, 
is b, the length PR must be a + b. Moreover, if the lengths OP, OQ, 
along one straight line, are 1 and a, and the length OR along 
another straight line is b, and if we determine the length OS by 
Euclid’s construction (Euc. vr. 12) for a fourth proportional to 
the lines OP, OQ, OR, this length must be ah, the algebraical 
fourth proportional to 1, a, b. And it is hardly necessary to remark 
that the sums and products thus defined must obey the ordinary 
'laws of algebra’; viz. 

a + b = b + a. a + (b + <■) — (a + b) + c, 
nb — bn, u(bc) -- (nb)r, n(b + c) = ab + ac. 

The lengths of our lines must also obey a number of obvious laws 
comerning inequalities as well as equalities: thus if A, B. C are 
three points lying along A from left to right, we must have 
AB < AC, and so on. Moreover it must be possible, on our funda¬ 
mental line A, to find a point P such that A 0 P is equal to any 
segment whatever taken along , 1 or along any other straight line. 
All these properties of a line, and more, are involved in the 
presuppositions of our elementary geometry. 

Now it is very easy to see that the idea of a straight line as 
composed of a series of points, each corresponding to a rational 
number, cannot possibly satisfy all these requirements. There 



are various elementary geometrical constructions, for example, 
which purport to construct a length x such that x 2 = 2. For 
instance, we may construct an isosceles right-angled triangle 
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Let us consider more closely the equation x 2 = 2. 

We have already seen that there is no rational number x which 
satisfies this equation The square of any rational number is 
either less than or greater than 2 We can therefore divide the 
positive rational numbers (to w hich for the present we c onfme oui 
attention) into two classes, one containing the numbers whose 
squares are less than 2 and the other those whose squares are 
greater than 2 We shall call these two classes the class L, or the, 
lower class, or the left hand class and the class R, or the upper class, 
or the right hand class It is obvious that every meinbei of R is 
greater than all the members of L Moreover it is easy to convince 
ourselves that we can find a member of the class L whose square, 
though less than 2 diffeis fioin 2 by as little as we please, and a 
member of R whose square, though greatei than 2 also differs 
from 2 by as little as we please In lact, if wc carry out the 
ordinary arithmetical process for the extraction of the square 
root of 2, we obtain a senes of rational numbers, vi7 

1, 14, 141, 1414 14142, 

w hose squares 

1, 1 96, 1 9881 1 999396, 1 99996164, 

are all less than 2, but approach nearei and nearei to it, and by 
taking a sufficient number of the figures given In the proc ess w e 
can obtain as close an approximation as we want \nd if we 
increase the last figure, in each of the approximat ions given abo\ e, 
by unity, we obtain a series of rational numbers 

2, 1 r> 1 42, 1 415 1 4143, 

whose squares 

4, 2 25, 2 6164, 2 002223 2 00024449, 

are all greater than 2 but approximate to 2 as closely as we please 

The reasoning which precedes, although it will probably convince the 
reader, is hardly of the precise charactc r required by modi rn mathematics 
We can supply a formal proof as follows In the first place, wi can find 
a member of L and a member of if, differing by as little as we pit ase For 
we saw in § 3 that, given anv two rational numbers a and h, wc tan con¬ 
struct a chain of rational numbers, of which a and b arc the first and last. 
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and in which any two consecutive numbers diffei by as little as we please. 
Let us then take a member x of L and a member y of R, and interpolate 
between them a chain of rational numbers of which x is the first and y the 
last, and in which any two consecutive* numbers differ by less than 8, 
S being any positive rational number as small as we please, such as '01 or 
■0001 or 000001. In this chain there must be a last which belongs to L and 
a first which belongs to R, and these two numbers differ by less than 8. 

We can now prove that an x can be found in L and a y in R such that 
2 — x 2 and y l ~~ 2 are as small as wt please, say less than 8. Substituting £5 
for 8 in the argument which prec odea, we see that w r e ean choose x and y so 
that y — x<£8, and we may plainly suppose that botli c and y are less 
than 2 Thus 

(/ + .c < 4 , y'~~ >* = {y- i)(y + s)<i(y-.c)<S. 

and since j 2 < 2 and f/ 2 > 2 it follows a fortiori t lmt 2 — x 2 and y i — 2 are each 
less than fi 

It follows also that there cun be no largest member of L or smallest 
member of R. For if x is any member of L , then x 2 < 2. Suppose 
that x 2 = 2 - 8. Then we ean find a member Xj of L such that x| 
differs from 2 by less than <S, and so xj > x 2 or Xj > x Thus there are 
larger members of L than x, and, since x is any member of L, it 
follows that no member of L can be larger than all the rest. 
Hence L has no largest member, and similarly R lias no smallest, 

5. Irrational numbers (continued) We have thus divided 
the positive rational numbers into two classes. L and R, such that 
(i) every member of R is greater than every member of L, (li) we 
ean find a member of L and a member of R whose difference is as 
small as we please, (lii) L has no greatest and R no least member. 
Our common-sense notion of the attributes of a straight line, the 
requirements of our elementary geometry and our elementary 
algebra, alike demand the existence of a number x greater than all 
the members of L and less than all the members of R, and of a corre¬ 
sponding point P on .1 such that P divides the points which corre¬ 
spond to members of L from those which correspond to members of R. 

Let us suppose for a moment that there is such a number x, 
and that it may be operated upon in accordance with the laws of 
algebra, so that, for example, x 2 has a definite meaning. Then x 2 
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cannot be either less than or greater than 2. For suppose, for 
example, that x 3 is less than 2. Then it follows from what precedes 
that we can find a positive rational number £ such that £ 2 lies 
between x 1 and 2. That is to say, we can find a member of L 
greater than x\ and this contradicts the supposition that x divides 
the members of L from those of R. Thus x 2 cannot be less than 2, 
and similarly it cannot be greater than 2. We are therefore driven 
to the conclusion that x- = 2, and that x is the number which in 
algebra we denote bv ^2. And this number J2 is not rational, 
for no rational number has its square equal to 2. It is the 
simplest example of what is called an irrational number. 



Fig. 3 


But the preceding argument may be applied to equations 
other than .r 2 = 2, almost word for word; for example to x' L — N, 
where N is any integer which is not a perfect square, or to 
x 3 = 3, x 3 = 7, x 4 = 23, 

or, as we shall see later on, to x 3 = 3x + 8. We are thus led to 
believe in the existence of irrational numbers x and points P on 
A such that x satisfies equations such as these, even when these 
lengths cannot (as J 2 can) be constructed by means of elementary 
geometrical methods. 

The reader will no doubt remember that in treatises on elementary 
algebra the root, ot such an equation as x" = n is denoted by ^Jn or n llq , and 
that a meaning is attached to such symbols as 

n v ‘ q n~ p,q 

by means of (he equations 


n w “ = (m 1 '*)*, n r'« n -n'a = ], 
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And ho will remembor how, in virtur of those definitions, tho ‘laws of 
indices’ such as n r xn .^„r-u 


(n f )» = n rl 


are extended so as to cover tlic case m winch r and s arc any rational 
numbers. 


The reader may now follow one or other of two alternative 
courses. He may, if he pleases, be content to assume that 
‘irrational numbers’ such as *J2, ^'3. ... exist and are amenable to 
the algebraical laws with which he is familiar*. If lie does this 
he will be able to avoid the more abstract discussions of the next 
few sections, and may pass on at once to §§ 13 el seq. 

If, on the other hand, he is not disposed to adopt so naive an 
attitude, he will be well advised to pay careful attention to the 
sections which follow, in which these questions receive fuller 
consideration. 


Examples III. 1. Find the differi nee between 2 and the squares of 
the decimals given in t)4 a-, approximations to v 2. 

2. Find the differences between 2 and tho squares of 

i ■ - i ii > i 

I ’ . > • 1 . > . ■’ -M- 

3. Show that if m/n isa goodajipioMmatioiito v 2. tlien(w t 2n) (»i + n) 
is a belter one, and that the enois in the two (Uses an in opposite direc¬ 
tions. Apply this result to continue the series ol approximations m tho 
preceding example. 

4. If x and y are approximations to v '2, by (It feet and In excess respec¬ 
tively , and 2 — t 2 < <5, y- — 2 < 3, then y - .< <S. 

5. The equation ./ 2 = 4 is satisfied by r = 2. Examine how far tho 
argument of tho preceding sections applies to tins equation (writing 4 for 
2 throughout). [1 f we define the classes L, ht as before, they do not include 
all rational numbers. The iational number 2 is an exception, smeo 2 2 is 
neither less than nor greater than 4.J 


6. Irrational numbers ( continued ). In § 4 we discussed 
a special mode ol division of the positive rational numbers x into 
two classes, such that x- < 2 for the members of one class and 
x 2 > 2 for those of the other. Such a mode of division is called a 
section of the numbers in question. It is plain that we could 


Tills is tlio point of view which was adopted m the first edition of this book. 
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equally well construct a section in which the numbers of the two 
classes were characterised by the inequalities x 3 < 2 and x 3 > 2, 
or x i < 7 and x*> 7. Let us now attempt to state the principles 
of the construction of such sections of the positive rational 
numbers in quite general terms. 

Suppose that P and Q stand tor two properties which are 
mutually exclusive and one of which must be possessed by every 
positive rational number. Further, suppose that every such 
number which possesses P is less than any such number which 
possesses Q. Thus P might be the property ‘x 2 <2’ and Q the 
property 'x~> 2'. Then we call the numbers which possess P the 
lower or left-hand class L and those which possess Q the upper or 
right-hand class R. In general both classes will exist; hut it may 
happen in special cases th at one does not. tn tmui umber belong ing 
to the othe r. This would obviously happ en, for examp le, if P 
( or Q) were the property of being rational, or of being positive. 
For the present, however, we shall confine ourselves to cases in 
which both classes exist; and then it follows, as in §4, that we 
can find a member of L and a member of R whose difference is as 
small as we please. 

In the particular case which we considered in §4 , L had no 
greatest member and R no least; but one or other of the classes 
may have a greatest or least member, and it is important to 
distinguish the different possibilities. It is not possible that L 
should have a greatest member and R a least. For if / were the 
greatest member of L, and r the least of R, so that l < r, then 
1(1 + r) would be a positive rational number lying between l and 
r, and so could belong neither to L nor to R; and this contradicts 
our assumption that every such number belongs to one class or to 
the other. This being so, there are but three possibilities, w hich 
[are mutually exclusive. Either (i) L has a greatest member /, or 
l(ii) R has a least member r, or (iii) L has no greatest member and 
l R no least. 

I The section of §4 Rives an example of the last possibility. An example 
of the first is obtained by taking P to be ‘ x 1 £ 1' and Q to be ‘x* > 1 here 
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1= 1 If P in r 2 <l and Q ik di] we have an c xarnplc of the second 
possibility, with r = ] It should be observed that we do not obtain a 
section at all by taking P to he x‘ < I ’ and Q to b< .r 2 > 1 , for tie special 
numbei 1 escapes classification (of K hi ">) 


7. Irrational numbers ( continued ) In the first two cases 
tv e say that the section correspond* lo a positive rational number a, 
which is l m the one (ase and i in the other Conversely it is 
dear that to any sue h number a corresponds a section which 
we shall denote by a* For we might take P and Q to be the 
properties expressed bv 

12 t < <t XXI 

respectively oi by r<a and c '■a In the first case a would be 
the greatest member of A and m the second c ise the least member 
of K llieie are m fact (list two sections eoiresponding to any 
positive ritional number In oidei to avoid ambiguity we select 
one ot them let us sc lee t that in w Inch the number itself belongs 
to tile u])jn i < 1 iss Inothei words let us agree that we will con 
sidei only sections in which the lower class L has no gicatest 
mini be i 

'1 here bung this ecu respondentc* between the positive rational 
immbeis and the sec tions defined by me ans of them it would be 
peifectly legitimate lot mathematical purposes to replace the 
numbers bv the see tions and to regard the s\ mhols which occur 
in out lonnulae as standing foi the sections instead of for the 
numbers Thus ioi example a>a would mean the same as 
n> a it a and x an the sections w hull eorrespond to n and a' 

But when we have in this wav substituted sections of rational 
numbers foi the lational numbers themselves we are almost 
forced to a genel.ahsatiou of our numbei svstem Foi tliere are 
sections (such as that of tj4) vvlneh do not eorrespond to any 
rational numbei I he aggiegate of sections is a larger aggregate 
than that of the positive rational numbers it includes sections 
corresponding to all these numbeis and moie besnles It is this 
lac t w hie li w e make the basis ol our generalisation of the idea of 

* It will b< lonwrmnt to dinotc a si it ion i oms|>onding to a rational number 
denoted bv an English litter b\ the lomspondmg Greek Uttu 
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number. We accordingly frame tbe following definitions, which 
will however be modified in the next section, and must therefore 
be regarded as temporary and provisional. 

A section of the positive rational numbers , in which both classes 
exist and the lower class has no greatest member , is called a positive 
real number. 

A positive real number which does not correspond to a positive, 
rational number is called a positive irrational number. 

8. Real numbers. We have confined ourselves so far to 
certain sections of the positive rational numbers, which wc have 
agreed provisionally to call positive real numbers'. Before we 
frame our final definitions, we must alter our point of view a 
little. We shall consider sections, or divisions into two classes, 
not merely of the positive rational numbers, but of all rational 
numbers, including zero. We may then repeat all that we have 
said about sections of the positive rational numbers in $§<>, 7, 
merely omitting the word positive occasionally. 

Definitions. A section of the rational numbers, in which both 
classes exist and the lower class has no greatest member. is called a 
real number, or simply a number. 

A real number which docs not correspond to a rational number 
is called an irrational number. 

If the real number does correspond to a rational number, we 
shall use the term ‘rational’ as applying to the real number also. 

The term ‘rational number' will, as a result of our definitions, bo 
ambiguous; it may mean the rational number of § 1, or the corresponding 
real number. If wc say that 1> }, we may be asserting either of two 
different propositions, one a proposition of elementary arithmetic, the 
other a proposition concerning sections of the rational numbers. Am¬ 
biguities of this kind are common in mathematics, and are perfectly 
harmless, since the relations between different propositions are exactly 
the same whichever interpretation is attached to the propositions them¬ 
selves. From £> £ and £ > \ we can infer J > £; the inference is in no way 
affected by any doubt whether £, £, and £ art* arithmetical fractions 
or real numbers. Sometimes, of comae, thu context m which (e.g.) '£ 1 



7, 8j RLAL VARIABLES 15 

occurs is sufficient to fix its inte iprctation When we saj (see §9) that 
i < V(i)> we must mean by tin re al number £ 

Tlit reader should obseivc, moreover, tliat no particulai logical lm 
portancc is to be attaclud to the put iso form of definition of a ‘real 
number* that we have adopt* d \\ e defined a ‘real number* as being a 
section, i t a pair of classes We might equally well ha\t defined it as 
being the lowe i, or the upper, class, inde < d it would be easy to define an 
mfmitv of e lasse s of entities e arh of which would possess the properties 
of the (lass of ical numbeis V\ hat it» esse ntial in mathematics is tliat its 
symbols should he capable) of some mte rj>re tation, general!} the} are 
capable of //may, and then, so fai as mathe niatics is conce me d, it doe‘S not 
matter w hie h we adopt Ik it rand Russell has said tliat mathematics 
is the sen nee in which wo elo not know what w v e are talking about, and do 
not e are win the i what we sa\ about it is true’, a re inaik winch is e xpressed 
m tlu form of a paradox but which m re alitv ombodn s a number of lm 
portant truths It would take too Jong to anahse the meaning of 
Kusse 11 s epigr un m de tail but one at any laU of its implications is this, 
that the symbols of m it lie mnties are capable of varj ing interpretations, 
and that we aie m genual it liberty to adopt whiclitMrwc pie ft r 

Theie an* now thiee easts to distinguish It ma\ happen that 
all negatne jaiional numbeis belong *<> the lowei class, and zero 
and all positive rational numbers to the upper We describe 
this section as the rail munbo zero Or again it ma) happen 
that the lowei class includes some positive numbers Such a 
section wc describe as a positue iea\ number Finally it maj 
happen that some negatne numbeis belong to the upper class 
Such a section wo descube as a negatue leal number * 

rin difference lntweenoui pus nt de hnition of a positiveie ftl iiumln r a 
and that of ^7 amounts to tlu addition to the lowti class of zero and all 
11 m n<gati\< lational numhiis \n < xampli of a negative ical number is 
Kivtnh} taking the pi ope it\ A'oft* to to he x + 1 <U and Q to bex-fl^O 

* Ihere «ri ilso sections in which cun mini be i belongs to the low * r or to the 
upper el ihs 1 ht rcuelci in i\ Ik ti mpted to ask wh\ wc do not regarel these sections 
also is de fining mnnheis wlneh we might e ill the real numbers posit in and negahie 
infinity 

J hi u is in 1 >_i il ol»je (turn to sinh n pr >ce dure, but it prove s to be inconvenient 
m piacliei l he most natural <1* hmti ms ot addition and multiphc ition do not work 
m a sitisf utorj wa\ Mon over f >t i beginner the ehicf difheultv in the) elements 
of anal v sis is tint of learning to attueh pre e it%e se use's to phrases ce>nta using the word 
infinity , and evjKritnee seems t ) show that h» is likely to be confused b\ anj 
addition to then number 
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This section plainly corresponds to the negativo rational number — 1. 
It we took P to be -r s < - 2 and Q to bo i a > - 2, wo should obtain a negative 
real number which is not rational. 

9. Relations of magnitude between real numbers. It 

is plain that, now that we have extended our conception of 
number, we are bound to make corresponding extensions of our 
conceptions of equality, inequality, addition, multiplication, and 
so on. We have to show that these ideas can be applied to the new 
numbers, and that, when this extension of them is made, all the 
ordinary laws of algebra retain their validity, so that we can 
operate with real numbers in general in exactly the same way as 
with the rational numbers of § 1 To do all this systematically 
would occupy a considerable space, and we shall be content to indi¬ 
cate summarily how a more systematic discussion would proceed 
We denote a real number by a (Jreek letter such as a //, y, ... 
the rational numbers of its lower and upper classes hv the cone 
sponding English letters a, A ,l>. B, c (\ .. The classes themsehei 
we denote by (a), (A) . 

If a and /I are two leal numbers, theie are thiee possibilities 

(i) every a is a h and every A a B, in this case [a) is identioa 
with (6) and {A) with {B). 

(ii) every a is a It, but not all A ’s are B’ s, in this case (ft) is i 
proper part of (/;)*, and (IJ) a proper part ol (A), 

(iii) every A is a B. but not all ft's aie b'n. 

These three cases may he indicated graphic ally as in Fig 4 

In ease (i) we WTite a = (1, in ease (n) a < jl, and in case (m 
x > ji. It is dear that, when a 

and ji are both rational, these _£_^ 

definitions agree with the ideas ot : 

equality and inequality between -,_ 1 _(n) 

rational numbers which we began 

by taking for granted; and that _£._,_(,„ 

any positive number is greater K 4 

than any negative number. 

* I e it included in but nut identical with (it). 
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It will be convenient to define at this stage the negative — a of 
a positive number a We suppose first that a is irrational If 
(a), ( A) are the classes which constitute a, we can define another 
section of the rational numbers by putting all numbers - A i n the 
lower class and all numbers —a in the upper The real number 
thus defined, which is clearly negative, we denote by -a Sum 
larly we can define — a when a is negative, if a. is negative, — a is 
positive It is plain also that — (— at) = a Of the two numbers 
a and — a one is always positive 'I he one which is positive we 
denote by ] a | and call the modulus ot a 

There is a complication if x is rational In this case a belongs 
to (A) and the c lasses (— ^1) (— a) do not define a real number in 
the sense of t}8 since — a belongs to the lower class instead of 
to the upper We must therefore modify our definition of —a by 
agreeing that when a is rational the rational — a is to be me lulled 
in the upper class 

Examples IV 1 1’imi tliatO = — 0 

2 Prove* Dial // = a, /I <a, <>i /t>x m voiding as a = /) x>p oi a-e/t 

{ If a = fi un<l /t = y the n a — y 

4 ff aS/1 and (t<y thin at <y 

o 1’rovt that 

0 Prove that a >0 if a is positive and a <0 if a is negative 

7 Prove* that a ^ | a [ 

8 Prove that 1<^2< S 3<2 

[All the si it suits ale* iimne diatc consequences of our definitions ] 

10. Algebraical operations with real numbers. We now 

proceed to define the meaning of the elementary algebraical 
operations such as addition, as applied to leal nunibeis in general 

(l) Addition In ordei to define the sum ot two numbers a and 
/?, we consider the following two classes (i) the class (r) formed 
by all sums c = o+b (n) the class (C) formed by all sums 
G = A + B Plainly' c <C m all cases 

Again, there cannot be more than one rational number which 
does not belong either to (c) or to (C) For suppose there were 


H P U 
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two, say r and s, and let s be the greater. Then both r and s must 
be greater than every c and less than every C; and so C —c 
cannot be less than s — r. But 

C—c = {A-a) + (B-by, 

and we can choose a, b, A, B so that both A —a and B — b are as 
small as we like; and this plainly contradicts our hypothesis. 

If every rational number belongs to (c) or to (C), the classes (c), 
(C) form a section of the rational numbers, that is to say, a 
number y. Tf there is one which does not, we add it to (C). We 
have now a section or real number y, which must clearly be 
rational, since it corresponds to the least member of (('). In any 
case w( call y the sum of x and ji, and write 

y = <* + />’. 

If both a and // are rational, they art* tin* least mcmlx*is of tin* upper 
classes (.4) and (H). In this case it 1^ clour that a + /i is the least member 
of (0), so that our definition agrees with our previous ideas of addition. 

(ii) Subtraction. We define a—//by the equation 
a-/! = <* + (-/¥)• 

The idea of subtraction accordingly presents no fiesh difficulties. 

Examples V. ]. Prove that — a) ~ 0. 

2. Prove t hat a + 0 = 0 + oc = a. 

3. Provo that a + /? = // + a. [Tins follows at once from the fact that 
the classes (a+ 6) and {b + a) % or (.4 + Ii) and (/i+ A), are the same, since, 
e.g., a 4- 6 = b + a when a and b are rational, j 

4. Provo t hat oc + (/J+y) ~ (a + //) -+• y. 
f». Prove that a — a = 0. 

6. Prove that cl —fi = — (// — a). 

7. From the definition of subtraction, and Exs. 4, 1, and 2 above, it 
follows that 

(a-fi) + P = \a + (-jS))+ ft = a + {(-/t)+P) = a-t 0 = a. 

We might therefore define the difference a— P — y by the equation 
y + p = a. 

8. Prove that a — (/I — y) = a — P + y 

9. (five a definition of subtraction which does not depend upon a 
previous definition of addition. [To define y = a — /?, form tho classes (c), 
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(C) foi which c = a — 13, C = A — b It is ( asy to show that, this definition 
is iqinvalcnt to ttiat winch wc oilojjti d in th< tixt J 
10 Provi tliat 


11. Algebraical operations with real numbers (ran 
tinued) (m) Multiplication When we come to multiplication, 
it is most convenient to begin with positive numbers, and to go 
bach for a moment to the sections of positive lational numbers 
only which we considered in ^ 1-7 We may then follow practic¬ 
ally the same road as in the ease of addition, taking (r) to be (ab) 
and ((') to be (AB) The aigumeiit is the same, except when we 
aie proving that all rational nunibeis with at most one exception 
must belong to (c) or (C) This depends, as in the case of addition, 
oil showing that we can choose a A b , and B so that C — r is as 
small as we please Heie we use the identity 

C — c = AB — ab — (.4 — a) B-t a(B-b) 

We include negative numbeis within the scope of oui de¬ 
finition by agreeing that it x and // are positive then 

(-<*)// =-a/1 a( —/!) = -«/! (-»)(-/>') = a// 

Finally we agree that (0)a = a(0) = 0 for all a 
(iv ) Bullion In oiclei to define div ision we begin by defining 
the leuprocal 1 a of a numbei at (other than zero) Confining 
ourselves in the first instance to positive numbers and sections 
of positiv e rational numbers, we define the leuprocal of a positn e 
numbei a by means of tlie lowei class (1 .4) and the upper class 
(1/a) We then define the reciprocal oi a negative number — a by 
the equation 1 ( — a) = —(1 a) Finally we define at/? by the 
equation at /? = at x (1 //) 

We aie then in a position to apply to all real numbers rational 
or irrational, the whole of the ideas and methods of elementary 
algebra Naturally we do not propose to cany out this task m 
detail It w ill be more profitable and more interesting to turn our 
attention to some special but particularly important classes 
of irrational numbers 
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Examples VI. Prove the theorems expressed by the following 
formulae: 

1. a x 0 = 0 x a = 0. 2. at x 1 = 1 x a = a. 3. ax(l/a)= 1. 

4. a/i = fia. 5. a(/fy) = (a/f) y. <i. a(/? + y) = a/? + ay. 

7. (a + (i) y = ay+ fiy. «■ | a/11 = ] a 11 ji ). 

12. The number v '2. Let us now return for a moment to 

the particular irrational number which we discussed in §§4-5. 
We there constructed a section by means of the inequalities 
x 2 < 2, x 2 > 2. This was a section of the positive rational numbers 
only; but we replace it (as was explained in § 8) by a section of all 
the rational numbers. We denote the section or number thus 
defined by the symbol x /2. 

The classes by means of which the product of s l2 by itself is 
defined are (i) {an'), where a and a' are positive rational numbers 
whose squares are less than 2, (ii) (AA'), where A and A' arc 
positive rational numbers whose squares are greater than 2. 
These classes exhaust all positive rational numbers save one, 
which can only be 2 itself. Thus 

Ulf = v / 2 n /2 = 2. 

Agam ( _ v , 2)I = { _ v ' 2) { _ ^>) = ^ = (^'2)‘- = 2. 

Thus the equation x l — 2 km the two roots N /2 and Similarly 

we could discuss the equations .r 2 = 3, ,r* = 7. ... and the corre¬ 
sponding irrational numbers ^'3, — y’3, 7,_ 

13. Quadratic surds. A number of the form ±sja, where 
a is a positive rational number which is not the square of another 
rational number, is called a pare quadratic surd. A number of the 
form a ± *jb, where a is rational, and yjb is a pure quadratic surd, 
is sometimes called a mixed quadratic surd. 

The two numbers « + v 'f arc the roots of the quadratic equation 
x* — 2ax + a‘ — b = 0. 

Conversely, the equation x 2 + 2px + q ~ 0, where p and q are rational, and 
p l — q>0, has a« its roots the, two quadratic surds —p±-J(p* — q). 

The only kind of irrational numbers whose existence was 
suggested by the geometrical considerations of § 3 are these 
quadratic surds, pure and mixed, and the more complicated 
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irrationals which may be expressed in a form involving the 
repeated extraction of square roots, such as 

V2 + V(2 + V2) + V{2 + V(2 + V2)}- 

It is easy to construct geometrically a line whose length is 
equal to any number of this form, as the reader will easily see for 
himself. That irrational numbers of these k i nds only can be con - 
atr ucted by Euclid ean methods (i.e. by geometrical constructions 
with ruler and compasses) is a point the proof of which must be 
deferred for the present*. This property of quadratic surds makes 
them especially interesting. 

Examples VII. 1. Give geometrical constructions for 
s% \ (2 -r \ 2), V12 + V(2 + %2)}. 

2. The quadratic equation a i 2 + 26a’ f c = 0 lias two real rootsf if 
b 1 — ac > 0. Suppose a. b, c rational. Nothing is lost by taking all three to 
be mtcgcis, lor we can multiply the equations hy the least common 
multiple of their denominators. 

The reader will r< member that the roots are { — b±yj{b 2 — nc)) a. It is 
( as\ to eonstiuet these lengths geometrically, first constructing N (b 2 — ac). 
\ more elegant, though less straightforward, consti uetion is the following. 
\I)raw a circU of unit indius , a diameter PQ. and the tangents at the ends 
ojf the diameters. x*- 


P ~ ir 



Tfikt PP' — — 2r/ band QQ' — c, 26. hat mg regard tosign%. Join P'Q', 


* See t’h. 11, Mist E\a 22 

fie. there me two values of j fox whu h cu 2 +2/>r f-c 0. If b i ac s.0, there are 
no such values of jc The icadet will remember that in books on elementary algebra 
the equation is said to have two ‘complex’ roots The meaning to be attached to 
this statement will be explained m Ch 111 

When 6 2 ac the equation has only one root Foi the sake of uniformity it is 
generally suid in tins (ase to have ‘two equal’ roots, but this is a mere convention 
£ The hgmo is diawn to suit the case in which b and c have the same and a the 
opposite sign The reader should draw figures for other eases 
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cutting the circle in M and N. Draw PM and PN, cutting QQ' in X and Y. 
Then QX and Q Y are the roofs of the equation with their proper signs*. 

The proof is simple and we leave it as an exercise to the reader. Another, 
perhaps even simpler, construction is the following. Take a line AH of 
unit length Draw BC = — 2 bja perpendicular to AB, and CD = eja per¬ 
pendicular to BC and m the same direction as BA On AD as diameter 
describe a circle cutting BC in X and Y . Then BX and BY are the roots. 

3 If ac is positive, PP' and QQ' will be drawn in the same direction. 
Verify that P'Q' will not meet the circle if b 2 <ac, while if 6 2 - ucit will he 
a tangent. Verity aW> that if b l = uc the circle in the second construction 
will touch BC. 


4 Prove that 


■Jim) = Ji> * Jq- J(p"q) = v Jq- 


14. Some theorems concerning quadratic surds. Two 

pure quadratic surds are said to be similar if they (an be expressed 

as rational multiples of the same surd, and otherwise to be 

dissimilar. Thus , 2 y „ 

V h -VVi ~ Z\- 

and so J 8. y 2 /- are similar surds On the other hand, if M and N 
are integers which have no common fac tor, and neither ot which 
is a perfect square, then JM and V Y are dissimilar surds 

For suppose, if possible, 



w'here all the letters denote integers Then J(MN) is evidently 
rational, and therefore (Ex. U 3) integral Thus MN = P 2 , 
where P is an integer Let a,b,c, ... be the prime factors of P, so 

that MN = a^b^r..., 

where a, /?, y,... are positive integers. Then MN is divisible by a 2 ", 
and therefore either (1) M is divisible by a Za , or (2) N is divisible 
by a 2a , or (3) M and N are both divisible by a The last case may 
be ruled out, since M and N have no common factor This argu¬ 
ment may be applied to each of the factors a 2 *, b 2 ! 1 , c 2 L .... so 

* 1 have taken this construction from Klein’s Yortrage. fiber ausgewahlte Fragen 
der Elemental geometric (Leipzig, 1895). 
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that M must be divisible by some of these factors and N by the 
remainder. Thus 

M = P\, N = P\, 

where P\ denotes the product of some of the factors a 2 *, b 2 f c 2 r, ... 
and PI the product of the rest. Hence M and N are both perfect 
squares, which is contrary to our hypothesis. 

Theorem. If A, B, C, IJ are rational and 
A +fB = C + JD, 

then either (i) A = C, B = D or (ii) B and D arc both squares of 
rational nurnbeis. 

For B — D is rational, and so is 

S IB - fl) = V - A. 

If B is not equal to I) (in which case it is obvious that A is also 
equal to C), it follows that 

JB + 'lJ = (B-D),( yJ B-fD) 
is also rational. Hence fP> and fl> are rational. 

Corollary. If A + fB=C + fL), then A-^B=C~fD 
(unless fB and fiJ are both rational). 

Examples VIII. 1. Provo ab initio that % /2 anil v /,'i arc not similar 
surds. 

2. Prove that -Ja and v /(l /«), whoie a is rational, are similar surds 
(unless both are rational). 

3. If a and b are rat tonal, then <Ja + yjb cannot be rat jonal unless *]a and 
yjb aro rational. The same is true of yla — yjb, unites a = b. 

4. If <JA + yjB = <]C + JD, 

then either (a) A = C and B = D, or (b) A — D and B = C, or (c) S A , <JB, 
*JC y yjD are all rational or all similar surds. [Square the given equation 
and apply the theorem above.] 

5. Neither (a +■ ^/6) s nor (a — -y/6) 3 can be rational unless *Jb is rational. 

6. Provo that if r = p + *Jq* wliere p and q are rational, then x m f where 
rn is any integer, can be expressed in the form P+Q -jq t where P and Q 
are rational. For example, 

(P + v?) 2 = P 2 + 7 + -P \/y. (p + v/?) 5 =P 3 + 'V<? + (3p 2 + q) yjq. 
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Deduce that any polynomial in x with rational coefficients (i.e. any expres¬ 
sion of the form ... „ , . , „ 

a l) r“ + <7 I r” l + ... + a n . 


where a„, a„ are rational numbers) can be expressed in the form 

P+Q-Jq- 

7. If a +ijh, where b is not a perfect square, ih the root of an algebraical 
equation wit h rational coefficients, then a — Jb is another root of the samo 
equation. 

8. Express J/(p + \fy) m the form prescribed in Ex. <i. (Multiply 
numerator and denominator by p — v 'i/.] 


9. Deduce from Exs. 6 anil 8 that any expression of the form 0(j )jU(x), 
whore 0{x) and It(r) are polynomials in .! with rational coefficients, can 
be expressed in the form P + (J \Jq, where P anil Q are rational. 

10. If p, q, and p 2 — q are positive, we can express J(p + % lq) in the form 
+ y'y, where 

*= i {/'+V(;>*-?)). .'/ = Up- 

11. Determine the conditions that it may be possible to express 
s '(p+ Jq), where p and q are rational, in the form ^J.r + v 'y. where j- and y 
are rational. 


12. If a 8 — b is positive, tin n a necessarj and stilhetent condition that. 

V(“ + V fc > + V(° - \' h ) 

should bo rational is that a 2 — b and \{<i + J{a 2 - b)} should both be 
squares of rational numbers. 


15. The continuum. The aggregate of all real numbers, 
rational and irrational, is called the arithmetical continuum. 

It is convenient to suppose that the straight line A of §2 is 
composed of points corresponding to all the numbers of the 
arithmetical continuum, and of no others*. The points of the 
line, the aggregate of which may be said to constitute the linear 
continuum, then supply us with a convenient image of the 
arithmetical continuum. 

We have considered in some detail the chief properties of a 
few classes of real numbers, such, for example, as rational 

* This supposition is merely a hypothesis adopted (i) because it suffices for the 
purposes of our geometry and (ii) because# it provides us with ron\ eniont geometrical 
illustrations of analytical proteases. As we use geometrical language only for pur* 
poses of illustration, it is not part of our business to study the foundations of 
geometi y. 
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numbers or quadratic surds. We add a few further examples to 
show how very special these particular classes of numbers are, 
and how, to put it roughly, they comprise only a minute fraction 
of the infinite variety of numbers which constitute the con¬ 
tinuum 


(i) Let us consider a more complicated surd expression such as 

z = n ’(4 + v 'J5) + % , (4-V>5). 

Our argument for supposing that the expression for z lias a iru lining might 
bo as follows. Wo first show, as in § 12, that there is a number i/ = V '15 
such that y l — 15, and we can then, us in t? 10. define the numbers 4 + V /15, 
4 — Jl5. Now consider the equation in 

= 4 +J5 

The right-bond side of tins equation is not rational but the same masoning 
wlneh leads us to suppose that theie is a real numbei x such that x 3 = 2 
(in any other rational nuinbi i) also l<>ads us to the conclusion that there 
is a numbei z t such that z] = 44- \ 15 We thus define z, = \(4+ % 15), and 
similarly we can define z 2 = \(4 — \15). and then, as in 1(10. we define 
- = ; i+-a- 

It is easy to verity that __ j. g. 

and it is not difhcult to give a direct proof of the existenti of a unique 
number satisfying this equation. 

fn the first place, z (if it exists) must be positive. For z = — C gives 
£? — 3£+8 = 0 or .‘1 — = 8/£. Hut tins is impossible if C is positive, for 

then £* < 3, J< 2, and 8 £,> 4, whereas 3 — f 3 < 3. 

Next, the equation cannot he satisfied by two difinent numbers z 2 
and z i For sup]>ose, if possible, that 

z\ = 3z 2 4-8, z] = 3z a 4- 8 

Then Zj and z 2 me positive, and z]> 8, z'_> 8, or z 2 > 2, z 2 > 2, and this is 
impossible because, when we subtract and divide by z, —z a , we obtain 

4-- 1 - 2 + ’5 = 3. 

Hence there is at most one z tor which z 3 = 3z4-8; and it cannot be 
rational. For any rational root of the equation must be integral and a 
divisor of 8 (Ex. u. 3), and no one of 1, 2, 4, 8 is a root. 

We can now divide the positive rationuls x into two (lasses L, R 
according as x 3 < 3x + 8 or x 3 > 3x 4- 8. If x belongs to R, and y > x, then y 
also belongs to R, since y > r > 2 and 

t/ 3 -3y —(c s —3x) = ( y-x)(y* + < y 4- .r 3 - 3) > 0. 

Similarly vve can show that if x belongs to L, and y < j , then y belongs to L. 
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Finally, it is evident that the classes L and H both exist; and they define 
a section of the positive rational numbors, or positive real number z, 
which satisfies the equation. 

The reader who knows how to solve cubic equations by Cardan’s method 
will bo able to obtain the explicit expression of z directly from tho equation. 

(ii) The direct argument applied above to the equation 
x 3 = Tc+8 could be applied (though the application would be 
a little more difficult) to the equation 
x 5 = x + 16, 


and would lead us to the conclusion that there is a unique positive 
real number which satisfies this equation. In this ease, however, 
it is not possible to obtain a simple explicit expression for a; 
composed of a ny com bi nation of surds. It is~inrleed known 
(though the proof is difficult) that it is ggiaml Lv impossib le to 
find such an ex pression for the root of an equation of hi gher degr ee 
than 4. Thus, besid es irratioiial miinbo rs which can be ex pressed 
as pure or mixed (]tiadi , ah(popotlierjiur ds...or combinations of 
such surds, there ~aro others which are roots of algebraical 
equationsffiut.’canndFlte so'expressed. It is only in very special 
cases that such expressions can he found 


(iii) Hut, even when we have added to our list of irrati onal 
numbers roots of equations '(sUelT as a/' - r + 16) which cannot be 
explicitly expresseiUTstird^ffia^^ fferent 

kinds ot irrational numbers contained in tho continuum Let "us 
draw a circle whose diam^rTTec^rTTr ^ v 1 .c rTiTumty. It is 
natural to suppose* that the circumference of such a circle has a 
length capable of numerical measurement. This length is usually 
denoted by n , and it has been show rtf (though the proof j.s again 
difficult) that this num ber 7 rjs not the root of an y alg ebraical 
equation wjth integral co efficients, such, for example, as 
n 2 - n. 7 t 3 -7i, n'-’ — n + n, 

where n is an integer In this way it. is possible to define a number 
which is not rational and does not belong to any of the classes of 

* ! ec Hobson’s Plane Ingonomary (5th . .l.tio.i), pp 7 d 

(CaUndS: mx) PP ‘ 
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irrational numbers which we have ho far considered. This 
number n is not an isolated or exceptional case. Only special 
classes of irrational numbers are roots of such algebraical 


equations; and only still more special classes are expressible by 



16. The continuous real variable. The ‘real numbers’ 
may bo regarded from two points of view. We may think of them 
as an aggregate, the ‘arithmetical continuum’ defined in the 
preceding section, or irulividunlly. And when we think of them 
individually, we may think either of a particular specified 
number (such as 1, — J>, N '2, or n) or we may think of any number, 
an unspecified number, lh< number x. This last is our point of 
view when we make such assertions as 'x is a number’, ‘x is the 
measure of a length’, ‘ x may be rational or irrational’. The x 
which occurs in propositions such as these is called the continuous 
real variable-, and the individual numbers are called the values 
of the variable. 

A ‘variable’, however, need not necessarily be continuous. 
Instead of considering the aggregate of all real numbers, we 
might consider some partial aggregate contained in the former 
aggregate, such as the aggregate of rational numbers, or the 
aggregate of positive integers Let us take the last case. Then in 
statements about any positive integer, or an unspecified positive 
integer, such as ‘ n is either odd or even", n is called the variable, 
a positive integral variable, and the indhidual positive integers 
are its values. 

Naturally ‘x' and ‘ n' are only examples of variables, the 
variable whose ‘field of variation" is formed by all the real 
numbers, and that whose field is formed by the positive integers. 
These are the most important examples, but we have often to 
consider other eases. In the theory of decimals, for instance, we 
may denote by x any figure in the expression of any number as a 
decimal. Then .r is a variable, but a variable which has only ten 
different values, viz. 0, 1, 2. 3, 4, 5. (>, 7. 8, 9. The reader should 
think of other examples of variables w ith different fields of varia- 
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tion. He will find interesting examples in ordinary lile: policeman 
x, the driver of cab x. the year x, the .rth day of the week. The 
values of these variables are naturally not numbers. 


7. Sections of the real numbers. In §§ 4-7 we con¬ 
sidered ‘sections’ of the rational numbers, i.e. modes of division 
of the rational numbers (or of the positive rational numbers only) 
into two classes L and It possessing the following characteristic 
properties: 

» 

(i) that every number oi the type considered belongs to one 
and only one of the two classes, 

(ii) that both classes exist: 

(iii) that an) member of L is less than any member of It, 


It is plainly possible to apply the same idea to the aggregate 
of all real numbers ami the process is, as the reader will find in 
later chapters, of ver\ great important e 

Let us then suppose* that P .and Q arc 1 wo properties which 
are mutually exclusive, and one of which is possessed by ever)' 
real number. Further let U s suppose that any number which 
possesses P is less than anv which possesses Q. Wo call the 
numbers winch possess P t he loan or lejt hand class L. and those 
wFich possess Q the upp, r or rujht-hand class R, 

Thus V might be x J v ; 2 and V be t > 1 1 is important to olwrv c tliut 

a pair of piopcrties which sutliee to ilelmc a section of t lie lutional numbers 
may not suffice to define one of the i. al numbers. Tins ,s so, for example, 
with the pair ‘r<^2’ and 'j> v 2‘ or fil we confine oursohea to positive 
numbers) with V<2‘ and ^>2’. Kvery rational number possesses 
one or other of the properties, bllt not ncy ,eal numb.,, smee m either 
case y/escapes efassiln ntion 

There are now two possihi Idlest Either L has a greatest 
member l or R has a least member r. Both of these events cannot 

* The disnisRion \*hi<h follows i* m , „ , 

not attempted to avoid a retain am. „ t“ “"‘r " f§ 8 WV . ha '" 

brought into pjoinmente in J)cdik.,„rJ Vi ^ , f " f “ sect,on', first 

Zahln, is „ n0 which must be grasped Lrv” Wfl irmfmnWr 

of those who prefer to omit th. dilution „f m n o CV ™ lf lw unn 

contained in ^ 6-J j an irrational numbt'r 

f There were three m § i\ 
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occur For if L had a greatest, member /, and It a least member r, 
the number i(l + r) would be greater than all members of L and 
less than all members of It, and so could not belong to either class 
On the other hand one event must occur* 

For let L 1 and R l denote the < lasses formed from L and It by 
taking only the rational members of L and R Then the classes 
/yj and R t form a section of the rational numbers There are now 
two cases to distinguish 

ft may happen that L, has a greatest member a In this case 
a must be also the greatest member of L Foi if not we can find 
a greater, say jl There are rational numbers lying between a and 
/?, and these, being less than //, belong to L and theiefore to L lt 
and this is plainh a <ontiadutmn Heme a is the greatest 
member of L 

On the othei hand it nnu happen that l. x has no greatest 
memhei In this case the section of the rational numbers formed 
bv Li and It, is a real mimbei x This number x must belong to L 
or to It 11 it belongs to L we can show precisely as before, that 
it is the gieatest memhei of L and similarly that if it belongs to 
R it is the least memhei of K 

i'hus in anv < use either L has a gieatest member or R a least 
Am section of the ieal numbers theiefore corresponds’ to areal 
numbci m the sense m wlmh a section of the rational numbers 
some!lines hut not always cniiesponds to a rational number 
'fins conclusion is ol very gieat lnipoitance for it shows that the 
consideration ol sections of alt the leal numbers does not lead to 
any fuithei geneiahsation ot oui idea of number Starting from 
the rational numbeis we found that the idea of a section of the 
lational numbeis led us to a new conception of a number, that 
of a real number mote general than that of a rational number, 
and it might ha\ e been expec ted t hat the idea of a section of the 
real numbeis would have led us to a conception more general 
still The discussion which precedes shows that this is not the 
rase and that the aggregate of real numbers oi the continuum 


* This whs not thi t ii^l m $ b 
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has a kind of completeness which the aggregate of the rational 
numbers lacked, a completeness which is expressed in technical 
language by saying that the continuum is closed . 

The result which we have just proved may bo stated as follows: 

Dedekind's theorem. If the real numbers are divided into 
two classes L and R in such a way that 

(i) every number belongs to one or other of the two classes, 

(ii) each class contains at least one number, 

(lii) any member of L is less than any member of R, 
then there is a number a, which has the property that all the numbers 
less than it belong to L and all the numbers greater than it to R. The 
number a itself may belong to either class. 

In applications wo havt often to consider set tionsnot ot all numbeisbut 
of all thoso contained in an interval (/?, y), that is to say of all nunihi is i 
auch that jiSx £y. A 'section’ of.sin h numbers is of corn sc a division of 
them into two classes possessing the properties (i), ( 11 ), and (in). Such a 
section may be converted into a section of all numbers bv adding to h all 
numbers less than jl and to It all numbeis gieatei than y. It is eli ar that 
the conclusion stated m Dedckmd’« theorem still holds if we substitute 
‘the real numbers of the interval (/7,y)’ for 'the real numbers', and that 
the number a. in tins case satislies the inequalities /!■£ a < y. 

18. Points of accumulation. A system of real numbers, or 
of the points on a stiaight line corresponding to them, defined 
in any way whatever, is called an aggregate or set of numbers 
or points. The set might consist, for example, of all the positive 
integers, or of all the rational points. 

It is most convenient here to use the language of geometry*. 
Suppose then that we are given a set of points, which we will 
denote by S. Take any point f, which may or may not belong to S. 
Then there are two possibilities. Either (i) it is possible to choose 
a positive number d so that the interval (£ — S, £ + b) does not con¬ 
tain any point of S, other than £ itself’!, or (ii) this is not possible. 

* The reader will hardly require to be remind id that this (ourse is adopted solely 
for reasons of linguistic convenience. 

f This clause is of course unnecessary il £ does not itself belong to 
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Suppoae, for example, that S consists of the points corresponding to all 
the positive integers. If £ is itself a positive integer, we can take S to be 
any number less than 1, and (i) will bo true, or, if £ is halfway between two 
positive integers, we can take S to bo any number less than 1 On the other] 
hand, if «S' consists of all the rational points, then, whatever the value of £ 
(n) is true, for any interval whatever contains an infinity of rational pointy 

Let us suppose that (u) is true. Then any interval (£ — <$,£ + S), 
however small its length, contains at least one point £ x which 
belongs to S and does not coincide with £, and this whether £ 
itself be a member of S or not In this case wo shall say that £ is 
a point of accu mulation o f A' Jt is easy to see that the interval 
(£ — S, £ + $) must contain, not merely one, but infinitely many 
points of S For, when we have determined £ t> we can take an 
interval (£ — 5, £ + S t ) surrounding £ but not reaching as far as £ r 
But this interval also must contain a point, say £ 2 , which is a 
member of S and does not coincide with £ Obviously we may 
repeat this argument, with £ 2 in the place of £,, and so on in¬ 
definitely In this way we < an determine as many points 

£i €*&..•■ 

as we please, all belonging to S, and all King inside the interval 

(£-*,* + *) 

A point of accumulation of S may oi may not be itself a point 
of S The examples which follow illustrate the various possi¬ 
bilities 

Examples IX. 1 If S < onsists of (he points corresponding to the 
positue integers, oi nil tin inti gars, there are no points of accumulation. 

2 If jS (onsists of all tilt rational points, overj point of the line is a 
point of accumulation 

3 If S c onsists of the points 1 ,J, L . then is one point of accumula¬ 
tion. \\t. the origin 

4 If ,S consists of all (he posit n e rational points, the points of accumu¬ 
lation are the origin and all positive [Hunts of the line. 

Q 19. Weierstrass’s theorem. The general theory of sets 
of points is of the utmost interest and impoitanee in the higher 
branches of analysis, but it is for the most part too difficult to be 
included in a book such as this There is however one fundamental 
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theorem which is easily deduced from Dedekind’s theorem and 
which we shall require later. 

Theorem. If a set 8 contains infinitely many points, and is 
entirely sit'uated in an interval {a, ft), then at least one point of the 
interval is a point of accumulation of S 

We divide the points of the line A into two classes in the 
following manner. The point P belongs to L if there are an 
infinity of points of A to the right of P, and to R m the contrary 
ease Then it is evident that conditions (i) and (iii) of Dedekind’s 
theorem are satisfied; and since a belongs to L and ft to R, 
condition ( 11 ) is satisfied also 

Hence there is a point £ such that, however small be 8, £,--8 
belongs to L and E, + 8 to R, so that the interval (£ — 8. £ + 8) 
contains an infinity of points of S Hence £ is a point of ac< uinu- 
lation of 8. 


Thispomt may of course coincide tvithaor/hasioj nisi unit win »j = 0, 
ft — 1, and S consists of the points 1,1,}, Jn tins ( use 0 is the sole 
point of accumulation 


MISCELLANEOUS EXAMPLE* ON CHAPTER I 


1. What aie the conditions that ax + by + cz — 0, (I) for all tallies of 
x, y, 2 , (2) for all talucs of x, y, z subject to ax + fty + yz — 0, (3) for all 
values of x, y, z subject to both ar + fty + yz = 0 and Ax + liy + Cz = 0? 


2. Any positive jationai number can be exj>r( ssed in one and unit one 
wa> m the form 


«i + ; 


J + 1.2 3 + 


1.2.3 k ’ 


whore <J,, ti t , .... a k are integers, and 

0:go t , 0ga 2 <2, 0ga s <3, , 0<a k <k. 

3. Any positive rational number can be expri ssed in one and one wa 
only as a simple continued fi action 

1 1 1 
ft i "t , 

a,+ a,+ +a„ 

where a„ tr 2 , , a„ arc positive integers, of which the first only may be zer 
[Accounts of tho theory of such continued fractions will be found 
text-books of algebra. For further information about inodes of represent 
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tion of rational and irrational numbers, see HobBon, Theory of function a 
of a real variable , 3rd edition, vol. I, pp. 47-51.] 

4. Find the rational roots (if any) of — 6a;* 4-15a: — 10 = 0. - 

5. A line A U in di v ided at C m aurea sectione (Eue. n. 11). i e. so that 
AB.AC = BO*. Show tliat the ratio AC, 1 A B is irrational. 

[A dm ct geometrical proof will be foiuid in Bromwii h’s Irtftfhte s'nfs , 
2nd edition, § 13b, p. 400 ] 

b A is irrational. In what eircumstanceb can , ——, where a, b, c, d 

cA + d 

are rational, be rational’ 


7. Some elementary inequalities. In what follows a„ a,, denote 
'positive numbeis (including zero) and /., q, positive integers. Since 
a-1 - it; and a( — lmv e the same sign, we have (a' — a\) (a] - <41 g 0, or 
a'l 4- a' ’ £ n\ z;* 4- tt ] a’ (1), 

an mi qualil \ vvhii h may also be writtc n in tho form 

(2) - 

By iepen.t< <1 application of tins formula we obtain 


and in pm titular 


to’ 1 » |rt > /<t v t -f a[ . n\ + a 7 • fa\ 4- n r 

2 — ” V 2 / \ 2 / l 2 / 

<4 a 1 > /«] ^ 

2 = V 2 / 


(3) , 

( 4 ) 


\V1k up — 1 m{l), or/i = 2 m (4), th( inequalities aie int roly different 

foims of the inequality a\ + (!%£ 2a l a i , which expresses tho fact that tho 
arithmetic mean of two positnc iiumlx is is not liss than their geometric 
mean 


8 Generalisations for n numbers. If we write down the jn(n— 1) 
inequalities of the t) p< (1) w inch i an be founed with n numbers , a z , , 

ff,,, and add the results, \u obtain tlit ltu quality 

n£u* *>Ea* 2?a* . (5J, 


or 

1 r«’ •«> | 


( 1 


il 

Ai / 

Vn / 


Hence wo can deduct an obvious extension of (3) which the reader may 
formulate for In in self, and m particular the inequality 

1 /I v 

£a J, >( £a) .. . (7) 

n \n j 


it P M 
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9. The general form of the theorem concerning the arithmetic 

lend geometric means. An inequality of a slightly different character is 

that which asserts that the arithmetic mean of cij,a a ,.. ,,a„ is not less than 

their geometric mean. Suppose that a r and a, are the greatest and least 

of the a’s (if there are several greatest or least o’s we may choose any of 

them indifferently), and lot 0 be their geometric mean. Wo may suppose 

6 > 0, as the truth of the proposition is obvious when G = 0. If now wo 

replace a, and a, by , ,, , ... 

r r * J a, G, a, = a,aJG, 

we do not alter the value of the geometric mean; and, since 

a' + a' — a r — a, = (a T — G) (a,— G)/G£0, 

we certainly do not increase the arithmetic mean. 

It is clear that we may ropeat this argument until wo have replaced 

each ofa„ a 2 , ...,a„ by G; at most » repetitions will be necessary. Since the 

final value of the arithmetic mean is <?, the initial valuo cannot have been 

less. 

10. Cauchy’s inequality. Suppose that a,. n .. <i„ and 6,. b 2 , .. , b„ 

are any two sets of numbers positive or negative. It is easy to verify the 
identity (A7« r 6 r )» = Xu; Zb* - Z(a T b,~ a,b r )\ 

where r and e assume the values 1. 2, .... n. It follows that 
(Za r b r fSZb;Zb;. 

11. If a 1( a 2 .a„ are positive, then 

= 'XJS Za r Z 1 £u a . “ 

fi a. a, 

12. If a, b, c aro positive, and a + b + c = 1, then 

■ (- 1 - 1 j - 1 ) ( 1 - 1 j g 8. (Math. Trip. 1932) 

13. If n and b arc positive, and a + b = ], then 

/ 1 \ 2 / 1 25 

(|o+- j +yb+ =s -• (Math. Trij>. 1926) 

14. If a,, a 2 , .. , a„ are all positive, and s„ = aj + a a + ... +a„, then 

(1 + a i) (1 + a i) ■ • • (1 + “») = 1 + + „"+-•• + • 

2! n! 

(Math. Trip. 1909) 

15. If a,, o t , ..., a„ and b lt b 2 , .... b n are two sets of positive numbers, 
arranged in descending order of magnitude, then 

(a a + o a + ... + a„) ( b l + b 2 + . • • + b n ) b 2 + a 2 b 2 + ... + a n b n ). 
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16. If a, h, c, . , k and A, li, C, ., K are two sets of numbers, and all 
of the first set are positive, then 

aA+bB + . +kK 
a+b+. +k 

lies between the algebraically least and greatest of A, B, . , K. 

[Examples 7-16 are, for the most part, very special cases of well- 
known general theorems, whu-li are discussed systematically in Hardy, 
Littlewood, and Polya, Inequalities (Cambridge, 1934). See also §74 
of Ch. IV.] 

17. If Jp, Jq are dissimilar stud-., and a + b Jp + cjq + rl J(pq) = 0, 
where a, b, e, d aie rational, then a — 0, h = 0, o — 0, d — 0. 

[Express -Jp m the form Jll ■( ,V Jq . where M and K aie rational, and 
apply the theorem of § 14.] 

18. Show that if a J2 + l>J'S + < J5 = 0, wiioie «, h, < aie rational num- 
bus, then a = 0, b = 0, c = 0. 


19 Any pohnomial m Jp and Jq, with rational coefficients (i e. any 
sum of a Unite numbor of terms of the form A(Jp) m (Jq)", where m and n 
are integers, and A rational), curt be expressed in the form 
a + (> Jp +1 Jq + dj(pq), 
where a, 6, (, d aie lational. 


a + b Jjt + r Jq 

20. Express- , , . where «. 6, < te are rational, m the form 

d + ejp+fjq 

A + B Jp + C Jq + J> 

whoie A , J1, (’, 1) are rational. 


[ Ifiv ldonilj, 

a + b Jp A c Jq __ (<t + bJp + cJg)[d+^Jj)-fJ<j) _ a + J Jp + y Jq + 8 ^ (pq) 
d + cjp+fjq {d + eJpy-J 2 q + 

whore a, /?, etc. aro rational numbers which can easily be found. The 
required reduction may now bo easily completed by multiplication of 
numerator and denominator by f — Z,Jp. For example, proxo that 


1 

1 + J2+JZ 


1 



1 

4 v 



21. if a, b, x, y are rational numbers such that 


{ay - (u ) 2 + 4(a -x)(b- y) = 0, 

(lien cither (i) r = a, y = b or (ii) 1 — ab and \ — xy are squares of rational 
numbers. (Math. Trip. 1903) 


3-2 
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22. If all the values of x and y given by 

ax' 1 + 2hxy + by 1 = 1, a'x 1 + 2k'xy + b'y t = 1 
(where a, h, b, o', h', b' are rational) are rational, then 

(k — A') 2 — (a — a') (6 — 6'), ( ab' — a'6) 2 + 4(ah' — a’k) ( bh' — b'h) 

are both squares of rational numbers. ( Math. Trip. 1899) 

23. Show that -J2 and y3 are cubic functions of + ^/3, with rational 

coefficients, and that ^2 — y'6 + 3 is the ratio of two linear functions of 
J2 + J3. (Math. Trip. 1905) 


24. Show that 

V(o + 2 to J(a — m *)} + ^/{o — 2 m*J(a — m 2 )} 
is equal to 2m if 2 to 2 > o > m 2 , and to 2 ^](a — m 2 ) if a > 2m 2 . 

25. Show that any polynomial m (V2, with rational coefficients, can be 

expressed m the form a + b ^+c^/4, 

where a, b, c are rational. 


More generally, if p is any rational number, any polynomial in "p with 
rational coefficients can be expressed in the form 

a„ + a i a + a i a 1 +. .+ci m ~ l a m ~ 1 . 


where a„, a,, . . are rational and a = !Jp. For any such polynomial is of 

the form ... , , . , . . 

6 0 + &j<x + 6 a a 2 +.. + & t a*, 


where the 6’s are rational. If A — 1, this is already of the form required. 

If fc>m — 1, lot a r be any power of a higher than the (m— l)th. Then 
r = Am + «, where A is an integer and OStim-1, and a' = a ,l ’" + * = p A a*. 
Hence we can get rid of all powers of a. higher than the (m — 1 )th. 


26. Express ($2— l) 1 and (^2— 1)/((V2 + 1) m the form a + b$2 + c -J’4, 
where a, b, c are rational. [Multiply numerator and denominator of the 
second expression by ^4 — ^2 + 1.] 


27. If a + bl/2 + c$4 = 0 , 

where a, b, c are rational, then a = 0, b = 0 , c = 0 . 

[Let y = y/2. Then y 1 — 2 and 

cy‘+by + a = 0. 

Hence 2 cy 1 + 2 by + ay 2 = 0 or 

ay 2 + 2 c y + 26 = 0 . 

Multiplying these two quadratic equations by a and c and subtracting, 
we obtain (a 6 — 2 c 2 ) y + a 1 — 26c = 0 or y = — (a 2 — 26c)/(a6 — 2 c 2 ), a rational 
number, which is impossible. The only alternative is that 06 — 2c 2 = 0 , 
o 2 — 26c = 0. 
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Hence ab = 2c 2 , a 4 = 46®c 3 . If neither a nor b is zero, we can divide the 
second equation by the first, which gives a® = 26®: and this is impossible, 
since ^'2 cannot be equal to the rational number a/6. Hence a6 = 0, c = 0, 
and it follows from the original equation that a, 6, and c are all zero. 

As a corollary, if a + b$2 + c$4 = d + e -J'2 +J$4, then a = d, b — e, c =/. 
It may be proved, more generally, that if 

a„ + a L p 1,m +... + - 0, 

p not being a perfect mth power, then a 0 = a, = ...=: a m _ 1 = 0; but the 
proof is less simple.] 

28. If A + $B = C + $D, then either A = C, B = D, or B and D are 
both cubes of rational numbers. 


29. If $A + $B + $C -- 0, then either one of A , B, C is zero, and the 
other two equal and opposite, or $4, $jB, $C are rational multiples of the 
same surd $X. 

30. Find rational numbers a, [S such that 

^'(7 + 5^2) = a + y?V2- 

31. If (a —6®) 6 >0, then 

3 /l 06 3 + ii //a-6 3 ,) „/( 06’ + a //a-6®\l 

V r + "36 V (~36 J/ + V V*~~36 V (■»■)/ 

is rational. [Koch of the numbers under a cube root is of the form 

u + s /t a -- b ’~v: 




36";/ ’ 


where a and ft are rational.] 
32. Prove that 


V(^6-^4) = J(^2 +^20-^25), 

4 /(3 + 2f5\ _ j'5+l 
v \3 — 2^/5/ ~ $ 5 — r 

33. If a = yip, then any polynomial in a is the root of an equation of 
degree n, with rational coefficients. 

[We can express the polynomial (x say) in the form 
x — l l + m l a+ ... + ria (n-1) , 
where l l} m,, ... are rational, as in Ex. 25. 

Similarly x* = J t + m t a +... + r 1 a (n ~ 1) , 


Hence 


x" = l„ + m„a+ ... + r„ a ln-l) . 

L t x+ L t x l +... + L n x n — A, 
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where A is the determinant 


ly m s ... Ty 

l t m t ... r t 



and L lt L t , ... the minors of l lt l t .] 

34. Apply this process to x = p + Jq, and deduce the theorem of § 14. 

36. Show that y = a + bp llB + cp ,ls satisfies the equation 

y® — 3oy a + 3y(r/ a — bcp) — a s — b*p — c a p a 4- 3 abcp — 0. 

36. Algebraical numbers. \Vehavo seen that some irration al number s 
(such as ^/2) are roots of equations of the type 

a 0 x" + a l x” -1 + ... + a„ = 6, 

where a a , a,, .... a„ are integers. Such irrational numbers arc oaliodjdpr- 
braical numbe rs: all other irrational numbers, such as tt (§ 15) a re call ed 
transc endenta l numbers. Show that if a: is an algebraical number, then so 
are lex, where k is any rational number, and x m,n , where in an(J n are any 
integers. 

37. If a; and y are algebraical numbers, then so are .r + y,x — y, .ry and xjy. 
[We have equations 

a 0 x m + aj i*' 1 + ... + a„ = 0, 
boy” + b l y”~ 1 + ... + 6, = 0, 

where the a’s and b'e are integers. Write x + y = z, y = z — .r in the second, 
and eliminate x. We thus get an equation of similar form, say 

C 0 z” + C l z p - 1 + ... +c p = 0, 
satisfied by z. Similarly for the other cases.] 

38. If a 0 i" + a 1 i"~ 1 +... + a„ = 0, 

where a„, oq.a„ are any algebraical numbers, then x is an algebraical 

number. [We have n + 1 equations of the type 

a < , r a r m ' + a 1 , r a r m '- 1 +...+a mir = 0 (r=0,1.»), 

in which the coefficients a #ir , o l r ,.... a mrfT are integers. Eliminate 
a 0 , OLy, ...,a n between these and the original equation for x.] 

39. Apply this process to the equation x a — 2x*]2+ s /3 = 0. 

[The result is x® — 16x“ + 58x4 — 48x a +9 = 0.] 
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40. Find equations, with rational coefficients, satisfied by 

1 + <J2 + >J3, ^3~j2’ VCV^ + V^J + VW® - V2}> \f% + $3. 

41. If x 3 = x+ 1, then x 3 ” = a„x + 6 n + c„x _1 , where 

“n+l = + *n+l = «n + fc„ + C„, C „ +1 = a„ + C„. 

42. If x* + x‘ — 2x 4 — x 3 -f x s + 1 = 0 and y = %* — x 3 + x— 1, then y 
satisfies a quadratic equation with rational coefficients. 

(Math. Trip. 1903) 

[It will be found that y l + y + 1 = 0.] 



CHAPTER II 


FUNCTIONS OF REAL VARIABLES 

20. The idea of a function. Suppose that x and y are 
two continuous real variables, which we may suppose to be repre¬ 
sented geometrically by distances A a P = x, B 0 Q — y measured 
from fixed points A 0 , B 0 along two straight lines A, M. And let 
us suppose that the positions of the points P and Q are not in¬ 
dependent, but are connected by a relation which we can imagine 
expressed as a relation between x and y; so that, when P and 
a; are known, Q and y are also known. We might, for example, 
suppose that y = x, or 2x, or or x 2 3 + 1. In all of these cases 
the value of x determines that of y. Or again we might suppose 
that the relation between x and y is given, not by means of an 
explicit formula for y in terms of x, but by means of a geometrical 
construction which enables us to determine Q when P is known. 

In these circumstances y is said to be a function of x. This 
notion of functional dependence of one variable upon another is 
perhaps the most important in the whole range of higher mathe¬ 
matics. In order to enable the reader to be certain that he under¬ 
stands it clearly, we shall, in this chapter, illustrate it by means 
of a large number of examples. 

But before we proceed to do this, we must point out that the 
simple examples of functions mentioned above possess three 



(1) y is determined for every value of x\ 


(2) to each value of x for which y is given corresponds one and 
only one value of y ; 

(3) the relation between x and y is expressed by means of an 
analytical formula, from which the value of y corresponding to a 
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given value of x can be calculated by direct substitution of the 
latter. 

It is indeed the case that these particular characteristics are 
possessed by many of the most important functions. But the con¬ 
sideration of the following examples will make it clear that they 
are by no means essential to a function. All that is essential is 
that there should be some relatio n between x and y such tha t to 
some valueiToTiFat any rats-cagr gspond values of y. 

Examples X. 1. Lot y = x or 2x or Jr or x 2 + 1. Nothing further 
need be said at present about eases such as these. 

2. Let y = 0 whatever be the value of x. Then y is a function of x, for 
we can give x any value, and the corresponding value of y (viz. 0) is known. 
In this case the functional relation makes the same value of y correspond 
to all values of x. The same would be true were y equal to 1 or — | or *J 2 
instead of 0. Such a function of x is called a constant. 

3. Lot y 8 = x. Then if x is positive this equation defines two values of y 
corresponding to each value of x, viz.. + Jr. If x = 0, y = 0. Hence to the 
particular value 0 of x corresponds one and only one value of y. But if x is 
negative there is no value of y which satisfies the equation. That is to say, 
the function y is not defined for negative values of x. This functio n thore- 
fore nnaswan^ I,lie char acteristic (3), but neither ( 1) nor (2). 

4. Considor a volume of gas maintained at a constant temperature and 
contained in a cylinder closed by a sliding piston*. 

Let A be the area of the cross-soction of the piston and W its weight. 
The gas, held in a state of compression by the piston, exerts a certain 
pressure p 0 per unit of area on the piston, which balances the weight W, 
80 that IT = Ap 0 . 

Let v 0 bo the volume of the gas when the system is thus in equilibrium. 
If additional weight is placed upon the piston the latter is forced down¬ 
wards. The volume (t>) of the gas diminishes; the pressure ( p ) wliich it 
exerts upon unit area of the piston increases. Boyle’s experimental law 
asserts that the product of p and v is very nearly constant, a correspond¬ 
ence which, if exact, would be represented by an equation of the type 

pv = a .(i), 

where a is a number which can be determined approximately by experi¬ 
ment. 

* I borrow this instructive example from Prof. H. S. Carslaw’s Introduction to 
the calculus. 
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Boyle’s law, however, only gives a reasonable approximation to the 
facts provided the gas is not compressed too much. When v is decreased 
and p increased beyond a certain point, the relation between them is no 
longer expressed with tolerable exactness by the equation (i) It is known 
that a much better approximation to the true relation can then be found 
by means of what is known as ‘ van dor Waals’ law ’, expressed by the 
equation . . 

<*•'-/?) = r (“). 

where a, /?, y are numbers which can also be determined approximately 
by experiment. 

Of course the two equations, even taken together, do not give anything 
like a complete account of the relation between p and v. This relation is no 
doubt m reality much more complicated, and its form changes, as v varies, 
from a form nearly equivalent to (i) to a form nearly equivalent to (n) 
But, from a mathematical point of view, there is nothing to prevent us 
from contemplating an ideal state of things in which, for all values of v 
not less than a certain value V, ( 1 ) would be exactly true, and (n) exactly 
true for all values of v less than V And then wo might regard the two equa¬ 
tions as together defining p as a funct ion of t> It is an example of a function 
which for some values of v is defined by ono formula and for other values 
of v is defined by another 

This function possesses the characteristic (2) to any value of v only one 
value of p corresponds but it does not possess (1) For p is not defined as 
a function oft) for negative values of v, a ‘ negative \ olume ’ means nothing, 
and negative valuos of v are irrelevant 

5 Suppose that a perfectly elastic ball is dropped (without rotation) 
from a height Jgr* on to a fixed horizontal plane, and rebounds continually 

The ordinary formulae of elementary dynamics, with which the reader 
is probably familiar, show that h = \gt 2 if Ogfgr, h = |</(2r- 1) 2 if 
r<t< 3r, and generall y 

h = igi(2nr-<) 1 

if (2n — I) r g < g (2n + 1) t, ft being the depth of the ball, at time t, below its 
original position Here also h is a function of t which is only defined for 
positive values of t 

6. Suppose that y is defined as being the largest prime factor of x This 
is an instance of a definition which only applies to a particular class of 
values of x, viz integral values ‘ The largest prime factor of J .A or of -J2 
or of 7i ’ means nothing, and so our defining relation fails to define for such 
values of x as these. Thus this function does not possess the characteristic 
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(1). It possesses (2), but not (3), since there is no simple formula which 
expresses y in terms of x. 

7. Let y be defined as the denominator of x when x is expressed in its 
lowest terms. This is an example of a function which is defined if and only 
if re is rational. Thus y = 7 if x = — 11/7, but y is not defined for x = -J2. 

21. The graphical representation of functions. Sup¬ 
pose that the variable y is a function of the variable x. It will 
generally be open to us also to regard rr as a function of y, in virtue 
of the functional relation between rr and y. But for the present we 
shall look at this relation from the first point of view. We shall 
then call rr the independent variable and y the dependent variable ; 
and, when the particular form of the functional relation is not 
specified, we shall express it by writing 

V = /(*) 

(or F(x), rr), \jr(x), ..., as the case may be). 

The nature of particular functions may, in very many cases, be 
illustrated and made easily intelligible as follows. Draw' two lines 
OX, OY at right angles to one another 
and produced indefinitely in both direc¬ 
tions. We can represent values of rr and y 
by distances measured from 0 along the 
lines OX, 0 Y respectively, regard being 
paid, of course, to sign, and the positive 
directions of measurement being those 
indicated by arrow's in Fig. 6. 

Let a be any value of x for w'hich y 
is defined and has (let us suppose) the 
single value b. Take OA = a, OB = b, 
and complete the rectangle OAPB. 

Imagine the point P marked on the 
diagram. This marking of the point P may be regarded as showing 
that the value of y for x = a is 6. 

If to the value a of re correspond several values of y (say 
b, 6', 6"), we have, instead of the single point P, a number of 
points P, P', P" . 
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We shall call P the point (a,b)\ a and b the coordinates of P 
referred to the axes OX, OY; a the abscissa, b the ordinate of P; 
OX and 0 Y the axis of x and the axis of y, or together the axes 
of coordinates, and 0 the origin of coordinates, or simply the 
origin. 

Let us now suppose that for all values a of* for which y is 
defined, the value b (or values b, b' , b" , ...) of y, and the corre¬ 
sponding point P (or points P, P', P”,...), have been determined. 
We call the aggregate of all these points the graph of the 
function y. 

To take a very simple example, suppose that y is defined as 
a function of x by the equation 

Ax + By+ C = 0 .(1), 

where A, B, C are any fixed numbers*. Then y is a function of x 
which possesses all the characteristics (1), (2), (3) of §20. It is 
easy to show that the graph of y is a straight line. The reader is in 
all probability familiar with one or other of the various proofs of 
this proposition which are given in text-books of analytical 
geometry. We shall also say that the locus of the point (x, y) is a 
straight line, that (1) is the equation of the locus, and that the 
equation represents the locus. 

The equation Ax + By + C = 0 is the most general equation of 
the first degree in both x and y. Hence the general equation of the 
first degree represents a straight line. It is equally easy to prove 
the converse proposition that the equation of any straight line is 
of the first degree. 

We may mention a few further examples of interesting geo¬ 
metrical loci defined by equations. An equation of the form 
(x-oc) 2 +(y-fi) 2 = p 2 , 

or x s + y 2 + 2 Qx 4- 2 Fy +0 = 0, 

where G 2 + F 2 — C > 0, represents a circle. The equation 
Ax 2 + 2 Hxy + By 2 + 2Gx+ 2 Fy +C = 0 

* If B = 0, y doee not occur in the equation. We must then regard y as a function 
of x defined for one value only of x t viz. x = - GjA, and then having all values. 
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(the general equation of the second degree) represents, assuming 
that the coefficients satisfy certain inequalities, a conic section, 
i.e. an ellipse, parabola, or hyperbola. For further discussion of 
these loci we must refer to books on analytical geometry. 

22. Polar coordinates. In what precedes we have determined 
the position of P by the lengths of its coordinates OM = x,MP — y. 
If OP = r and MOP — 6,6 being an 
angle between 0 and (measured in 
the positive direction), it is evident that N 
x = r cos 6, y = r sin 6, 
r = x 2 + y 2 ), cos 6: sin 6 l::x-y:r, 
and that the position of P is equally 
well determined by a knowledge of r 
and 0. We call r and 0 the polar coordi¬ 
nates of P. The former, it should be observed, is essentially 
positive*. 

If P moves on a locus there will be some relation between r 
and 6, say r = f(0) or 0 = F(r). This we call the polar equation 
of the locus. The polar equation may be deduced from the (x, y) 
equation (or vice versa ) by means of the formulae above. 

Thus the polar equation of a straight line is of the form 
rcos{0 — sc) = p, 

where p and a are constants. The equation r — 2a cos 0 represents 
a circle passing through the origin; and the general equation of 
a circle is of the form 

r 2 + c 2 — 2rc cos (6 — a) = A 2 , 
where A, c, and a are constants. 

* Polar coordinates arc sometimes defined so that r may be positive or negative. 
In this case two pairs of coordinates—e.g. (1,0) and (-1,7r)—correspond to the 
same point. The distinction between the two systems may be illustrated by means 
of the equation 2 r — 1 -e cos 8, where J>0, e>l. According to our definitions r 
must bo positive and tbeiofore cos 8< 1/e: the equation represents one branch only 
of a hyperbola, the other having the equation -Ijr = 1 -e cos 6. With the system 
of coordinates which admits negative values of r, the equation represents the whole 
hyperbola. 
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23. Further examples of functions and their graphical 
representation. The examples which follow will give the 
reader a better notion of the infinite variety of possible types of 
functions. 

A. Polynomials. A polynomial in x is a function of the 
form a 0 z m + a 1 a; m - 1 +... + a m , 


where a 0 , a v ..., a m are constants. The simplest polynomials are 
the powers y = x, x 3 , x 3 , ..., x m , .... The graph of the function x m 
is of two distinct types, according as m is even or odd. 

First let m = 2. Then three points on the graph are (0,0), 
(1, 1), (— 1,1). Any number of additional points on the graph 
may be found by assigning other special values to x: thus the 
values 


give 


x = l, 2, 

V = h 4 - 


3, 

' 3 , 


i. 


-2, -3 
4, 0. 


If the reader will plot of! a fair number of points on t he graph, he 
will be led to conjecture that the form of the graph is something 
like that shown in Fig. 8. If he 
draws a curve through the special 
points which he has proved to lie 
on the graph and then tests its 
accuracy by giving x new values, 
and calculating the correspond¬ 
ing values of y, he will find that 
they lie as near to the curve as it 
is reasonable to expect, when the 
inevitable inaccuracies of drawing are considered. The curve is 
of course a parabola. 

There is, however, one fundamental question which we cannot 
answer adequately at present. The reader has no doubt some 
notion as to what is meant by a continuous curve, a curve withou t 
breaks or jumps ; such a curve, in fact, as is roughly represented 
in Fig. 8. The question is whether the graph of the function 
y = x 2 is in fact such a curve. This cannot be proved by merely 
constructing any number of isolated points on the curve, although 
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the more such points we construct the more probable it will 
appear. 

This question cannot be discussed properly until Ch. V. In 
that chapter we shall consider in detail what our common-sense 
idea of continuity really means, and how we can prove that such 
graphs as the one now considered, and others which we shall 
consider later on in this chapter, are really continuous curves. 
For the present the reader may he content to draw his curves as 
common sense dictates 

It is easy to see that the curve y = x 2 is everywhere convex to the axis 
of x. Let P 0 , t\ (Fig. 8) be the points (x„, x't), (x„ x\). Then the coordinates 
of a point on the chord P 0 P l are * — Ax 0 +ftr lt y = Axjj + /U!j, where A 
and /i are positive nurnbors whose sum is 1. And 

y-x 2 - (A + /t)(dr^+/tr])-(Aj 0 + /tx 1 ) i = A/t(r,-x 0 ) 2 20, 
so that the chord lies entirely above the cuive 

The cuive y = a - 4 is similar to y = x l in general appearance, but 
flatter near O, and steeper beyond the points A, A' (Fig 9), and 
y = x m , where m is even and greater than 4, is still more so. As m 
gets larger and larger th e flatness and steepn ess grow more and 
more pronou nced, until thecurvc is practically indistinguishable 
from the thick line in the figure. 

v i* 



M O N 


Fig 9 Fig 10 

The reader should consider next the curves given by y = x m , 
when m is odd. The fundamental difference between the two 
cases is that whereas when m is even (— x) m = x m , so that the 
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curve is symmetrical about 0 Y, when m is odd (— x) m = — x m , so 
that y is negative when x is negative. Fig 10 shows the curves 
y = x, y = x 3 , and the form to which y = x m approximates for 
larger odd values of wi¬ 
lt is now easy to see how {theoretically at any rate) the graph 
of any polynomial may be constructed. In the first place, from 
the graph of y = x m we can at once derive that of Cx m . where C is 
a constant, by multiplying the ordinate of every point of the 
curve by C. And if we know the graphs of f(x) and F(z), we can 
find that of f(x) + F(x) by taking the ordinate of every point to 
be the sum of the ordinates of the corresponding points on the 
two original curves. 

The drawing of graphs of polynomials is however so much 
facilitated by the use of more advanced methods, which will be 
explained later on, that we shall not pursue the subject further 
here. 

Examples XI. 1. Trace the curves y ~ lx 1 , y = 3x 6 , y = x w 

[The reader should draw the curves carefully, and all three should be 
drawn m one figure*. He will then realise how rapidly the higher powers 
of * increase, os x gets larger and larger, and will see that, m such a 
polynomial as 

K J x™ + 3x 5 + lx* 

(or even x 10 + 30.r‘+ 700x‘j, it is th o first term which is of really piopon- 
derant importance when x is fairly largo. Thus even when x — 4, 
x ,0 > 1,000,000, while 30x s < 35,000 and 700x*< 180,000, whilo if c = 10 
the preponderance of the first term is still more marked.] 

2. Compare the relative magnitudes of 

x 18 , l,000,000x*, 1,000,000,000, OOOx 

when x = 1, 10, 100, etc. 

[The reader should make up a number of examples of this type for 
himself. This idea of the relative rate of growth of different functions of x is 
one with which we shall often be concerned ui the followmg chapters.] 

* It will be found convenient to take the scale of measurement along the axn 
of y a good deal smaller than that along the axis of x, in order to prevent the figure 
becoming of an awkward size. 
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3. Draw the graph of ax 1 + 26x + c. 


[Here 


ac — b* / 6\ ! 

y -= a x + ~ ■ 

a \ a' 


If we take new axes parallel to the old and passing through the point 
x = —b/a, y = ( ac — b s )/a , the new equation is y‘ = ax' 1 . The curve is a 
parabola.] 


4. Trace the ourvos y = x 1 — 3x+ I, y = x*(x—l), y~x(x— l) 2 . 


24. B. Rational functions. The class of functions which 
ranks next to that of polynomials in simplicity and importance 
is that o f rational functions. A rational fun ction is the q uotien t 
of one polynomiaTby another: t hus if P(x), 0(x) are polynomials, 
we may denote the general rational function by 


R(x) = 


P(x) 

Q(*Y 


In the particular case when Q(x) is constant, It(x) reduces to 
a polynomial: thus the class of rational functions includes that 
of polynomials as a sub-class. The following points concerning 
the definition should be noticed. 


(I) We usually suppose that P(x) and Q(x) have no common factor 
x + a or x* + ax*- 1 + bx p ~‘ -1 +k, all such factors being removed by 
division. 


(2) It should however be obsorved that this removal of common factors 
does as a rule change the function. Consider for examplo the function xjx, 
which is a rational function. On removing the common factor x we obtain 
1/1 = 1. But the original function is not always equal to 1. it is equal to 1 
only so long as x =t 0 II x = 0 it takes the form 0/0, which is meaningless. 
Thus the function x/x is equal to 1 if x 4= 0 and is undefined when x = 0. It 
therefore differs from the function 1, which is always equal to 1. 

(3) Such a function as 

Cii + ^h)/C + ib) 

may be reduced, by the ordinary rules of algebra, to the form 

x*(x-2) 

{x-\) i {x + l)’ 

which is a rational function of the standard form. But here again it must 
be noticed that the roduct ion is not always legitimate. In order to calculate 


urn 
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the value of a function for a given value of * we must substitute the value 
for x in the function in the form in which it is given. In this case the formula 
is meaningless for the values x = — 1, 1, 0, 2, and so the function is not 
defined for these values. The same is true of the reduced form, so far as 
the values — 1 and 1 are concerned. But x = 0 and x = 2 give the value 0. 
Thus onoe more the two functions are not the same. 

(4) But, as appears from the particular example considered under (3), 
there will generally be a certain number of values of x for whioh the 
function is not defined even when it has been reduced to a rational function 
of the standard form. These are the values of x (if any) for which the 
denominator vanishes. 

(5) Generally we agree, in dealing with expressions such as those con¬ 
sidered in (2) and (3), to disregard the exceptional values of x for which 
such processes of simplification as were used there are illegitimate, and to 
reduce our function to the standard form of rational function The reader 
will easily verify that (on this understanding) the sum, product, or quotient 
of two rational functions may themselves be reduced to rational functions 
of the standard typo. And generally a rational function of a rational function 
is itself a rational function■ i e if in z = P(y)/Q(y), where P and Q aro 
polynomials, we substitute y = jP,(a:)/Q,(:r), we obtain on simplification 
an equation of the form z = Pfx)jQ t {x). 

(6) It is in no way presupposed in tho definition of a rational function 
that the constants which occur as coefficients should be rational numbers. 
The word rational has reference solely to the way in which the variable x. 
appears m the function. Tlius 

x^ + x + ^3 
~x$2 — n 

is a rational function. 

The use of the word rational aiises as follows. The rational function 
P(x)/Q(x) may be generated from a; by a finite number of operations upon 
x, including only multiplication of x by itself or a constant, addition of 
terms thus obtained, and division of one function, obtained by such 
multiplications and additions, by another. In so far as the variable x is 
concerned, this procedure is very much like that by which all rational 
numbers can be obtained from unity, a procedure exemplified in the 
equation 

61 + 1 + 1 + 1+1 
3~ 1+1+1 

Again, any function which can be deduced from x by the elementary 
operations mentioned above, using at each stage of the process functions 
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which have already been obtained from x in the same way, can bo reduced 
to the standard type of rational function. Thug 

can be reduced to the standard type of rational function. 

25. The graphical study of rational functions depends, even 
more than that of polynomials, on the methods of the differential 
calculus. We shall therefore content ourselves at present with a 
very few examples. 


Examples XII. I. Draw the graphs of y = 1/a*, y = 1/x 2 , y — 1 a* 3 ,.... 
[The figures show the graphs of the first two curves. It should be 
observed that the functions are not defined for x = 0.] 


2. Trace 


1 


y = r-t- 


x 





ax + 


b 

X’ 


taking various values, positive and negative, for a and 6. 




3. Trace 


Fl «* 11 Fig. 12 

a+1 /ZjM\ 2 1 -c 2 4-1 

x—l’ \x-l/ ’ (a:—1)*’ 1‘ 


4. Tracey — l/(.r — a)(x — b), l/(x —o)(x —6)(x —c), where a<b<c. 

6. Sketch the general form assumed by the curves y = l/x m as rn 
becomes larger and larger, considering separately the cases m which m is 
odd or even. 


4-2 
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[XI 


26. C. Explicit algebraical functions. The next im¬ 
portant class of functions is that of explicit algebraical functions. 
These are functions which can be generated from at by a finite 
number of operations such as those used in generating rational 
functions, together with a finite number of operations of root 
extraction. Thus 


V(l+s)-ff(l-g) 

V(l+*) + $(l-*)’ 


*jx-f-*f{x + ^x), 


/* 2 + x ± V3\5 

\ x%j2—n ) 


are explicit algebraical functions, and so is x mln (i.e. Vjx m ), where rn 


and n are any integers. 


It should be noticed that there is an ambiguity of notation 
involved in such an equation as y = % !x. We have up to the present 
regarded <J2, for example, as denoting the positive square root 
of 2, and it would be natural to denote by *Jx, where * is any 
positive number, the positive square root of x, in which case 
y = fx would be a one-valued function of x. It is however often 
more convenient to regard Jx as standing for the two-valued 
function whose two values are the positive and negative square 
roots of x. 


The reader will observe that, when this course is adopted, the 
function <jx differs fundamentally from rational functions in two 
respects. In the first place a rational function is always defined 
for all values of x with a certain number of isolated exceptions. 
But ifx is undefined for a whole range of values of £ (i.e. all negative 
values). Secondly the function, when x has a value for which it 
is defined, has generally two values of opposite signs. 

The functions tfx, on the other hand, is one-valued and defined 
for all values of x. 


Examples XIII. 1. f{(x — a) (b — x)}, where a<b, is defined only for 
aSxSb. If acx<b, it has two values; if x = a or 6, only one, viz. 0. 

2. Consider similarly 

^{(x — a){x—b){ x — c)} (a<b<c ), 

^{x(x 2 -a*)), f{(x-a)»(6-x)} (a<6). 


V(l + x)-V<i-x ) 
V(1+*W(I-Z)’ 
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3 . 


4. 


Trace the curves y 2 = x, y‘ = x, y‘ = x 3 . 

Draw the graphs of the functions y = f(a l — x*), y = 



27. D. Implicit algebraical functions. It is easy to 

„ = V(i+*)-ff (i-» ) 
y V(i+*)+^(i-*) 

/l + y\ 6 _ ( 1 + z) 3 
U-y/ (1 — x) 2 ' 

y = fx + f(x + A jx) 
y 4 — (4y 2 + 4y + 1) x = 0. 

Each of these equations may be expressed in the form 

y n +R 1 y m ' 1 + ... + R m = 0 .(1), 

where R v R v ..., R m are rational functions of x\ and the reader 
will easily verify that, if y is any one of the functions considered 
in the last set of examples, then y satisfies an equation of this 
form. It is naturally suggested that the same is true of any 
explicit algebraic function. And this is in fact true, and indeed 
not difficult to prove, though we shall not delay to write out a 
formal proof here. An example should make clear to the reader 
the lines on which such a proof would proceed. Let 
_ X + >Jx + J(x + fx) + $(1 + x) 
y x-jx + lj(x + ljx)-%l(l+xy 


verify that if 

then 

and if 
then 


Then 


x + u + v + w 
X — U+ V— w’ 


u 2 = x, v 2 = x + u, w 3 =l + x; 

and we have only to eliminate u, v, w between these equations in 
order to obtain an equation of the form desired. 

We are therefore led to give the following definition: y is an 
algebraical function of x, of degree m, if it is a root of an equation 
of degree m in y whose coefficients are rational functions of x. 
There is no real loss of generality in supposing that, as in equation 
(1), the first coefficient is unity. 
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This class of functions includes all the explicit algebraical 
functions considered in § 26. But it also includes other functions 
which cannot be expressed as explicit algebraical functions. For 
it is known that in general such an equation as (1) cannot be 
solved explicitly for y in terms of x, when m is greater than 4, 
though such a solution is always possible if m = 1, 2, 3, or 4 and 
in special cases for higher values of m. 

The definition of an algebraical function should be compared 
with' that of an algebraical number given in the preceding 
chapter (Misc. Ex. 36). 

Examples XIV. 1. If m = 1, y is a rational function. 

2. If m = 2, the equation is y 2 + R t y + R x = 0, so that 

y = t{-n 1 ±V(«?-4«,». 

This function is defined for all values of x for which R'\ & 4/-.' 2 . It has two 
values if R\>iR x and one if R\ = 4 R t . 

If m = 3 or 4, we can use the methods explained in treatises on algebra 
for the solution of cubic and biquadratic equations. But as a rule the 
process is complicated and the results inconvenient in form, and wo can 
study the properties of the function better by means of the original 
equation. 

3. Consider the functions defined by tho equations 

y 2 — 2y — x 2 = 0, y 2 —2y + x 2 = 0, y* — 2y l + x ! = 0, 

in each oase obtaining y as an explicit function of x, and stating for what 
values of a: it is defined. 

4. Find algebraical equations, with coefficients rational in j-, satisfied 
by each of the functions 

yjx+yj(ljx), $X + $j(ljx), yj(X+^X), ,/(X + ^/(X + V»)}- 

5. Consider the equation y* = x 2 . 

[Here y* = ±x. If x is positive, y = Jx; if negative, y = ,/( - x). Thus the 
function has two values for all values of x save x = 0.] 


6. An algebraical function of an algebraical function of x is itself an 
algebraical function of x. 


[For we have 


y "+-Ri(z) y m ~ t + ■ ■ ■ + R n {z) = o. 


where z* + S x (x) z" -1 + ... + S n (x) = 0. 

Eliminating z, we find an equation of the form 

y r + T x (x) y*- 1 +... + T t (x) = 0. 
Here all the capital letters denote rational functions.] 
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7. An example should perhaps be given of an algebraical function 
which cannot be expressed in an explicit algebraical form. Such an example 
is the function y defined by the equation 

y l -y-x = 0. 

But the proof that we cannot express y explicitly in terms of x is difficult, 
and cannot be attempted here. 

28. Transcendental functions. All functions of * which 
are not algebraical are called transcendental functions. The 
definition is negative. We do not attempt any systematic 
classification of the transcendental functions, but we can pick 
out one or two sub-classes of particular importance. 

E. The direct and inverse trigonometrical or circular 
functions. These are the sine and cosine functions of elementary 
trigonometry, their inverses, and the functions derived from 
them. We may assume provisionally that the reader is familiar 
with their most important properties*. 

Examples XV. 1. Draw the graphs of 

cos x, sinx, a cos * + b sin x. 

[Since a cos t + 6 sin x = /?cos (r —a), whore /? = ^(a’ + b 1 ), and a is an 
angle whoso cosine and sine are o/,/(a 8 + 6*) and 6/^/fa 8 + 6 8 ), the graphs of 
these three functions are similar in character.] 

2. Draw t ho graphs of cos 2 x, sm 8 x, a cos 8 x + b sin* x. 

3. Suppose the graphs of f(x) and F(x) drawn. Then the graph of 

f(x) cos 8 x + F(x) am 8 x 

ia a wavy curve which oscillates between the curves y = f(x), y = F(x). 
Draw the graph when f(x) = x, F(x) = x*. 

' 4. Show that the graph of cos px + cos qx lies between those of 
2cos \(p — q)x and - 2cos ),(p + q)x, touching each in turn. Sketch the 
graph when (p-q)/(p + q) is small. (Math. Trip. 1908) 

5. Draw the graphs of x + smx, (1/i) + sin y, xsinx, (umx)jx. 

G. Draw the graph of sin ( 1/x). 

[If y — am (1/j), then y = 0 when x — 1/nrn, where m is any integer. 
Similarly y = 1 when x = l/(2m + i)n and y = - 1 when x = l/(2m - $) v. 

* The definitions of the circular functionB given in elementary trigonometry 
presuppose that any sector of a circle has associated with it a definite number called 
its area. How this assumption is justified will appear in Ch. VII. 
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[n 

The curve is entirely comprised between the lines y = — 1 and y = 1 
(Fig. 13). It oscillates up and down, the rapidity of the oscillations 
becoming greater and groater as x approaches 0. For x = 0 the function is 
undefined. When x is large y is small*. The negative half of the curve is 
similar in character to the positive half.] 

'7. Draw the graph of x sin (1 jx). 

[This curve is comprised between the lines y = — x and y — x just as the 
curve of Ex. 6 is comprised between the lines y = — 1 and y = 1 (Fig. 14).] 



Fig. 13 Fig, 14 


8. Draw the graphs of 

. . 1 1 . 1 / . 1 \ ! 1 .1 

rsm-, -#m-, ism- , sin x + am -, sin x Bin . 
x x x \ xJ x x 

9. Draw the graphs of cos x 1 , sin x 1 , a cos x* + b sin x a . 

10. Draw the graphs of arc cos x and aresinx (the invorse cosine and 
sine, sometimes written cos" 1 x and sin -1 *}. 

[If y = arc cosx, x = cos y. This enables us to draw the graph of x, con¬ 
sidered as a function of y, and the same curve shows y as a function of x. 
It is clear that y is only defined for — 1 SiS 1, and is infinitely many¬ 
valued for these values of x. As the reader no doubt remembers, there is, 
when — 1 < x < 1, a value of y between 0 and 7T, say a, and the other values 
of y are given by the formula 2nrr ± a, where n is any integer.] 

11. Draw the graphs of 

tanx, cotx, secx, cosec x, tan*x, cot*x, soc l x, cosec , x. 

* See Chs. IV and V for explanations of the precise meaning of this phrase. 
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12 Draw the graphs of are tan z, arc cot Z, arc sec a;, arc cosec a;. Give 
formulae (as in Ex. 10) expressing all the values of each of these functions 
m terms of any particular value 

13. Draw the graphs of tan (1/a:), cot (1/a:), sec(l/x), cosee(l/a;). 

14. Show that cos a; and sin x are not rational functions of x 

[A function is said to be periodic, with period o, if f(x) = f(x +a) for all 
values of x for which f(x) is defined. Thus cos a: and Binx have the period 
27 r. It is easy to see that no periodic function can be a rational function, 
unless it is a constant Far suppose that 

f(x) = P(t)/Q{x), 

where P and Q are polynomials, and that f(x) =f(x + a), each of these 
equations holding for all values of r Let /(0) = k Then the equation 
P(r) — kQ(x) — 0 is satisfied by an infinite number of values of x, viz 
x = 0, o, 2a, etc , and therefore foi all values of x Thus f(x) = k for all 
values of x, i e f(x) is a constant ] 

15 Show, more generally, that no function with a period can be an 
algebraical fu nction of x. _ 

[Let the equation which define s the algebraical function bo 

y m +R x y"‘ i+ + #,„ = <) fl), 

where R u , P m are rational functions of x This may be put in the form 
Poy m + Pi y m ~ 1 + + P m = 0, 

where P 0 , /'„ , P„ are polynomials in x Arguing as aboi e, we see that 

P„V’‘ + P 1 k"‘-'+ +F m = 0 

for all values of x Hcnct V — k satisfies the equation (1) for all values of x, 
and one set of valut s ot our algebraical function reduces to a constant. 

Now divide (1) by y — A and n ptat the aigument Our final conclusion 
is that oui algc bran al function has, for any value of r, the same set of 
values k, k', , l e it is composed of a cert ain number of constants ] 

yi(i The m\crse sme and linerso cosine are not rational or algebraical 
[unctions [This [allows from the [act that, for any isluu of x between 
— 1 and + 1, arc sin r and are eos x have infinitely many values ] 

29. F. Other classes of transcendental functions. Next 
in importance to the trigonometrical functions come the ex¬ 
ponential and logarithmic functions, which will be discussed in 
Chs IX and X But these functions are beyond our range at 
present And most of the other classes of transcendental functions 
whose properties have been studied, such as the elliptic functions, 
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0 “ 

[Bessel’s and Legendre’s functions, gamma-functions, and so 
forth, lie altogether beyond the scope of this book. There are 
however some elementary types of functions which, though 
of much less importance theoretically than the rational, 
algebraical, or trigonometrical functions, are particularly instruc¬ 
tive as illustrations of the possible varieties of the functional 
relation. 

Examples XVI. 1. Lot y = [#], where [r] denotes the greatest 
integer not greater than x. The graph is shown in Pig. 15a. The left-hand 
end points of the thick lines, but not the right-hand ones, belong to the 
graph. 



Fig. 15c Pig. I5i 


J 2 . y = x-[ x ]. (Fig. 156.) J 3 . y — V(x— [ 1 ]}. (Fig. 15c.) 

(4. y = [x]+V{x-[i]}. (Fig. 16d.) 5. y = (*-[*])«, [*] + (x - [x])‘. 

6. y = [Vi], [i*3, Vi-IV*]- **-[*% [1 -sb*]. 
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7. Let y be defined as the largest prime factor of x (of. Ex. x. 6). Then 
y is defined only for integral values of x. If 

x = 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, , 
then y= 1, 2, 3, 2, 5, 3, 7, 2, 3, 6,11, 3,13, . 

The graph consists of a number of isolated points. 

8. Let y be the denominator of x (Ex. x. 7). In thiB case y is defined 
only for rational values of x. We can mark off as many points on the graph 
as we please, but the result is not m any ordinary sense of the word a 
curve, and there are no points corresponding to any irrational values 
of x 

Draw the straight line joining the points (N —l,N), (N, N), where N is 
a positive mteger. Show that the number of points of the locus which he 
on this line is equal to the number of positive integers less than and prune 
to N. 

9. Let y — 0 when a: is an mteger, y = r when x is not an mteger. The 
graph is denvod from the straight lme y — x by taking out the pomts 

(-1.-1). (0,0), (1,1), (2,2), 
and adding the pomts ( — 1,0), (0,0), (1,0), on the axis of x. 

10. Let y = 1 when x is rational, but y — 0 when x is irrational The 
graph consists of two beries of pomts arranged upon the lines y = 1 and 
y — 0. To the eye it is not distinguishable from two continuous straight 
lmes, but in realitj an infinite number of pomts are missing from each lme. 

11. Let y — x when x is irrational and y = v(( 1 +p 2 )/( 1 + S' 2 )} when x 
is a rational fraction pjq 

The irrational values of x contribute to the graph a curve in reality 
discontinuous, but apparently not to be distinguished from the straight 
lme y — x 

Now consider the rational values of x. First let x be positive Then 
V(( 1 +P 2 1/(1 +? 2 )} cannot be equal to pjq unless p = q, l e. x = 1. Thus all 
the pomts which correspond to rational values of x he off the lme, except 
the one point (1,1). Again, if p<q, *J((l+p*)l{l+q i )}>plq; if p>q, 
V«1 +P 2 )/(l + ? I )}<f , /9- Thus the pomts lie above the line y = xif0<x< 1, 
below if x > 1. If p and q are large, ,/{(l +p 2 )/(l + g 2 )} is nearly equal to pjq. 
Near any value of x we can find any number of rational fractions with 
large numerators and denominators Hence the graph contains a large 
number of points which crowd round the line y — x. Its general appear¬ 
ance (for positive values of x) is that of a lme surrounded bj a swarm of 
isolated pomts which gets denser and denser as the pomts approach th^ 
lme. 
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The part of the graph which corresponds to negative values of * consists 
of the rest of the discontinuous line together with the reflections of all 
these isolated points in the axis of y. Thus to the left of the axis of y the 
swarm of points is not round y = x but round y = — x, which is not itself 
part of the graph. 

30. Graphical solution of equations containing a single 
unknown number. Many equations can be expressed in the 

form /(*) = #*).(1), 

where/(x) and <j>(x) are functions whose graphs are easy to draw. 
And if the curves y=/(x)> y , 

intersect in a point P whose abscissa is then £ is a root of the 
equation (1). 

Examples XVII. 1. The quadratic equation ax* + 2br+c = 0. 
This may bo solved graphically' in a variety of ways. For instance we may 
draw the graphs of y = ax + 2 b, y = - c/x, 

whose intersections, if any, give the roots. Or we may tako 
y-x 1 , y — - (26x + c),«. 

See also Ex. vn 2. 

2. Solve by any of these methods 

x s 4- 2x — 3 = 0, x 2 — 7x +• 4 = 0, 3x* + 2x — 2 — 0. 

3. The equation x m + ax + 6 = 0. This may bo solved by constructing 

the curves y — x m , y = —ax — b. Verify the following table for the number 
of roots of __ __, j, _ n 


(a) m even 


x m + ax + b = 0 
j b positive, two or none, 

16 negative, two. 
fa positive, one. 


,,, ,, I a positive, one, 

(6) m odd [ , ,, 

la negative, three or one. 


Construct numerical examples to illustrate all possible cases. 

4. Show that the equation tan x = ax+ b has always an infinite number 
of roots. 

5. Determine the number of roots of 

smx = x, s mx = Jx, smx = \x, smx = , 1 0 x. 

6. Show that if a is small and positive (e.g. a= 01), the equation 

x—a= in sin ! x 


has three roots. Consider also the case in which a is small and negative. 
Explain how the number of roots varies as a vanes. 
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'31. Functions of two variables and their graphical 
representation. In § 20 we considered two variables conneoted 
by a relation. We may similarly consider three variables (x, y, 
and z) connected by a relation such that when the values of x and 
y are both given, the value or values of z are known. In this case 
we call z a function of the two variables x and y\ x and y the in¬ 
dependent variables, z the dependent variable; and we express 
this dependence of z upon x and y by writing 

s = /(■«> y)- 

The remarks of § 20 may all be applied, mutatis mutandis, to this 
more complicated case. 

The method of representing such functions of two variables 
graphically is the same in principle as for functions of a single 
variable. We take three axes OX, OY, OZ in space of three 
dimensions, each axis being perpendicular to the other two. The 
point (a, b, c) is the point whose distances from the planes YOZ, 
ZOX, XOY, measured parallel to OX, OY, OZ, are a, b, and c. 
Regard must of course be paid to sign, lengths measured in the 
directions OX, OY, OZ being regarded as positive. The defini¬ 
tions of coordinates, axes, and origin are the same as before. 

Now let z = f(x,y). 

As x and y vary, the point (x,y,z) will move in space. The 
aggregate of all the positions it assumes is called the locus of the 
point ( x,y,z ) or the graph of the function z = f(x, y). When the 
relation between x, y, and z which defines z can be expressed in an 
analytical formula, this formula is called the equation of the locus. 
It is easy to show, for example, that the equation 
Ax + By 4- Cz + 1) = 0 

(the general equation of the first degree) represents a plane, and 
that the equation of any plane is of this form. The equation 
(x-ct) 2 + (y -/?) a + (z- yf = 
or x‘ t + y 2 + z 2 + 2Fx + 20y + 2Hz + C = 0, 

where F 2 +0 2 + H 2 —C> 0, represents a sphere-, and so on. For 
proofs of these propositions we must again refer to text-books of 
analytical geometry. 
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32. Curves in a plane. W/a have hitherto used the notation 

V=f(x) .(1) 


to express functional dependence of y upon x. It is evident that 
this notation is most appropriate in the case in which y is defined 
by an explicit formula in x. 

We have however very often to deal with functional relations 
which it is impossible or inconvenient to express in this form. 
If, for example, y & — y — x = 0 or x b + y b — ay = 0, it is known to 
be impossible to express y explicitly as an algebraical function 

°* *• If a: 2 + y 2 + 2 Ox + 2 Fy + C = 0, 


then y = — F +J(F t — x i — 2Gx — C); 

but the functional dependence of y upon x is more simply ex¬ 
pressed by the original equation. 

In all these cases the functional relation is expressed by 
equaling a function of the two variables x and y to zero, i.e. by means 


of an equation 


f( x > if) — b.(2). 


We shall adopt this equation as the standard method of expressing 
the functional relation. It includes the equation (1) as a special 
case, since y—f(x) is a special form of a function of x and y. We 
can then speak of the locus of the point (x, y ) subject to fix, y) = 0, 
the graph of the function y defined by f(x,y) = 0, the curve or 
locus/(r, y) = 0, and the equation of this curve or locus. 

There is another method of representing curves which is often 
useful. Suppose that x and y are both functions of a third 
variable t, which may or may not have some particular geo¬ 
metrical significance. We may write 

*=/(<)> V = W) .(3). 


If a particular value is assigned to t, the corresponding values of 
x and of y are known. Each pair of such values defines a point 
(x, y). If we construct all the points which correspond in this way 
to different values of (, we obtain the graph of the locus defined by 
the equations (3). Suppose for example 


x = a cos t, y = a sin t. 
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Let t vary from 0 to 27r. Then it is4asy to see that the point ( x , y) 
describes the circle whose centre is the origin and whose radius 
is a. If t varies beyond these limits, (z, y) describes the circle 
over and over again. 

Elimination of t gives z 2 + y 2 = a 2 , the ordinary equation of 
the circle. 


Examples XVIII. 1 . The points of intersection of the two curves 
whose equations are f(x, y) = 0, <j>(x, y) = 0, where / and (f> are polynomials, 
can be determined if these equations can be solved as a pair of simul¬ 
taneous equations in x and y. The solution generally consists of a finite 
number of pairs of values of i and y. The two equations therefore generally 
represent a finite number of isolated points. 


2. Trace the curt es (r + y) 2 = 1, xy = 1, x 1 — y* = 1. 

3. The curve f(r, y) + y) = 0 represi nts a curve passing through 
the points of intersection of/ = 0 and <j> = 0 

4. What loci are represented bv 


(a) r = at + b, y = ct + d. 



it y 

1+7 2 ’ 6 


1 

i+7*’ 


when t vanes through all real values? 


33. Loci in space. Tn space of three dimensions there are 
two fundamentally different kinds of loci, of which the simplest 
examples are the plane and the straight line. 

A particle which moves along a straight line has only one 
degree of freedom. Its direction of motion is fixed, its position can 
be completely fixed by one measurement of position, e.g. by its 
distance from a fixed point on the line. It we take the line as our 
fundamental line A of Ch. I, the position of any of its points is 
determined by a single coordinate x. A particle which moves in 
a plane, on the other hand, has two degrees of freedom; to fix its 
position requires the determination of two coordinates. 

A locus represented by a single equation 

2 = /(*> y) 

plainly belongs to the second of these two classes of loci, and is 
called a surface. It may or may not satisfy our common-sense 
notion of what a surface should be. 
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The considerations of §31 may evidently be generalised so as 
to give definitions of a function f(x, y, z) of three variables (or of 
functions of any number of variables). And as in § 32 we agreed 
to adopt f(x, y) — 0 as the standard form of the equation of a 
plane curve, so now we shall agree to adopt 
f{x,y,z) = 0 

as the standard form of equation of a surface. 

The locus represented by two equations of the form z = f(x, y) 
or f(x,y,z) = 0 belongs to the first class of loci, and is called a 
curve. Thus a straight line may be represented by two equations 
of the type Ax+ By + Cz + D = 0 A circle in space may be re¬ 
garded as the intersection of a sphere and a plane; it may therefore 
be represented by two equations of the forms 

(x - a) 2 + (y - /?) 2 + (z - y) 2 = p 2 , Ax+ Ry+ Cz + D = 0. 

Examples XXX. 1. What is represented by three equations of the 
type f{x, y, z) = 0? 

2. Three linear equations in general represent a single point. What are 
the exceptional cases? 

3. What are the equations of a plane curve/(x, y) = 0 in the piano 
XOY, when rogarded as a curve in space'’ [f(x,y) = 0, ; = 0.] 

4. Cylinders. What is the meaning of a single equation f(x,y) = 0, 
considered as a locus in space of three dimensions? 

[All points on the surface satisfy f(r, y) = 0, wliatev er be the value of z. 
The curve f(x, y) = 0, z — 0 is the curve in which the locus cuts the plane 
XOY. The locus is the surface formed by drawing lines parallel to OZ 
through all points of this curve. Such a surface is called a cylinder ] 

5. Graphical representation of a surface on a plane. Contour 
maps. It might seem to be impossible to represent a surface adequately 
by a drawing on a plane; but a very fair notion of the nature of the 
surface may often be obtained as follows. Let the equation of the surface 
be z = f(x,y). 

If we gi vo z a particular value a, we have an equation f(x, y) = u, which 
we may regard as determining a plane curve on tho paper. We traoe this 
curve and mark it (a). Actually the curve (a) is the projection on the plane 
XOY of the section of the surface by the plane z — a. We do this for all 
values of a (practically, of course, for a selection of values of a). We obtain 
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some such figure as is shown m Fig. 16. It will at onoe suggest a contoured 
Ordnance Survey map: and in faot this is the principle on which such maps 
are constructed. The contour line 1000 is the projection, on the plane of 
the sea level, of the section of the surface of the land by the plane parallel 
to the plane of the sea level and 1000 ft. above it*. 



6. Draw a series of contour lines to illustrate the form of the surface 
2z = 3 xy. 

7 Right circular cones. Take the origin of coordinates at the 
vertex of the cone and the axis of z along the axis of the cone, and let a be 
the semi-vertical angle of the cone. The equation of the cone (which must 
be regarded as extending both ways from its vertex) is 

x l + y* — z 8 tan* a = 0. 

8 Surfaces of revolution in general. The cone of Ex. 7 cuts ZOX in 
two lines whose equations may be combined in the equation z 8 = z 8 tan 8 a. 
That is to say, the equation of the surface generated by the revolution of 
the curve y = 0, x 2 = z 8 tan 8 a round the axis of z is derived from the 
second of these equations by changing z 8 into z 2 + y 2 . Show generally that 
the equation of the surface generated by the revolution of the curve 
y = 0, x = /(z), round the axis of z, is 

V(* 8 + y 8 ) «/(*). 

9. Cones in general. A surface formed by straight lines passing 
through a fixed point is called a cone: the point is called the vertex. A 
particular case is given by the right circular cone of Ex. 7. Show that the 
equation of a cone whose vertex is 0 is of the form f(z/x, zjy ) = 0, and that 
any equation of this form represents a cone [If (x, y, z) lies on the cone, 
so must (Az, A y, Az), for any value of A.] 

* We assume that the effects of the earth's curvature may be neglected. 


S 
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10. Ruled surfaces. Cylinders and cones are special cases of surfaces 
composed of straight lines. Such surfaces are called ruled surfaces. 

The two equations x = az + b< y = cz + d . (1) 

represent the intersection of two planes, i.e. a straight line. Now suppose 
that a, b,c,d instead of being fixed are functions of an auxiliary variable t. 
For any particular value of t the equations (1) define a line. As t varies, 
this line moves and generates a surface, whose equation may be found 
by eliminating t between the two equations (1). For instance, in Ex. 7 
the equations of the line which generates the cone are 
x = z tan a. cos t, y — z tan a sin t, 

where t is the angle between the plane X OZ and a plane through the line 
and the axis of z. 

Another simple example of a ruled surface may be constructed as follows. 
Take two sections of a right circular cylinder perpendicular to the axis and 
at a distance l apart (Fig. 17a). We can imagine the surface of the cylinder 
to be made up of a number of thin parallel rigid rods of length l, such as 
PQ, the ends of the rods being fastened to two circular rods of radius a. 

Now let us take a third circular rod of the same radius and place it 
round the surface of the cylinder at a distance h from one of the first two 
rods (see Fig. 17 a, where Pq ~ h). Unfasten the end Q of the rod PQ and 
turn PQ about P until Q can be fastened to the third circular rod in the 
position Q'. The angle qOQ' = a in the figure is given by 
. I 2 — id ~ qQ' a = (2asinia) ! . 

Let all the other rods of which the cylinder was composed be treated in the 
same way. We obtain a ruled surface whose form is indicated in Fig. 17 6. 
It is entirely built up of straight lines; but the surface is curved everywhere, 
and is in general shape not unlike certain forms of table-napkin rings 
(Fig. 17c). 



Q 

Fig. 17a Fig. 176 Fig. 17c 
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MISCELLANEOUS EXAMPLES ON CHAPTER II 


1. Show that if y — f(x) = (ax + b)/(cx—a) then x = f(y)- 

2. If f(x) -f(-x) for all values of x, f(x) is called an even function. 
If f(x) = — /(— x), it is called an odd function. Show that any function of 
x, defined for all values of x, is the sum of an even and an odd function 
of x. 

[Use the identity f(x) = Mf(x)+f( — x)} + Uf(x)-f(- x)}.] 


3. 


4. 


Draw the graphs of the functions 
3 sin x + 4 cos x, sin 



(Math. Trip. 1896) 


Draw the graphs of the functions 
sin* 

sinx(acos 1 x + 6 sin 2 *), -(a cos 2 x + b sin 2 

x 



5. Draw the graphs of the functions x[l/x], [x]/x. 

6. Draw the graphs of the functions 

(i) arc cos (2x 2 — 1) — 2 arc cos x, 
a + x 

(ii) arctan-arc tan o — arc tan x, 

1 —ax 

where the symbols arc cos a, arc tan a denote, for any value of a, the least 
positive (or zero) angle, whose cosine or tangent is a. 

l /"7. Verify the following method of constructing the graph of f{<j>(x)} by 
means of the line y — x and the graphs of f(x) and <p(x): take OA — x along 
OX, draw A B parallel to OY to meet y = <j>(x) in B, BC parallel to OX to 
meet y = x in C, CD parallel to 0 F to meet y — }(x) in D, and DP parallel 
to OX to meet AS in P; then P is a point on the graph required. 

Show that the roots of x* + px + q — 0 are the abscissae of the points 
of intersection (other than the origin) of the parabola y = x % and the circle 
x 2 + y 2 + (p- l)y + qx = 0. 

9. The roots of x‘ + nx 3 + px 2 + qx + r = 0 are the abscissae of the points 
of intersection of the parabola x 2 = y — \nx and the circle 

x 1 + 2T ¥ (Jn a - $pn + in + q) x + (p - 1 - ±n 2 ) y + r = 0. 

10. Discuss the graphical solution of the equation 

x m + ax’ + bx + c = 0 

by means of the curves y = x™, y = — ox“ — bx — c. Draw up a table of the 
various possible numbers of roots. 
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I. Solve the equation seo 6+ coeeo 0 = 2^2, and show that the equa¬ 
tion sec 9 + cosec d - o has two roots between 0 and 2v if c 8 <8 and four 
if c*>8. 

y 12. Show that the equation 

2x = (2>i + 1) rr( 1 — eosx), 

where n is a positive integer, has 2/1 + 3 roots and no more, indicating 
their localities roughly. (Math. Trip 1896) 

y 13. Show that the equation \x sin x = 1 has four roots between —n 
and it. 


14. Discuss the number and values of the roots of the equations 
(1) cotx + x — 'it = 0, (2) r’ + sm'i = 1, (3) (1 + x ! )tanx = 2x, 
(4) smx —x + £x* = 0, (S) (1 — eoB3)tan<x — x + sinx = 0 


16. The polynomial of the second degree which assumes, when x — a, 
6, c, the values a, (I, y is 

(x-6)(x-c ) (x-c)(x- a) (x —a) (x —6) 

a (a —6)(a —c) (b — c)(b — a) ^ (c —a) (c — 6)’ 

Give a similar formula for the polynomial of the (n— l)th degree which 
assumes, when x = a,, o„ , a n , the values aq, a„ , a„. 


•S 16. Fmd a polynomial in x of the second degree which for the values 
0, 1, 2 of x takes the values 1/c, l/(c+l), l/(c + 2), and show that when 
x — c + 2 its value is l/(c+ 1) (Math. Trip. 1911) 

17. Show that if x is a rational function of y, and y is a rational function 
'of x, then Axy + Bx + Cy + D — 0. 


18. 


V 19 ' 


If y is an algebraical function of x, then x is an algebraical function 


Verify that the equation 


cos inx =1- 

x + (x- 1) 


sAt) 


is approximately true for all values of x between 0 and 1. [Take x = 0, J, $, 
$, 1.1,1, and use tables For which of these values is the formula exact?] 


20. What is the form of the graph of the functions 

x = [x] + [y], z = x + y-[x\-[y]1 

21. What is the form of the graph of the functions z = smx + smy, 
z = smxsiny, z = sin xy, z = sin^ + y 1 )? 


22. Geometrical constructions for Irrational numbers. In Ch. 1 
we indicated one or two Bimple geometrical constructions for a lengtt 
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equal to ^/2> starting from a given unit length. We also showed how to 
construot the roots of any quadratic equation ax 1 + 26a: + c = 0, it being 
supposed that we can construct lines whose lengths are equal to any of 
the ratios of the coefficients a, b, c, as is certainly the case if a, 6, c are 
rational. All these constructions were what may be called Euclidean 
constructions, thoy depended on the ruler and compasses only. 

It is fairly obvious that we can construct by these methods the length 
measured by any irrational number which is defined by any combination 
of square rootb, however complicated Thus 


*/j 

V lv v 17 — 3VI1/ V \17 + 3Vll/I 


18 a case in point This expression contains a fourth root, but this is of 
course the square root of a square root Wo should begin by constructing 
Vl 1 j e g as the mean between 1 and 11 then 17 + 3^/11 and 17 — 3^/11, and 
so on Or these two mixed surds might bo constructed directly as the 
loots of —34*+ 190 = 0 


Conversely, only irrationals of this kind can be constructed by Euclidean 
methods. Starting from a unit length we can construct any rational length. 
And hence we can construct the line Ax + By + C = 0, provided that the 
ratios of A, B, C are rational, and the circle 

(or x 2 + y 2 + %gx -f- 2fy + c — 0), pro\ ided that a, fi, p are rational, a con¬ 
dition which implies that g, /, c are rational. 

Now in any Euclidean construction each new point introduced into the 
figure is determined as the intersection of two lines or circles, or a line and 
a circle But if the coefficients are rational, such a pair of equations as 

Ax+By+C = 0, z 2 + y 2 +2gx + 2fy + c= 0 
give, on solution, values of x and y of the form in + n where m, n, p are 

rational for if we substitute for x in terms of y m the second equation we 
obtain a quadratic in y with rational coefficients Hence the coordinates 
of all points obtained by means of lines and circles with rational coefficients 
are expressible by rational numbers and quadratic surds And so the same 
is true of the distance y /{(x l — + {y x — y a ) 2 } between any two points so 

ob tamed. 


With the irrational distances thus constructed we may proceed to 
construct a number of lines and circles whose coefficients may now them- 
Belves involve quadratic surds. It is evident, however, that all the lengths 
which we can oonatruot by the use of such lines and circles are still expres 
Bible by square roots only, though our surd expressions may now be of a 
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26. Take a circle of unit diameter, a diameter OA and the tangent at A. 
Draw a chord 0B0 cutting the circle at B and the tangent at C. On this 
line take OM = BC. Taking 0 as origin and OA as axis of x, show that 
the locus of M is the curve 

(x l + y , )x-y t = 0 

(the Ciesoid, of Diocles). Sketch the curve. Take along the axis of y a 
length OD = 2. Let AD out the curve in P and OP cut the tangent to the 
circle at A in Q. Show that AQ = ^/2. 



CHAPTER III 


COMPLEX NUMBERS 

34. Displacements along a line and in a plane. The 

‘real number’ x, with which we have been concerned in the two 
preceding chapters, may be regarded from many different points 
of view. It may be regarded as a pure number, destitute of 
geometrical significance, or a geometrical significance may be 
attached to it in at least three different ways. It may be regarded 
as the measure of a length, viz. the length A 0 P along the line A 
of Ch. I. It may be regarded as the mark of a point, viz. the point 
P whose distance from A 0 is x. Or it may be regarded as the 
measure of a displacement or change of position on the line A. It is 
on this last point of view that we shall now concentrate our 
attention. 

Imagine a small particle placed at P on the line A and then 
displaced to Q. We shall call the displacement or change of 
position which is needed to transfer the particle from P to Q the 
displacement PQ. To specify a displacement completely three 
things are needed: its magnitude, its sense forwards or backwards 
along the line, and what may be called its point of application, 
i.e. the original position P of the particle. But, when we are 
thinking merely of the change of position produced by the dis¬ 
placement, it is natural to disregard the point of application and 
to consider all displacements as equivalent whose lengths and 
senses are the same. Then the displacement is completely specified 
by the length PQ = x, the sense of the displacement being fixed 
by the sign of x. We may therefore, without ambiguity, speak of 
the displacement [z]*, and we may write PQ = [x]. 

* It is hardly necessary to caution the reader against confusing this use of th® 
symbol [x] and that of Ch. II (Exs. xvi and Miao. Ex. 20). 
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34] 

We use the square bracket to distinguish the displacement [x] 
from the length or number x*. If the coordinate of P is a, that 
of Q will be a + x; the displacement [a;] therefore transfers a 
particle from the point a to the point a + x. 


We pass on to consider displacements in a plane. We may 
define the displacement PQ as before. But now more data are 
required in order to specify it completely. We require to know: 
(i) the magnitude of the displacement, i.e. the length of the 
straight line PQ\ (ii) the direction of the displacement, which is 
determined by the angle which PQ makes with some fixed line in 
the plane; (iii) the sense of the displacement; and (iv) its point 
of application. Of these requirements we may disregard the 
fourth, if we consider two displacements as equivalent if they are 
the same in magnitude, direction, and sense. In other words, if 
PQ and RS are equal and parallel, and the sense of motion from 
P to Q is the same as that of motion 
from R to S, we regard the displace¬ 
ments PQ arid ItS as equivalent, 
and write PQ RS 

Now let us take any pair of co¬ 
ordinate axes in the plane (such as 
OX, OY in Fig. 18). Draw a line 
OA equal and parallel to PQ, the 
sense of motion from O to A being the same as that from P to Q. 
Then PQ and OA are equivalent displacements. Let x and tf 
be the coordinates of A. Then it is evident that S3 ia .com¬ 
pletely specified if x and y are given. We call OA the displacement 
[x, y] and write 

UA = FQ|= RE = [x,y]. 



Fig. 18 


* Strictly speaking we ought, by some similar difference of notation, to dis¬ 
tinguish the actual length x from the number x which measures it. The reader 
will perhaps be inclined to consider such distinctions pedantic. But increasing 
experience of mathematics will reveal to him the great importance of distinguish¬ 
ing clearly between things which, however intimately connected, are not the 
same. 
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35. Equivalence of displacements. Multiplication of 
displacements by numbers. If £ and tj are the coordinates 
of P, and £' and rj' those of Q, it is evident that 

* = £'-£, y = y'-y- 

The displacement from (£, rj) to (£', y') is therefore 

[£'-£, y'-yl 

It is clear that two displacements \x,y], [*', y'} are equivalent 
if, and only if, x = x', y = y'. Thus [ x , y] = [x', y'] if and only if 

* = ?'. y = y' .(!)• 

The reverse displacement would be [£ — £', y —y'], and it 
is natural to agree that 

these equations being really definitions of the meaning of the 
symbols — [£'— £,y' — y], — FQ- Having thus agreed that 

it is natural to agree further that 

a[x, y] = [ax, ay] .(2), 

where a is any real number, positive or negative. Thus (Fig. 18) 
if OB = — }OA then 

<55 = ~\OA = -\[x,y] = L-\x,-\y]. 

The equations (1) and (2) define the first two important ideas 
connected with displacements, viz. equivalence of displacements, 
and multiplication of displacements by numbers. 

36. Addition of displacements. We have not yet given 

any definition which enables us to attach a meaning to the 
expressions + [x,y] + [x\ y']. 

Common sense at once suggests that we should define the sum 
of two displacements as the displacement which is the result of 
the successive application of the two given displacements. In 
other words, it suggests that if QQ X be drawn equal and parallel 
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36, 36] 


to P'Q' , so that the result of successive displacements PQ, P'Q‘ 
on a particle at P is to transfer it first to Q and then to Q v 
we should define the sum of PQ and P'Q 1 as being PQ V If then 
we draw OA equal and parallel to PQ, and OB equal and parallel 
to P'Q', and complete the parallelogram OACB, we have 

TQ + TQ 7 = PQl = OA + OB = W. 




Fig. 19 


Let us consider the consequences of adopting this definition. 
If the coordinates of B are x’, y’, then those of the middle point of 
AB are i(x + x'), \(y + y’), and those of C are x + x', y + y'- Hence 

[x,y] + \x',y']= \x + x',y + y'} .(3), 

which may be regarded as the symbolic definition of addition of 
displacements. We observe that 

[*', y'l + 0, y] = [P+x,y'+y] 

= [x+P,y+y'] = fx,y] + [x',j/']. 

In other words, addition of displacements obeys the commutative 
law expressed in ordinary algebra by the equation a■ + b = b + a. 
This law expresses the obvious geometrical fact that if we move 
from P first through a distance PQ t equal and parallel to P'Q', 
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and then through a distance equal and parallel to PQ, we shall 
arrive at the same point Q 1 as before. 

In particular [a-, y] = [x, OJ + [0, y] .(4). 

Here [a;, 0] denotes a displacement through a distance a; in a 
direction parallel to OX. It is in fact what we previously denoted 
by [x], when we were considering only displacements along a line. 
We call [x, 0] and [0, y] the components of [x, y], and [x, j/] their 
resultant. 


When we have once defined addition of two displacements, 
there is no further difficulty in the way of defining addition of 
any number. Thus, by definition, 

[x, y\ + [x\ y'\ + [x", y"\ = ([x, y] + [x', y’}) + |x", y" J 
= [x + x', y + y'] + [x",y"] = [x + x‘ +x",y + y' + y"]. 


We define subtraction of displacements by the equation 

{x,y]~{x',y'] = [x, y] + (- [x\ y'J) .(fi), 


which is the same thing as [x, y] + [ — x', - y'] or as [x — x',y — y']. 
In particular [*,*]-[*,»] = [0,0], 


The displacement [0,0] leaves the particle where it was; it is 
the zero displacement, and we agree to write [0,0] = 0. 


Examples XX, 1. Prove that 

(i) a[/tx, /iy] = f)[ax, ay] = [a/ix, xfy], 

(ii) ([x, y~] + [*', y']) + [*', y’} = [x,y] + ([x',j/'] + [x", y"]), 

(iii) [x, y\ + [x\ y'] = [x\ y'] + [x, y], 

(iv) (a + fl) [x, y] = a[x, y] + fix, y], 

(v) a{[x, y ] + [x', y']} = a[x, y] + a[x', y'J. 

[We have already proved (iii). The remaining equations follow with 
equal ease from the definitions. The reader should in each case consider 
the geometrical significance of the equation, as we did above in the case 
of (iii).] 

2. If M is the middle point of PQ, then OM = [(OP + OQ). More 
generally, if M divides PQ in the ratio fi : A, then 
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3. If G is the centre of mass of equal particles at P u P v . P, 

00= 1 (OP 1 + OP i +... + OP„). 
n 


77 
, then 


4. If P, Q, R are collinear points in the plane, then it is possible to find 
real numbers a. /?, y, not all zero, and such that 

a.OP + p.OQ + y.OR = 0; 

and conversely. [This is really only another way of stating Ex. 2.] 

6 . If AB and AC are two displacements not in the same straight line, 
81111 a.AB + /}.AC =■ y.AB + S.AC, 

then a, = y and (i = &. 

[Take AB X = ct.AB, A(\ = fi.AfJ. Complete the parallelogram 
AB l P l C l . Then AI\ = a. .AB + fi .AC. It is evident that AP X can bo 
expressed in this form in one way only, whence the theorem follows.] 

0. ABCD is a parallelogram. Through Q, a point inside the parallelo¬ 
gram, RQS and TQU are drawn 
parallel to the sides. Show that 
RU, TS intersect on AC. 

[Let the ratios AT: A B,AR: AD 
be denoted by a, /i. Then 
ATT = a.AB, AR^p.AD, 

AU = a.AB + AD. 

AS = AB + fl.AD. 

Lot RU meet ,40 in P. Then, 
since R, U, P are collinear, 

A /i 



AP = t — AR+ ‘:__aU, 

\+H A+ Jl 


where |i/A is the ratio in which P divides RU. That is to say 
AP = 


JVLaB + ^AD. 

A + n A + fi 


But since P lies on AC, AP is a numerical multiple of AC; say 
AP = k.AC = k.AB + k.AD. 

Henoe (Ex. 6) afi = /SA + fi = (A + /i) k, from which we deduce 

a+ft-l 

The symmetry of this result shows that a similar argument would also give 
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if P' ia the point where TS meets AC. Hence P and P' are the same 
point.] 

7. ABCD is a parallelogram, and M the middle point of AB. Show 
that DM trisects and is trisected by AC*. 


37. Multiplication of displacements. So far we have 
made no attempt to attach any meaning to the notion of the 
product of two displacements. The only kind of multiplication 
which we have considered is that in which a displacement is 
multiplied by a number. The expression 

[*,</] [*', 2 /'] 

so far means nothing, and we are at liberty to define it as we 
please. 

Our choice of a definition is decided by the following prin¬ 
ciples. It is clear (1) that the product of two displacements 
should be a displacement. Next we have defined a.[x,y ], where 
a is a real number, as [< xx , ay]\ and a may be regarded as a dis¬ 
placement, viz. [a, 0]. Hence, changing our notation, we see that 
(2) our definition should make 

[x,Q][x',y‘} = [xi:',xy’]. 

Finally (3) that the definition should obey the ordinary commuta¬ 
tive, distributive, and associative laws of multiplication, so that 
[x,y]{x',y'] = [x',y’][x,y], 

([x, y ] + [x', y ']) [x", y "] = [x, y] \x", y "] + [x', y'] [x", y"], 

[z, y] ([*', y '] + [x\ 2/"]) = [X, y] [x\ y’\ + [x, y] [x ", y"], 
and [x, y ] ([x', y'] [x", y']) = ([x, y] [x', y ']) [x ",«/’]. 

1111113 [x, y] [*', y'] = [xx\ yy'] 

would not be a suitable definition, since it would give 

and contradict (2). ^ x '^ ~ ^ XX ’ 


38. The right definition to take is suggested as follows. We 
know that, if OAB, OCD are two similar triangles, the angles 
corresponding in the order in which they are written, then 
OBjOA = ODjOC , 

* The two last examples are taken from Willard Gibbs’s Vector analysis. 
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or OB. OC = OA. OD. This suggests that we should try to define 
multiplication and division of displacements in such a way that 

mjUA^ODlUO, OB.OU = 03 . 025 . 

Now let 

TTB=[x,yl 3S=[as',i/'], m = [X,Y], 
and suppose that A is the point (1,0), so that TTA = [1,0]. Then 
OA.OD = [ 1,0] [X, Y] = [X, T], 
and so [x, y] [x\ y'} = [X, 7]. 


D 



Fig 21 

The product UB .OC is therefore to be defined as UB, D being 
obtained by constructing on OC a triangle similar to OAB. In 
order to free this definition from ambiguity, it should be observed 
that on OC we can describe two such triangles, OCD and OCD'. 
We choose that for which the angle COD is equal to AOB in sign 
as well as in magnitude. We say that the two triangles are then 
similar in the same sense. 

If the polar coordinates of B and C are ( p, 6) and (cr, <p), so that 
x = pcoBd, y = />sin$, x' = crcoa<j), y' = <jsw<j>, 
then the polar coordinates of D are (p«r, 6 + <f>). Hence 
X = pa cob (d + <f>) — xx'-yy', 

Y = per sin (0 + 0 ) = xy' +yx'. 
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The required definition is therefore 

[*, y ] [*', y '] = Dra' - yy', xy'+yx '] .(6). 

We observe (1) that if y = 0, then X = xx', Y = xy', as we 
desired; (2) that the right-hand side is not altered if we inter¬ 
change x and x', and y and y', so that 

and (3) that [*• ^ [**.»'] = t* 1 . *1 [*. 

{[ar, y] + [s', y']} [s', 1 /"] = [s + s', 3 /+ 3 /'] [s', y'] 

= [(s + s') s" - (y + y')y", (x + x')y" + (y 4 -y')s'] 

= [ xx " - yy", sy' + ys'J + [sV - y'y", s'y' + y's") 

= [*, y] [s', y"] + [s', y'] [s', y"]. 

Similarly we can verify that all the equations at the end of § 37 
are satisfied. Thus the definition (6) fulfils all the requirements 
which we made of it in § 37. 

Example. Show directly from the geometrical definition given above 
that multiplication of displacements obeys the commutative and dis¬ 
tributive laws. [Take the commutative law for example. The product 
OB.OC is OD (Fig. 21), COD being similar to AOB. To construct the 
product OC.OB we should have to construct on OB a triangle BOD 1 
similar to AOC; and so what we want to prove is that D and D l coincide, 
or that BOD is similar to AOC. This is an easy piece of elementary 
geometry.] 

39. Complex numbers. Just as to a displacement [r] along 
OX correspond a point (x) and a real number x, so to a displace¬ 
ment [x, y] in the plane correspond a point (x, y) and o pair of real 
numbers x, y. 

We shall find it convenient to denote this pair of real numbers 
x, y by the symbol x + yi. 

The reason for the choice of this notation will appear later. For 
the present the reader must regard x + yi as simply another way 
of writing [x, y]. The symbol x + yi is called a complex number. 

We proceed next to define equivalence, addition, and multiplica¬ 
tion of complex numbers. To every complex number corresponds 
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a displacement. Two complex numbers are equivalent if the 
corresponding displacements are equivalent. The sum or product 
of two complex numbers is the complex number which corre¬ 
sponds to the sum or product of the two corresponding displace¬ 
ments. Thus ,,, 

if and only if x = x', y = y'\ 


(x+yi) + (x' +y'i) = ( x + x') + (y + y')i .(2); 

(x + yi) (x' + y'i) — xx' — yy' -t- (xy' + yx')i .(3). 


In particular we have, as special cases of (2) and (3), 
x + yi = (x + 0 i) + (0 -(- yi), 

(x + Oi) (x' + y'i) = xx' + xy'i ; 

and these equations suggest that there will be no danger of con¬ 
fusion if, when dealing with complex numbers, we write x for 
x + Oi and yi for 0 + yi, as we shall henceforth. 


The reader will easily verify for himself that addition and 
multiplication of complex numbers obey the laws of algebra 
expressed by the equations 

(x + yi) + (x' + y'i) = (x‘ + y'i) + (x + yi), 

{(x + yi) + (x 1 + y'i)} + (x" + y"i) = (x + yi) + {(x' + y'i) + (x" + y"i)}, 

(x + yi) (x' + y'i) = (x' + y'i) (x+yi), 

(x + yi) {(x' + y'i) + (x" + y"i)} = (x + yi) (x' + y'i) + (x + yi) (x" + y’i), 
{(x + yi) + (x' + y'i)} (x" + y’i) = (x + yi) (x" + y"i) + (x' + y'i) (x’ + y’i), 
(x + yi){(x' + y'i) (x’ + y’i)} = {(x + yi)(x' + y'i)} (x’ + y’i), 

the proofs of these equations being practically the same as those 
of the corresponding equations for the corresponding displace¬ 
ments. 


Subtraction and division of complex numbers are defined as 
in ordinary algebra. Thus we may define (x + yi) —(x' + y'i) as 
(x + j/i) + {-(x'+ y'i)} = x + yi + (-x'-y’i) = (x-x') + (y-y')i-, 
or, what is the same thing, as the number i + yi such that 
(x‘ + y'i) + (l+ yi) = x + yi. 


6 
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And (z + yi)l(x' + y'i) is defined as the complex number | + yi 
such that {x . + y>i) + vi) = x + yi< 


or z'g-y'ri + (x'r} + y'£)i = x + yi, 

or x'i-y'y = x , x'y + y'E, = y .(4). 


Solving these equations for £ and y, we obtain 
xx'+yy' yx'-xy' 

6 ~ a;' 2 -ft/' 2 ’ ’ x' 2 + y' 2 ' 

This solution fails if *' and y' are both zero, i.e. if x' 4- y'i = 0. 
Thus subtraction is always possible, division is always possible 
unless the divisor is zero. 


We may now define positive integral powers of x + yi, poly¬ 
nomials in x + yi, and rational functions of x + yi, as in ordinary 
algebra. 

Examples. (I) From a geometrical point of view, the problem of the 
division of the displacement OD by 00 is that of finding B so that the 
triangles COD, AOB are similar, and this is evidently possible (and the 
solution unique) unless C coincides with 0, or OC — 0. 

(2) The numbers x + yi, x — yi are said to bo conjugate. Verify that 
(x + yi)(x-yi) = r ! + y' 1 , 

so that the product of two conjugate numbers is real, and that 
x + yi (x + yi) (x'— y'i) xx' + yy' + {.r'y — xy')i 
x' + y'i (x'+y'i) fir' — y'i) a ■' % + y' i 


40. One most important property of real numbers is that 
know as the factor theorem, which asserts that the product of two 
numbers cannot be zero unless one of the two is itself zero. To prove 
that this is also true of complex numbers we put x = 0, y = 0 in 
the equations (4) of the preceding section. Then 
x'Z-y'y = 0, z'ri + y'£ = 0. 

These equations give £ = 0, ij = 0, i.e. 

£ + 7* = 0, 

unless x' = Oandy' = 0, or x' +y'i = 0. Thus x + yi cannot vanish 
unless either x' + y'i or £ + yi vanishes. 
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41. The equation i a = — 1. We agreed to simplify our 
notation by writing x instead oi x + Oi and yi instead of 0 + yi. 
The particular complex number li we shall denote simply by i. 
It is the number which corresponds to a unit displacement along 
07. Also 

i' 2 = ii = (0+l»)(0+li) = (0.0—1.1) +(0.1 + 1.0)i = —1. 
Similarly ( —i) a = —1. Thus the complex numbers i and — i 
satisfy the equation x 2 = — l. 

The reader will now easily satisfy himself that the upshot of 
the rules for addition and multiplication of complex numbers is 
this, that we operate with complex numbers in exactly the same 
way as with real numbers, treating the symbol i as itself a number, 
but replacing the product ii = i 2 by — 1 whenever it occurs. Thus, 
for example, 

{x + yi) (x' + y'i ) = xx' + xy'i + yx'i + yy'i 2 
= (xx'-yy') + (xy’ + yx')i. 


42. The geometrical interpretation of multiplication 

by i. Since . . 

(x + yi)i = -y + xi, 

it follows that if x + yi corresponds to OP, and OQ is drawn equal 
to OP andsothat POQis a positive right angle, then (x + yi) i corre¬ 
sponds to OQ. In other w'ords, multiplication of a complex number 
by i turns the corresponding displacement through a right angle. 

We might have developed the whole theory of complex 
numbers from this point of view'. Starting with the ideas of x as 
representing a displacement along OX, and of i as a symbol of 
operation equivalent to turning x through a right angle, we should 


have been led to regard yi as a displacement of magnitude y along 
0 7. It would then have been natural to define x + yi as in §§ 36 
and 39, and (x + yi) i would have represented the displacement 
obtained by turning x + yi through a right angle, i.e. —y + xi. 
Finally, we should naturally have defined (x + yi)x' as xx' + yx'i, 
(x + yi) y’i as -yy’ + xy'i, and (x + yi) (x' + y'i) as the sum of 
these displacements, i.e. as 


xx'~yy' + (xy' + yx')i. 


6-3 
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43. The equations z 2 + 1 = 0, az 2 + 2bz + c = 0. There is no 
real number z such that z a + 1 = 0; this is expressed by saying 
that the equation has no real roots. But, as we have just seen, the 
two complex numbers i and — i satisfy this equation. We express 
this by saying that the equation has the two complex roots i and 
— t. Since i satisfies z 2 = — 1, it is sometimes written in the form 

V(-1). 

Complex numbers are sometimes called imaginary*. The 
expression is not a happy one, but it is firmly established and 
must be accepted. But an ‘imaginary number’ is no more 
‘imaginary’, in any ordinary sense of the word, than a ‘real’ 
number or any other mathematical object. 

A real number is not a number in the same sense as a rational 
number, and a complex number is not a number in the same sense 
as a real number. It is, as should be clear from the preceding 
discussion, a pair of numbers (x,y), united symbolically, for 
purposes of technical convenience, in the form x + yi. Thus 

i = 0+ li 

stands for the pair of numbers (0,1), and may be represented 
geometrically by a point or by the displacement [0,1], And when 
we say that i is a root of the equation z 2 4-1 = 0, what we mean is 
simply that we have defined a method of combining such pairs 
of numbers (or displacements) which we call ‘multiplication’, 
and which, when we so combine (0,1) with itself, gives the result 
(- 1 , 0 ). 

Now let us consider the more general equation 
az 2 + 2bz + c = 0, 

where a, b, c are real numbers. If b 2 > ac, the ordinary method of 
solution gives two real roots {-b±^(b z -ac)}/a. If 6 2 <oc, the 
equation has no real roots. It may be written in the form 




* The phrase 'real number’ was introduced as an antithesis to 'imaginary 
number’. * 
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which is true if 2 +(6/a) is either of the complex numbers 
± i^(ac — b 2 )/a*. We express this by saying that the equation 
has the two complex roots 

b i i^ac — b*) 

i • 

a a 

If we agree as a matter of convention to say that when 6 2 = ac 
(in which case the equation is satisfied by one value of x only, 
viz. —6/a), the equation has two equal roots, then a quadratic 
equation with real coefficients has two roots in all cases, either two 
distinct real roots, or two equal real roots, or twodistinct complex roots. 

The question is naturally suggested whether a quadratic 
equation may not, when complex roots are once admitted, have 
more than two roots. It is easy to see that this is not possible. 
Its impossibility may in fact be proved by precisely the same 
chain of reasoning as is used in elementary algebra to prove that 
an equation of the nth degree cannot have more than n real roots. 
Let us denote the complex number x + yi by the single letter 2 , a 
convention which we may express by writing z = x + yi. Lei/(z) 
denote any polynomial in z, with real or complex ooefifiClients. 
Then we prove in succession: 

(1) that the remainder, when f(z) is divided by z — a, a being 
any real or complex number, is /(a); 

(2) that if a is a root of the equation f(z) — 0, then f(z) is 
divisible by z — a; 

(3) that if/(z) is of the nth degree, and/(z) = 0 has the n roots 
a v « a , ..., a H , then 

f(z) = A{z-a l ){z-a i )...(z-a n ), 
where A is a constant, real or complex, in fact the coefficient of 
z n in/(z). From the last result, and the theorem of § 40, it follows 
that/(z) cannot have more than n roots. 

We conclude that a quadratic equation with real coefficients 
has exactly two roots. We shall see later on that a similar theorem 
is true for an equation of any degree and wdth either real or 
complex coefficients: an equation of the nth degree has exactly n 

We shall sometimes write x -f iy instead of x + yi for convenience in printing. 
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roots. The only point in the proof which presents any difficulty is 
the first, viz. the proof that any equation must have at least one 
root. This we must postpone for the present*. We may, however, 
at once call attention to one very interesting result of this theorem. 
In the theory of number we start from the positive integers and 
from the ideas of addition and multiplication and the converse 
operations of subtraction and division. We find that these 
operations are not always possible unless we admit new kinds of 
numbers. We can only attach a meaning to 3 — 7 if we admit 
negative numbers, or to f if we admit rational fractions. When 
we extend our list of arithmetical operations so as to include root 
extraction and the solution of equations, we find that some of 
them, such as that of the extraction of the square root of a number 
which (like 2) is not a perfect square, are not possible unless we 
widen our conception of a number, and admit the irrational 
numbers of Ch. I. 

Others, such as the extraction of the square root of — 1, are 
not possible unless we go still further, and admit the complex 
numbers of this chapter. And it would not be unnatural to 
suppose that, when we come to consider equations of higher 
degree, some might prove to be insoluble even by the aid of 
complex numbers, and that thus we might be led to the con¬ 
sideration of numbers of still more types. The fact that the roots 
of any algebraical equation whatever are ordinary complex 
numbers shows that this is not the case. 

All theorems of elementary algebra which are proved merely 
by the application of the rules of addition and multiplication are 
true whether the numbers which occur in them are real or complex, 
since the rules referred to apply to complex as well as real 
numbers. For example, we know that, if a and /? are the roots of 
az 2 + 2 bz + c = 0, 

then a + /3 = — (26/a), a/? = (c/a). 

Similarly, if a, fi, y are the roots of 

az 3 + 36z 2 + 3cz + d = 0, 

* See Appendix I. 
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then 

ct+P + y = -(36/a), Py + yx + a.p = (3c/a), apy = -(d/a). 
All such theorems as these are true whether a, b,a, p,... are 
real or complex. 

44. Argand’s diagram. Let P (Fig. 22) be the point (x, y), 
r the length OP, and 6 the angle X OP, so that 

x = rcoB0, y = r sin (9, r = P(x 2 + y 2 ), coed: Bind: 1 ::x:y :r. 

We denote the complex number x + yi by 2 , as in § 43, and we 
call z the complex variable. 

We call P the point z, or the 
point corresponding to 2 ; z the 
argument of P, x the real part, 
y the imaginary part, r the 
modulus, and 6 the amplitude 
of 2 ; and we write 

x = R(z), y = 1(2), 
r = | z |, 0 = am z. 

When y = 0 we say that z 
is real, when x = 0 that z is 
purely imaginary. Two numbers x + yi, x — yi which differ only in 
the signs of their imaginary parts, we call conjugate. It will be 
observed that the sum 2x of two conjugate numbers and their 
product x 2 + y 2 are both real, that they have the same modulus 
f(x 2 + y 2 ), and that their product is equal to the square of the 
modulus of either. The roots of a quadratic with real coefficients, 
for example, are conjugate, when not real. 

It must be observed that 0 or am z is a many-valued function 
of x and y, having an infinity of values, which are angles differing 
by multiples of 2n*. A line originally lying along OX will, if 
turned through any of these angles, come to lie along OP. We 
shall describe that one of these angles which lies between — n and 

* It is evident that | z \ is identical with the polar coordinate r of P, and that the 
other polar coordinate 0 is one value of am 2 . This value is not necessarily the 
principal value, as defined below, for the polar coordinate of § 22 lies between 0 and 
2n, and the principal value between - n and 77. 
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it as the principal value of the amplitude of z. This definition is 
unambiguous except when one of the values is it , in which case 

— n is also a value. In this case we must make some special 
provision as to which value is to be regarded as the principal 
value. In general, when we speak of the amplitude of z we shall, 
unless the contrary is stated, mean the principal value of the 
amplitude. 

Fig. 22 is usually known as Argand’s diagram. 

45. De Molvre’s theorem. The following propositions follow 
immediately from the definitions of addition and multiplication. 

(1) The real (or imaginary) part of the sum of two complex 
numbers is equal to the sum of their real (or imaginary) parts. 

(2) The modulus of the product of two complex numbers is 
equal to the product of their moduli. 

(3) The amplitude of the product of two complex numbers is 
either equal to the sum of their amplitudes, or differs from it by 2 n. 

It should be observed that it is not always true that the principal value 
of am(zz') is the sum of tho principal values of am z and amz'. For ex¬ 
ample, if z = z' = — 1 + i, then the principal values of tho amplitudes of z 
and z' are each J?r. But zz' = — 2 i, and the principal valuo of am (zz') is 

— Jv and not 'hr. 

The last two theorems may be expressed in the equation 
r(cos 6 + i sin d) x p (cos 0 + i sin 0) 

= rp{cos(l9 + 0) + i sin {0 + <j))}, 

which may he proved at once by multiplying out and using the 
ordinary trigonometrical formulae for cos ((9 + 0) and sin (b + 0). 
More generally 

rj(cosf9 x + i sin 6 X ) x r 2 (cos (? 2 + isin<9 2 ) x ... x r„(eos 6 n + i sin 6 n ) 

“ r i»*• ■ • r n {cos [6 1 + 0 t +... + 6 n ) + i sin(0 X + 0 2 +... + 6 „)}. 

A particularly interesting case is that in which 

ri = r 2 = ... =r„= 1, 0 1 = = ...=£»„ = 0. 

We then obtain the equation 

(cos 6 + i sin 6) n = cos nd + i sin nd, 
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where n is any positive integer; a result known as de Moivre’s 
theorem*. 

Again, if z — r(cos 9 + i sin 6), 

then 1 jz = (cos 6 —i sin 0) /r. 

Thus the modulus of the reciprocal of z is the reciprocal of the 
modulus of z, and the amplitude of the reciprocal is the negative 
of the amplitude of z. We can now state the theorems for quotients 
which correspond to (2) and (3). 

(4) The modulus of the quotient of two complex numbers is 
equal to the quotient of their moduli. 

(5) The amplitude of the quotient of two complex numbers is 
either equal to the difference of their amplitudes, or differs from 
it by 2 ir. 

Again tftin 0) " = (cosd — isind)” 

= (cos ( — 0) + i sin (— 9)} n 
= cos ( - nd) + i sin (— nO). 

Hence de Moirre's theorem holds for all integral values of n, 
positive or negative. 

To the theorems (l)-(5) we may add the following theorem, 
which is also of great importance. 

(6) The modulus of the sum of any number of complex num¬ 
bers is not greater than the sum of their moduli. 

Let OP, OP’, ... be the displacements corresponding to the 
various complex numbers. Draw PQ equal and parallel to OP’, 
QR equal and parallel to OP", and so on. Finally we reach a 
point U, such that 

OTJ = IFF+TFF + TTF* +.... 

The length OU is the modulus of the sum of the complex numbers, 

* It will sometimes be convenient, for the sake of brevity, to denote cos 6 + i sin 6 
by Cis 0: in this notation, suggested by Profs. Harkness and Morley, de Moivre’s 
theorem is expressed by the equation (Cis 6) n = Cis nO. 
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whereas the sum of their moduli is the total length of the broken 
line OPQR...U, which is not less than OU. 

A purely arithmetical proof of this theorem is outlined in 
Exs. xxi. 1. 



Fig. 23 


46. We add some theorems concerning rational functions of 
complex numbers. A rational function of the complex variable z 
is defined as is a rational function of a real variable x, viz. as the 
quotient of two polynomials in z. 

Theorem 1. Any rational function R(z) can be reduced to the 
form X + Yi, where X and Y are rational functions of x and y with 
real coefficients. 

In the first place it is evident that any polynomial P(x + yi) 
can be reduced, in virtue of the definitions of addition and multi¬ 
plication, to the form A + Bi, where A and B are polynomials 
in x and y with real coefficients. Similarly Q(x + yi) can be 
reduced to the form C 4 - Di. Hence 

R(x + yi) = P(x + yi)IQ(x + yi) 
can be expressed in the form 

(A + Bi)j(G + Di) = (A + Bi)(C-Di)l(C + Di){C-Di) 
_ AC+BD BC-AD. 

which proves the theorem. 
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Theorem 2. If R(x + yi) = X+ Yi, R denoting a rational 
function as before, but with real coefficients, then R(x — yi) = X — Yi. 

In the first place this is easily verified for a power ( x + yi) n by 
actual expansion. It follows by addition that the theorem is true 
for any polynomial with real coefficients. Hence, in the notation 
used above, 

n/ A-Bi AC+BD BC-AD. 

R(X yi) ~C-Di~ CA + LA C i + D 2 *’ 

the reduction being the same as before except that the sign of i 
is changed throughout. It is evident that results similar to those 
of Theorems 1 and 2 hold for functions of any number of complex 
variables. 

Theorem 3. The roots of an equation 

a 0 z H + a 1 2 " - 1 +... + a n = 0, 

whose coefficients are real, may, in so far as they are not themselves 
real, be arranged in conjugate pairs. 

For it follows from Theorem 2 that if x + yi is a root then so is 
x — yi. A particular case of this theorem is the result (§43) that 
the roots of a quadratic equation with real coefficients are either 
real or conjugate. 

This theorem is sometimes stated as follows: in an equation 
with real coefficients complex roots occur in conjugate pairs. It 
should be compared with the result of Exs. vm, 7, which may be 
stated as follows: in an equation with rational coefficients irrational 
roots occur in conjugate pairs*. 

Examples XXI. 1. Prove theorem (6) of §45 directly from the 
definitions and without the aid of geometrical considerations. 

[First, to prove that \ z + z'\S[z[ + \z'\ is to prove that 
+ x') 2 + {y + y') 2 }^ J(x 2 + y 2 ) +j(x' 1 + y' 2 ). 

The theorem is then easily extended to the general case. The theorem is 
a special case of ‘Minkowski’s inequality’; see Hardy, Littlewood, and 
Polya, Inequalities, pp. 30-39.] 


* The numbers o + y 'b, a -y'6, where a, b are rational, are sometimes said to be 
‘conjugate’. 
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2. The only case in which 

l*l + l*'l + — = l 2 + z '+”-1 

is that in which the numbers z, z\ ... have all the same amplitude. Prove 
this both geometrically and analytically. 

3. Prove that !z — z' | 3 11z1 — I *' II- 

4. If the sum and product of two complex numbers are both real, then 
the two numbers must either be real or conjugate. 

5. If a + bj2 + (c + dj2)i = A + B^2 + (C + D *J2) i, 

whore a, b, c,d. A, B, C, D are real rational numbers, then 

a = A, b = B, c= C, d = D. 

6. Express the following numbers in the form A + Bi, where A and B 
are real numbers: 



where A and /t are real numbers. 

7. Express the following functions of z = x + yi in the form X + Yi, 
where X and Y are real functions of x and y: z®, z®, z", 1/z, z + (l/z), 
(a + /?z)/(y + iz), where a, /?, y, S are real numbers. 

8. Find the moduli of the numbers and functions in the two preceding 
examples. 

9. The two lines joining the points z = a, z = h and z = c, z = d will be 
perpendicular if 

am &) = ± ^ 

i.e. if ( a — b)/(c — d ) is purely imaginary. What is the condition that the 
lines should be parallel ? 

10. The three angular points of a triangle are given by z := a, z = ft, 
z — J, where a, (3, y are complex numbers. Establish the following 
propositions: 

(i) the centre of gravity is given by z — J(a + /? + y), 

(ii) the circum-centre is given by \z-cc\ = \z-p\ = \z-y\t 

(iii) the three perpendiculars from the angular points on the opposite sides 
meet in a point given by 



(iv) there is a point P inside the triangle such that 
CBP = ACP = BAP = to, 
<d cot to = cot A + cot B + cot C. 
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[To prove (iii) we observe that if A, B, 0 are the vertices, and P any 
point z, then the condition that AP should be perpendicular to BO is 
(Ex. 9) that (z — a)l(ft — y) should be purely imaginary, or that 
R.(z — a)R(/3 — y) + I(z — ct) l(p — y) = 0 . 

This equation, and the two similar equations obtained by permuting 
a, /?, y cyclically, are satisfied by the same value of z, as appears from the 
fact that the sum of the three left-hand sides is zero. 

To prove (iv), take BC parallel to the positive direction of the axis of x. 
Then* 

y —/? = a, a — y = — 6 Cis{ — C), /?— a = — cCisfi. 

We have to determine z and cu from the equations 

(z-ct) (/? 0 -a 0 ) _ (z-A) (ro-A>) _ (g— y) («o-r 0 ) _ Cis2w 
(z 0 -a 0 )(fi-a) (z 0 -/? 0 )(y~P) (z 0 -yo)(*-r) 

where z 0 , a 0 , /? 0 , y 0 denote the conjugates of z, a, /?, y. 

Addmg the numerators and denominators of the three equal fractions, 
and using the equation 

tcot <o = (1 + Cis 2ai)/(l — Cis2ai), 

we find that 

. . (/* - y) (A - 7o) + (y - a) (y„ - a„) + (a - /?) (a 0 - A) 

l cot 01 = --3-3--3-3-. 

Pro -PoY +y«« - yo*+- “»/? 

From this it is easily deduced that the value of cotw is (a , + 6 * + c , )/4Ld, 
where d is the area of the triangle; and this is equivalent to the result 
given. 

To determine z, we multiply the numerators and denominators of the 
equal fractions by (y 0 -/?o)/(/?-®)> (a<,-y 0 )/(y-/?). (&-*«)/(*-y), and 
add to form a new fraction. It will be found that 

aa Cis A +bfi Cis B + oy Cis C 
a Cis .4+6 Cis B + c Cis O 

11 . The two triangles whose vertices are the points a, b, c and x, y, z 
respectively will be similar if 

111 = 0 . 

06 c 
x y z 

[The condition required is that ABjAC = XYjXZ (large letters 
denoting the points whose arguments are the corresponding small letters), 
or (6 — o)/(c — a) = ( y-x)/(z — x ), which is the same as the condition given.] 

* We supposo that aa we go round the triangle m tho direction ABC we leave 
it on our left. 
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12. Deduce from the last example that if the points x, y, z are collinear 
then we can find real numbers ct, [j , y such that ct + /? + y — 0 and 
ax+ fiy + yz = 0, and conversely (cf. Exs. xx. 4). [Use the fact that in this 
case the triangle formed by *, y, z is similar to a certain line-triapgle on 
the axis OX, and apply the result of the last example.] 

13. The general linear equation with complex coefficients. The 

equation az+fi = 0 has the one solution z = — /? ja, unless a = 0. If we put 
a = a + Ai, f/=b + Bi, z = x+yi, 
and equate real and imaginary parts, we obtain two equations to deter¬ 
mine the two real numbers x and y. The equation will have a real root if 
y = 0, which gives a* + b = 0, .4* + B = 0, and the condition that these 
equations should be consistent is aB — bA - 0. 

14. The general quadratic equation with complex coefficients. 

This equation is {a +Az)2 i +2[b +Bt)z +(c+Cl) = 0 . 


Unless a and A are both zero we can divide through by a + iA Hence 
we may consider 22 + 2(6 + B i)z+(c + Or) = 0 .. (1) 


as the standard form of our equation. Putting z = x + yi, and equating 
real and imaginary parts, we obtain a pair of simultaneous equations for 
x and y, viz. 

* 2 — y % + 2(6* — By) + c = 0, 2 xy + 2(by + Bx) + C — 0. 


If we put 

x + b = £, y+B = rj, 6 2 -B 2 -c = 6 , 2bB-C = k, 
these equations become — = h, 2£r/ = k. 


Squaring and adding we obtain 


P+V* = J(h* + k*), S = ±V[iW(** +**) + *}]. V = ±V[iUM- + *‘)-M]. 


We must choose the signs so that £rj has the sign of k: i.e. if k is positive 
we must take like signs, if k is negative unlike signs 


Conditions for equal roots. The two roots can only be equal if both the 
square roots above vanish, i e. if h = 0, k - 0, or if c = 6 2 — B 2 , C = 2bB. 
These conditions are equivalent to the single condition c+ Ci = (6+ Bi) 2 , 
which expresses the fact that the left-hand side of (1) is a perfect square. 


Condition for a read root. If * 2 + 2(6 + Bi)x + (c+ Ci) = 0, where * is 

real, then * 2 + 26*+ c — 0, 21?*+ C — 0. Eliminating * we find that the 

required condition is _ 

C 2 — 46BU + 4cB 2 = 0. 


Condition for a purely imaginary root. This is easily found to be 
C 2 -46BC-46 2 c = 0. 
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Conditions for a pair of conjugate complex roots. Since the sum and the 
product of two conjugate complex numbers are both real, b + Bi and c + Ci 
must both be real, i.e. B = 0, C = 0. Thus the equation (1) can have a pair 
of conjugate complex roots only if its coefficients are real. The reader 
should verify this conclusion by means of the explicit expressions of the 
roots. Moreover, if 6 s 5; e, the roots will be real even in this case. Hence for 
a pair of conjugate roots wo must have B = 0, C = 0, b*<c. 

16. The cubic equation. Consider the cubic equation 
z>+3Hz + G = 0, 

where O and H are complex numbers, it being given that the equation has 
(o) a real root, (6) a purely imaginary root, (c) a pair of conjugate roots. If 
H = A + pi, Q = p+oiy we arrive at the following conclusions. 

(а) Conditions for a real root. If p is not zero, then the real root is — tr/3/t, 
and a 3 + 27\p 3 cr—27p 3 p = 0. On the other hand, if p — 0 then wo must 
also have <r = 0, so that the coefficients of the equation are real. In this 
case there may be three real roots. 

(б) Conditions for a purely imaginary root. If p is not zero then the purely 
imaginary root is pi/3p, and p 3 — 21 X/i 2 p— 21p 3 <r = 0. If p = 0 then also 
p — 0, and the root is yi, where y is given by the equation y* — 3Ay — <7 = 0, 
which has real coefficients. In this case there may bo three purely imaginary 
roots. 

(c) Conditions for a pair of conjugate complex roots. Let these be x + yi 
and x — yi. Then since the sum of the three roots is zero the third root 
must be — 2x. From the relations between the coefficients and the roots 
of an equation we deduco 

y 2 - 3x 2 = 'ill. 2x(x‘ + y‘) = O. 

Hence 0 and H must both be real. 

In each case we can either find a root (in which case the equation can 
be reduced to a quadratic by dividing by a known factor) or we can reduce 
the solution of the equation to the solution of a cubic equation with real 
coefficients. 


16. The cubic equation x 3 + a l x 3 + a t x + a, = 0, wherecq = A x + A[i,... 
has a pair of conjugate complex roots. Prove that the remaining root is 
— A' x a t IA' t , unless A 3 = 0. Examine the case in which A' 3 = 0. 


17. Prove that, if z 3 + 3 Hz + 0 — 0 has two conjugate complex roots. 


the equation 


8a 3 + 6ctH — G = 0 


has one real root which is the real part a of the complex roots of the 
original equation; and that a has the same sign as O. 
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18. An equation of any order with complex coefficients will in general 
have no real roots nor pairs of conjugate complex roots. How many 
conditions must be satisfied by the coefficients in order that the equation 
should have (a) a real root, (6) a pair of conjugate roots? 


19. Coaxal circles. In Fig. 24, let a, b,z be the arguments of A, B, P. 

Then am-—- = APB, 

2 — a 


if the principal value of the amplitude is chosen. If the two circles shown 
in the figure are equal, z', z l% z[ are the arguments of J", P v P' v and 
APB = 8, then it is easy to see that 


2 '-6 n z i~ b „ 

am-- = ir — Q, am —-= -0, 

2 —a 2 , —a 

z\ — b 

and am —-= —n + 6. 

z l —a 

The locus defined by the equation 
2 — 6 

am — = 0, 
z—a 

where 0 is constant, is the arc APB. By 
writing n-0, - 9, - n + 6 for 0, we obtain 
the other throe arcs shown. 

The system of equations obtained by 
supposing that 6 is a parameter, varying 
from — n to + 7t, represents the system of 
circles which can be drawn through the 
points A, B. It should however bo ob¬ 
served that each circle has to be divided 
into two parts to which correspond dif¬ 
ferent values of 0. 



Fig. 24 


20. Now let us consider the equation 


where A is a constant. 



( 1 ), 


Let K be the point in which the tangent to the oircle ABP at P meets 
AB. Then the triangles KPA, KBP are similar, and so 


APjPB = PK/BK = KAjKP = 1/A. 

Heime ^A/KB = 1/A*, and therefore if is a fixed point for m positrons 
of P which satisfy the equation (1). Also KP> = KA.KB, and so is 
constant. Hence the locus of Pisa circle whose centre is K. 
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The system of equations obtained by varying A represents a system of 
circles, and every circle of this system cuts at right angles every circle of 
the system of Ex. 19. 

The system of Ex. 19 is called a system, of coaxal circles of Ike common 
point kind. The system of Ex. 20 is called a system of coaxal circles of the 
limiting point kind, A and B being the limiting points of the system. If A 
is very large or very small, then the circle is a very small circle containing 
A or B in its interior. 


21. Bilinear transformations. Consider the equation 

2 = Z + a .(1), 

where z = x + yi and Z = X + Yi are two complex variables which we may 
suppose to be represented in two planes xoy, XOY. To every value of z 
corresponds one of Z, and conversely. If a — at + pi, then 
x = X + a, y = Y + p, 

and to the point (x,y) corresponds the point (X, X). If (x,y) describes a 
curve of any kind in its plane, (X, y> describes a curve in its plane. Thus 
to any figure in one plane corresponds a figure in the other. A passage of 
this kind from a figure in the plane xoy to a figure in the plane XOY by 
means of a relation such as (1) between z and Z is called a transformation. 
In this particular case the relation between corresponding figures is very 
easily defined. The ( X, Y) figure is the same in size, shape, and orientation 
as the ( x,y) figure, but is shifted a distance a to the left, and a distance P 
downwards. Such a transformation is called a translation. 

Now consider the equation „ 

^ z-pZ .(2), 

where p is positive. This gives a: = pX, y — pY. The two figures are similar 
and similarly situated about their respective origins, but the scale of the 
(x, y) figure is p times that of the (X, Y) figure. Such a transformation is 
called a magnification. 

Next consider the equation 

2 = (cos + isin ft) Z .(3). 

It is clear that | z | = z and that one value of am z is am Z + fi, and that 
the two figures differ only in that the ( x,y ) figure is the (X, Y) figure 
turned about the origin through an angle tp in the positive direction. Such 
a transformation is called a rotation. 


The general linear transformation 

z — aZ + b .(4) 

is a combination of the three transformations (1), (2), (3). For, if | a ] = p 
and am a = <j>, we can replace (4) by the three equations 

z = z' + b, z' = pZ', Z' = (cos?S + isin <p) Z. 


H P M 


7 
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Thus the general linear transformation u equivalent to the combination of a 
translation, a magnification, and a rotation 


Next consider the transformation 

z = 1/2 . (5). 


If | 2 | = E and am2 = 0, then \ z\ = l/B and amz = - ©, and to pass 
from the (x, y) figure to the (X, Y ) figure we invert the former with respect 
to o, with unit radius of inversion, and then construct the image of the 
new figure in the axis ox (i e the symmetrical figure on the other side of ox) 


Finally consider the transformation 

aZ + b 
2 = cZ + d 


(6). 


This is equivalent to the combination of the transformations 
z = ( ajc) + {be — ad) (z'jc ), z' = 1/2', 2' = cZ + d, 


i e to a certain combination of transformations of tho types already 
considered 

The transformation (t>) is called the general bilinear transformation 
Solving for 2 we obtain 


dz — b 



The general bilinear transformation is tho most general type of trans 
formation for which one and only one value of z corresponds to each value 
of 2, and conversely. 


22. The general bilinear transformation transforms circles into circles. 
This may be proved in a variety of ways We may assume the well known 
theorem in pure geometry, that inversion transforms circles into circles 
(which may of course m paitieular cases be straight lmes) Or we may 
use the results of Exs 19 and 20 If, e g , the {x, y) circle is 
| (z-a)j(z-p) | = A, 

and we substitute for z m torins of 2, wo obtain 


where 


tr' = 


| (2- cr')l(Z — p') | = A', 

b —ad b — pd 

- — —, p' = -, A' = 

a~t tc a—pc 


a —pc 
a — crc 


A. 


23. Consider the transformations z = 1/2, z = (1 + 2)/{1 — 2), and 
draw the (X, Y) curves which correspond to (1) ciroles whose centre is 
the origin, (2) straight lmes through the origin. 


24. The condition that the transformation 2 = (aZ + b)/(c2 + d) should 
make the circle x* + y* = 1 correspond to a straight line in tho (X, Y) plane 
is|l] = |c| 
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25. Cross ratios. The cross ratio (zjZ„ z,z 4 ) is defined to be 
(zi-z a )(z,-z 4 ) 

(z t -z 4 )(z,-z 3 )' 


If the four points Zj, z,, z 8 , z 4 are on the same lino, this definition agrees 
with that adopted in elementary geometry. There are 24 cross ratios 
which can be formed from z,, z t , z„, z 4 by permuting the suffixes. These 
consist of six groups of four equal cross ratios. If one ratio is A, then the 
six distinct cross ratios are A, 1 —A, 1/A, 1/(1 —A), (A— 1)/A, A/(A—1). 
The four points are said to bo harmonic or harmonically related if any one 
of these is equal to — 1. In this case the six ratios are — 1, 2, — 1, J, 2, 

If any cross ratio is real then all are real and the four points lie on a circle. 
For in this case , „ , . . 

( z l - 2s) (*» - z i) 

am ————-- 

( 2 i z i) 2 a) 


must have one of the throe values — n, 0, n, so that am {(z, — z 3 )/(z, — z 4 )} 
and am{(z 3 —z 3 )/(z 3 —z 4 )} must either bo equal or differ by n (cf. Ex. 19). 
If (z 1 z,,z,z 4 ) = — 1, we have the two equations 


am Z izh = ±7r+&m z j'z\ 2 > r. ■ 2 * 

z l ~~ Z l Z 2~~ Z 4 1 z l 2 4 


The four points -4,, .4 2 , A % , A i he on a circle, A l and A 3 being separated 
by A 3 and .4 4 . Also A l A 3 /A l A f = A 1 A 3 /A 1 A i . Let O bo the middle point 
of A 3 A t . Tho equation 


may bo put in tho form 


(2 i- gj)(g>-Z|) 
( z i ~ z i) ( Z t ~ z s) 


= -1 


(2j + 2 a ) (Zg + Z4) — 2(ZjZg-f- ^3)» 

or, what i» tho same thing, 

{®i - i( z s + z «)l ( z »- i(-» + z*)> = {K z s - z *)} 2 - 
But this is equivalent to OA t . 0.4 a = 0.4 3 2 = 0.4/. Hence 0.4j and 0.4, 
make equal angles with A 3 A t , and 0A l .0A 3 - 0.4 3 ! = 0.4 4 *. It will be 
observed that the relation between the pairs A lt .4, and A„ .4, is sym¬ 
metrical. Hence, if 0' is the middle point of .4,.4 3 , O'A, and 0V1 4 aro 
equally inclined to A l A i , und 0'A 3 .0'A 4 = O'.l p = 0'.4 2 2 . 


26. If the points A ,, A, are given by az 2 + 2bz + c = 0, the points 

A 3 , A t by a'z 2 + 2fc'z + c' = 0, 0 is the middle point of A t A t , and 
oc' + o'c — 266' = 0, then 0.4,, 0.4, are equally inclined to A 3 A ( and 
0A 1 .0A a = OA, 2 = 0A t -. (Moth. Trip. 1901) 

27. .4£, CD aro two intersecting lines in Argand’s diagram, find P, Q 
their middle points. Prove that, if AB bisects tho angle CPD and 
PA 3 = PB 3 — PC .PD, then CD bisects the angle AQB and 

QC 3 = QD 2 = QA . QB. {Math. Trip. I«09) 


7-2 
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28. The condition that four points should lie on a circle. A 

sufficient condition is that one (and therefore all) of the cross ratios should 
be real (Ex. 25); this condition is a'so necessary. Another form of tho 
condition is that it should be possible to choose real numbers os, ft, y 
such that , . , | . 


| ZiZt + z 2 z a z s 2 1 + r 3 z 1 z 3 z i +z l z 1 | 

[To prove this wo observe thut the transformation Z — 1/(2 —z,) is 
equivalent to an inversion with respect to the point z t , couplod with a 
certain reflexion (Ex. 21). If 2 ,, z t , z 3 he on a circle through z t , the corre¬ 
sponding points Zt = l/( 2 1 - 2 4 ), Z t = 1 /(Zj-Zj), Z 3 - l/(z 3 -z 4 ) lie on a 
straight line. Hence (Ex. 12) we can find real numbers cl' , ft', y' such that 
<*' + /?'+ 7 ' = 0 and a'f(z t — z 3 ) + — z t ) + y'l(z s — 2 4 ) = 0 , and it is easy 

to prove that this is equn alent to the given condition.] 

29. Prove tho following analogue of de Moivre’s theorem for real 

numbers: if <j> v <j> v ... is a senes of positive acute angles such that 

tan S^m +1 = tan sec (f> l +sec (ft m tan 

t ^ on tan^ m+ „ = tan^ m sec <^„ + sec <j> m tan$l„, 

see </> m+n = sec <f> m sec <;> n + tan <j>„ tan 0„, 

an< i tainji m + sec^ m = (tantJj + scc^j)’". 

[Use tho method of mathematical induction.J 

30. The transformation 2 = Z m . In this case r = Ii m , and 0 and mfi-J 
differ by a multiple of 2ir. If Z describes a circle round the origin then z 
describes a circle louml the origin m times. 

The whole (x, y) plane corresponds to any one of m sectors in tho (X, Y) 
plane, each of angle in/m. To eacli point in the (x, y) plane correspond 
m points in tho (X, Y) plane. 

31. Complex functions of a real variable. If/(«), are two real 
functions of a real variable l defined for a certain range of values of t. 
we call 

^ = f(t) + . (]) 

a complex function of t. Wo can represent it graphically by drawing the 
curve 

*=/(«). y = <j>(t). 

If z is a polynomial m f, or rational function of t, with complex coefficients, 
we can express it in the form (1) and so detormino the curve represented 
by the function. 

w Let z = a + (b-a)t, 

where a and 6 are complex numbers. If a = a + a’i, b = ft+ ft’i, then 
x = a + (ft-a)t, y = a' + (fi'-x')t. 
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The curve is the straight Une joining the points z — a and z = 6 . The 
segment between the points corresponds to the range of values of t from 0 
to 1. Find the values of t which correspond to the two produced segments 
of the line. 



where p is positive, then the curve is the circle of centre c and radius p. As 
t vanes through all real values z describes the circle once. 

(m) In genoral the equation z = (a + bl)j(c + dt) represents a circle. 
This can be proved by calculating z and y and eliminating: but this process 
is rather cumbrous. A simpler method is obtained by using the result of 
Ex. 22. Let z = (a-‘ r bZ)l(c + dZ), Z = t As t vanes Z describes a straight 
line, viz. the axis of X. Hence z describes a circle. 

(iv) The equation z — a + ibt + cl* 

represents a parabola generally, a straight lme if 6/c is real. 

(v) The equation z = (a+ 2bt + ct 2 )/(a+ 2/3t + yP), where a, (3, y are 
real, represents a conic section. 

[Eliminate t from 

» = (A + 2JS<+CV)/(a+2/J< + yt 2 ), y = (.4' + 2,B'^ + C / ^ s )/(a+2/?^ + yt , ), 

where A + A'i = a, B + B’i = 6, C + C'i = c.) 

47. Roots of complex numbers. We have not, up to the 
present, attributed any meaning to symbols such as ^ja, a m,n , 
when a is a complex number, and m and n integers. It is, however, 
natural to adopt the definitions which are given in elementary 
algebra for real values of a Thus we define tfa or a Vn , where n is 
a positive integer, as a number a which satisfies the equation 
z n = a, and a mln , where m is an integer, as (o 1, ’ l ) m . These definitions 
do not prejudge the question whether there are or are not roots 
of the equation. 

48. Solution of the equation z n = a. Let 

a = p( cos <f> + i sin <p), 

where p is positive and <p is an angle such that —n<<j>S7T. If 
we put z = r(cos 0 + i sin 0), the equation takes the form 
r n (cos nd + i sin nd) = p[ cos <f> + i sin <j>)\ 
r n = p, cos nO = cos (f>, sin n6 = sin <f> 


so that 


( 1 ). 
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The only possible value of r is tfp, the ordinary arithmetical 
nth root of p\ and in order that the last two equations should be 
satisfied it is necessary and sufficient that nO = <j> + 2kn, where k 
is an integer, or 

0 = (<p + 2kn)jn. 

If k = pn + q, where p and q are integers, and 0 §q < n, then the 
value of 6 is 2pn + (<f> + 2qn)ln, and what value we choose for 
p here is indifferent. Hence the equation 

z n — a = p(cos tp + i sin <f>) 
has just n roots, given by z = r(cos 0 + i sin 0), where 

r = ’Jp, 0 = (<p + 2qn)ln, {q = 0, 1, 2,1). 

That the n roots are distinct is easily seen by plotting them 
on Argand’s diagram. The particular root 

tfp {cos ( <pjn ) + i sin (0/«)} 
is called the principal value of tfa. 

The case in which a = 1, p = 1, <}> = 0 is of particular interest. 
The n roots of the equation x n = 1 are 

cos (2qn/n) + i sin (2qnln), (g = 0,1 . n - 1 ). 

These numbers are called the nth roots of unity; the principal 
value is unity itself. If we write io n for cos {2n;n) 4 - i sin (2njn), 
we see that the wth roots of unity are 

1, <o n , <o\, 

Examples XXII. 1. The two square roots of I are 1, — lj tho three 
cube roots are 1, i(—l + i^3), l — the four fourth roots are 
1 > i, — 1, — i; and the five fifth roots aro 

I, HV5-1 + JVU0 + 2VS)]. + 2 

J[-V5-I-iV{10-2V5}J, i [V 5 — l — i'J{10+2^/5}]. 

2. Prove that 1 + o>„ + «* + ... + wj -1 = 0. 

3. Prove that 

(x + yw , + zto‘) (x + yoj 3 + z<o 3 ) — x 2 + y 1 -(- z- — yz — zx — xy. 

4. The nth roots of o are the products of the nth roots of unity by the 
principal value of fa. 
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5. It follows from Exs. xxi. 14 that the roots of 
z* = a + fti 

are ± V[4W<“ a + /? 4 ) + <*}] ± 2 vUW<“‘ + /? 2 ) - «}], 

like or unlike signs being chosen according as /? is positive or negative. 

Show that this result agrees with the result of § 48. 

0. Show that (x tm — a lm )j(x 2 — a 2 ) is equal to 

/ x a — 2a* cos + a*) f x 2 — 2ax cos +a 2 ') ... (x 1 — 2 ax cos — ^ + a 1 ] . 

\ m / \ m / \ m ) 

[The factors of x 2m — <i lm arc 

(x-a), (x-a&> tm ), (x-ao) 2 J, ... (x-aoj'fc- 1 ). 

The factor * —<Kii“ OT is x + a. The factors (x — (x — ao >|£~*) taken 

together give a factor x 2 — 2«x cos ( aTjjm,) + a 1 .] 

7. Resolve .r smtl — a s " H x 2m + a am , and x 2m+1 + a 2ml1 into factors in a 
.similar way. 


8. Show thut ,r 2n - 2x"a" cos 0 + n ! “ is equal to 


/ 0 \ 

( 0+2 n \ 

x a — 2xa cos + «- 

r 2 — 2xaoo-, +u 2 ) 

V Hi' 

M / 


, . , 0 + 2(n— \)n , 

... j— 2xa cos-1 a* 


[Use the formula 

x ln — 2x"a" cos 0 + a 2 ” = ).r n — a"(co& 0 + i sin 0)} {x n — a"(cos 0 — i sin 0)1, 
and split up each of the lost two expressions into n factors.] 


0. Find all the roots of the equation x* - 2x s + 2 = 0. 

(Math. Trip. 1010) 

10. The problem of finding tho value of «„ in a form involving square 
roots only, as in the formula <u, = ]( — !+?'^3), is the algebraical 
equivalent of tho geometrical problem of inscribing a regular polygon of 
n sides in a circle of unit radius by Euclidean methods, i.e. by ruler and 
compasses. For this construction will be possible if and only if we can 
construct lengths measured by cos(2 n/n) and sin (2?r/n); and this is 
possible (Ch. II, Misc. Ex. 22), if and only if these numbers are ex¬ 
pressible in a form involving square roots only. 

Euclid gives constructions for n = 3, 4, 5, 6, 8, 10, 12, and IS. It is 
evident that tho construction is possible for any value of n which can be 
found from these by multiplication by any power of 2. There are other 
special values of n for which such constructions are possible, the most 
interesting being n = 17, 
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Gauss proved the construction possible when n is of the form 

2>*+l 

and is prime. The numbers 3, 5, 17, 257, and 66537, corresponding to 
k 5= 0, 1, 2, 3, 4 are prime, and the construction is then possible. But 
k — 5, 6, 7, and 8 give composite values of n, and it is not known whether 
there are more prime values. 

The simplest construction of the 17-agon, due to Richmond, will be 
found in H. P. Hudson’s Ruhr and compasses, p. 34; in F. and F. V. 
Morley’s Inversive geometry, p. 167; and in Klein’s book referred to on 
p. 22. 

49. The general form of de Moivre’s theorem. It 

follows from the results of the last section that if q is a positive 
integer then one of the values of (cos 6 -f i sin d) x,q is 
cos (dlq) + is\n(6lg). 

Raising each of these expressions to the power p (where p is any 
integer positive or negative), we obtain the theorem that one of 
the values of (cos 6 + i sin 0)*'« is cos (pdjq) + i sin (pOjq), or that 
if otis any rational number then one. of the values of (cos 0 + isin Q) a is 
cos a.0 + i sin a.6. 

This is a generalized form of de Moivre’s theorem (§ 45). 


MISCELLANEOUS EXAMPLES ON CHAPTER III 

1. The condition that a triangle {xyz) should be equilateral is that 
x l + y i + z 2 -yz — zx-xy — 0. 

[Let X YZ be the triangle. The displacement ZX is YZ turned through 
an angle f tr in the positive or negative direction. Sinoe Cis In = 
CU(-fir) = l/w s = o'j, we have x-z = (z~y)b), or x-z = (z~y)w\. 
Hence x + yu>,+ztol = 0 or x + yori+za), = 0. The result follows from 
Exs. xxn. 3.] 


2. If XYZ, X'Y'Z 1 are two triangles, and 

rz.Fz 7 = zx.zx' = xy.x'Y 7 , 

then both triangles are equilateral. [From the equations 


(y (y z ) — (2 x) (z / — z') = (a; — yj (z / — y') = k 2 , 


say, we deduce Rll(y'-z') = 0, or Sx'^-Xy'z' = 0. 
result of the last example.] 


Now apply the 
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3. Similar triangles BCX, CA Y, ABZ are described on the sides of a 
triangle ABC. Show that the centres of gravity of ABC, XYZ are 
coincident. 

[We have (a;~c)/(6-c) = (y — a)J(c — a) = (z-6)/(o —6 ) = A, say. Ex¬ 
press i(x + y + z) in terms of a, b, c.] 

4. If X, Y, Z are points on the sides of the triangle ABC, such that 

BX/XC = CYIYA = AZjZB = r, 

and if ABC, XYZ are similar, then either r = 1 or both triangles are 
equilateral. 

5. If A, B, C, D are four points m a plane, then 

AD. EC-A BD. CA + CD.AB. 

[Let z t , z 2 , 2 a , z 4 be the complex numbers corresponding to A, B, C, D. 
Then we have identically 

(z 4 — z 4 ) (z, — 2 a )-f (2j — I 4 ) (2j — 2,) + (2j — ; 4 ) (ij — r 2 ) — 0. 

Hence 

I ( 2 i z 4 ) ( 2 » 2 a) I = I ( 2 a ~ 2 «) ( z s ~ z i ) + — z <) ( s i — 2 ») I 

S | (-1 - *<) (2,-2l)| + | (Z> - Z 4 > (Zl ~Z e ) I •] 

6. Deduce Ptolemy’s theorem concerning cyclic quadrilaterals from 
the fact that the cross ratios of four concyclic points are real. [Use the 
same identity as in the last example ] 

7. If z 1 + z' 1 = 1, thon the points z, z' are ends of conjugate diameters 
of an ellipse whose foci are the points 1,-1. [If CP, CD are conjugate 
semi-diameters of an ellipse and S, H its foci, then CD is parallel to the 
external bisector of the angle SPH, and SP.HP = CD*.] 

8. Provo that | a + h j 2 + | a — b |* = 2{] a | 2 + | b | a ) [This is the analytical 
equivalent of the geometrical theorem that, if M is the middle point of 
PQ, then 0P*+0Q * = 2 OM>+2MP*.~\ 

9. Deduce from Ex. 8 that 

| a + ^(a 3 -6 J ) | + | a-J(a % -b*) | = (o + 6| + |o — 6 |. 

[If a + 7(a s — 6 2 ) = Zj, a — ./(a* —1> ! ) = z„ we have 

l*il*+l s *l* = + = 2|a|*+2|a*-6*| % 

and so 

(I z i I + I z t D® = 2{|o| 2 + |a* —6 s | + j 6|*} = |o + 6| a + |o —6|*-(- 2)0* —6* |. 
Another way of stating the result is: if z 4 and z , are the roots of 
az‘ + 2fiz+y = 0, 

l«t(l*il + l*«l) = l^+V(“y)l + l^-V( a 7)lo 


then 
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10. Show that the necessary and sufficient conditions that both the 
roots of the equation z 3 + az + b — 0 should be of unit modulus are 
|o|S2, |bj = l, amb = 2amo. 

[The amplitudes have not necessarily their principal values.] 


11. If x 4 + ia 1 x 3 + 6a a x 2 + 4a s x + a i = 0 is an equation with real 

coefficients and has two real and two complex roots, coneyclio in the Argand 

diagram, then 2 , 2 ., 

aj + a\a t + ai] - a t a t - 2a I a s a, = 0. 


12. The four roots of Ooa^ + ia^ + eojX 3 -!-4a s x + a 4 = 0 will be 
harmonically related if 

a 0 a 2 3 + a 2 l a t + al — a (l a t a i — 2a 1 a i a !I = 0. 

[Expross ^28. n ^31,24 ^12.34* where 


Z m. 14 = (2l - * 2 ) (Z 3 - z i) + (*1 - z s) <Z» - z t) 
and z 1( z a , z 3 , z , are the roots of the equation, in terms of the coefficients.] 


13. Imaginary points and straight lines. Let o* + bj/ + c= 0 be 
an equation with complex coefficients. If wo give x any particular real or 
complex value, we can find the corresponding value of y. The aggregate 
of pairs of real or complex values of x and y which satisfy the equation is 
called an imaginary straight line; the pairs of values are callod imaginary 
'paints, and arc said to lie on the line . The values of x and y are called the 
coordinates of the point (x, y). When x and y are real, the point is callod a 
real point: when a, b, c are all real (or can bo mado all real by division by a 
common factor), the line is called a real line. The points x = a + pi, 
y ~ y+Si and x — a —pi, y = y — Si are said to bo conjugate; and so are 
the lines (A+A'i)x + {B + B'i) y+C + C'i = 0 , 

(A — A’i)x + (B — B’i)y+ C —G'i = 0. 

Verify the following assertions: every real line contains infinitely many 
pairs of conjugate imaginary points; an imaginary line in general contains 
one and only one real point; an imaginary line cannot contain a pair of 
conjugate imaginary points: and find the conditions (a) that the line 
joining two given imaginary points should be real, and ( 6 ) that tho point 
of intersection of two imaginary lines Bhould be real. 


14. Prove the identities 


(x+y + z) (x + yuii + zwfiix + ywl + zw,) = X s + y* + z 2 - 3xyz, 

(x + y + z)(x+y<n l , + z(d})(x + y(ol + z<o\) (x + ywl + zh>l){x + ye>* + zuj 

= x s + y* + z 3 — 5x 2 yz + 5 xyH 2 . 

15. Solve the equations 

x* — 3ax + (a 3 + 1) = 0, x 6 — Sax 3 + 5a*x -f (a 3 + 1) = 0 , 
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16. If f(x) = a 0 + a, x +... + a k x k , then 

^{/(*) +/(««) + • ■ ■ +f(0)”- l x)} - a 0 + o, x" + O,,! 1 " + ... + a A „x A ”, 

co being any root of x n = 1 (except x = I), and An the greatest multiple of n 
contained in k. Find a similar formula for + + a fl+1 „x 2 * + _ 

17. If (1 + x) n = p 0 +p l x+p a x' i +..., 

n being a positive integer, then 

Po~Pt+Pi~ ■■■ — 2l"cos Jnir, p x — p a + p t — ... = 2 in sin Jnn. 

18. Sum the series 

x i x 1 t x 3 si* 

2!n-2! + 5!n -Tl + 8 fn-~8! + " + n-ll’ 


n being a multiple of 3. (Math. Trip. 1899) 

19. If 1 is a complex number such that 1 1 | = 1, then the point 
x — ( ai + b)/(t — c) describes a circle as l varies, unless |c| = 1, when it 
describes a straight line. 


20. If t varies as in the last example then the point x — \{<U + (bjt)} in 
general describes an ellipse whose foci are given by x 2 — ah, and whose 
axes are | a | + j 61 and | a ) — | 61. But if | a | = | 6) then x describes the 
finite straight line joining the points — J(ab), *J(ab). 

21. Prove that if t is real and z = t 2 — 1 + <J(t* — t 2 ), then, when l 2 < 1, 

z is represented by a point which lies on the circle x* + y 2 + x = 0. Assuming 
that, when <*> 1, J(t‘ — t 2 ) denotes the positive square root of t* — <*, 
discuss the motion of the point which represents z, as i diminishes from a 
large positive value to a large negative value. (Math. Trip. 1912) 


22. The coefficients of the transformation z = (aZ + b)/(cZ + d) are 
subject to the condition ad - 6c = 1. Show that if c % 0 there are two fixed 
paints a., /?, i.e. points unaltered by the transformation, except when 
(o + d) J = 4, when there is only one fixed point a; and that in these two 
cases the transformation may be expressed in the forms 

z—aZ-a 1 _ 1 


Show further that if c = 0 there will be one fixed point a unless a = d, 
and that in these two cases the transformation may be expressed in the 

forma z — a = K(Z — a), z = Z + K. 


Finally, if o, b, c, d are further restricted to positive integral values 
(including zero), show that the only transformations with less than two 
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fixed points aTe of the forms 

i = - + /£, z=Z + K. (Math. Trip, mi) 
z Z 


23. Prove that the relation z = (1 + 2»)/(2+t) transforms the part of 
the axis of a; between the points z = landz = - 1 into a semi -circle passing 
through the points Z = 1 and Z = - 1. Find all the figures that can be 
obtained from the originally selected part of the axis of x by successive 
applications of the transformation. (Math. Trip. 1912) 


24. Prove that the transformation 

z = (cos 8 + i sin 6) 


7. — a 

T-Hz’ 


where a is any complex number whose modulus is not 1, a is the con¬ 
jugate of a, and 8 is real, transforms the inside of the unit circle in the 
z-plane into the inside or outside of the unit circle in the 2-plane; and 
distinguish the two cases. (Math. Trip. 1933) 

25. If z = 22 + 2 2 then the circle | 2 | = 1 corresponds to a cardioid in 
the plane of z. 

26. Discuss the transformation z = [{2 + (1/2)}, showing in particular 
that to the circles X 2 + Y 2 = a 2 correspond the confocal ellipses 

x 2 y 2 


K*+3}' (!K)) : 


= l. 


27. If (z+ l) 2 = 4/2 then the unit circle in the z-plane corresponds to 
the parabola ft cos 2 = 1 in the 2-plane, and the inside of the circle to 
the outside of the parabola. 

28. Show that the transformation z— (2 + a) 2 /(2 —a) 2 , where o is 

real, transforms the upper half of the z-plane into the interior of a semi¬ 
circle in the 2-plane. (Math. Trip. 1919) 

29. If z = 2* — 1, then as z describes the circle | z | = x, the two corre¬ 
sponding positions of 2 each describe the Cassinian oval p 1 p x = x, where 
Pi. p» are the distances of 2 from the points — 1, 1. Trace the ovals for 
different values of x. 


30. Consider the relation az , + 2hzZ + bZ 1 + 2gz + 2/2 + c = 0. Show 
that there are two values of 2 for which the corresponding values of z are 
equal, and vice versa. We call these the branch points in the 2 and z -planes 
respectively. Show that, if z describes an ellipse whose foci are the branch 
points, then so does 2. 

[We can, without loss of generality, take the given Relation in the form 
z 2 + 2z2cosw +2 2 = It • 
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the reader should satisfy himself that this is so. The branch points m 
either plane are then cosec to and — cosec to. An ellipse of the form specified 
is given by 

| z + cosec w | + | z — cosec o> | = C, 
where C is a constant This is equivalent (Ex. 9) to 

| z + -J(z 2 — cosee a to) | + | z — -Jlz 1 — cosec 1 to) | = G. 

Express this in terms of Z ] 

31. Ifz = aZ m + bZ”, where m, n are positive integers and a, b real, then 
as Z describes the unit circle z describes a hypo- or epi-cycloid. 

32. Show that the transformation 

(a + di)Z + b 
2 —; —_ ~ # 

cZ-(a-di) 

where a, b, c, d aro real and a 2 + d 2 + be> 0, and Z denotes the conjugate 
of Z, is equivalent to an inversion with respect to the circle 
c(x ! + y *) - 2ax — 2 dy -6 = 0. 

What is the geometrical interpretation of the transformation when 

a* + d , + 6c<0? 

33 The transformation 



whore c is rational and 0 <c<l, transforms the circle |z| = 1 into the 
boundnrj of a circular lune of angle 7r/c. 

34 Prove that tho transformation 

Z ±r^ = z, 

txz—l 

where a is real and 0<a< 1, transforms the inside of the umt circle m 
the z plane into the inside, taken twice, of the umt circle in the Z plane. 

(Math, Tnp. 1933 ) 



CHAPTER IV 


LIMITS OF FUNCTIONS OF A POSITIVE 
INTEGRAL VARIABLE 

50. Functions of a positive integral variable. In Ch. II 

we discussed the notion of & function of & real variable x, and 
illustrated the discussion by a large number of examples of such 
functions. And the reader will remember that there was one 
important particular with regard to which the functions which 
we took as illustrations differed very widely. Some were defined 
for all values of x, some for rational values only, some for 
integral values only, and so on. 

Consider, for example, the following functions: (i) x, (ii) <Jx, (iii) the 
denominator of x, (iv) the square root of the product of the numerator and 
the denominator of x, (v) the largest prime factor of x, (vi) the product of 
*jx and the largest prime factor of x, (vii) the xth prime number, (viii) the 
height measured in inches of convict x in Dartmoor prison. 

Then the aggregates of values of x for which those functions are defined 
or, as we may say, the fields of definition of the functions, consist of (i) all 
values of x, (ii) all positive values of x, (iii) all rational values of x, (iv) all 
positive rational values of x, (v) all integral values of x, (vi), (vii) all 
positive integral values of x, (viii) a certain number of positive integral 
values of x, viz., I, 2, ..., N, where N is the total number of convicts at 
Dartmoor at a given moment of time*. 

Now let us consider a function, such as (vii) above, which is 
defined for all positive integral values of x and no others. This 
function may be regarded from two slightly different points of 
view. We may consider it, as has bo far been our custom, as a 
function of the real variable x defined for some only of the values 

* In the last case A depends on the time, and convict x, where x has a definite 
value, is a different individual at different moments of time. Thus if we take different 
moments of time into consideration we have a simple example of a function 
V " l t) of two variables, defined for a certain range of values of t, viz. from the 
time of the establishment of Dartmoor prison to the time of its abandonment, and 
for a certain number of positive integral values of x, this number varying with f. 
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of x, viz. positive integral values, and say that for all other values 
of x the definition fails. Or we may leave values of x other than 
positive integral values entirely out of account, and regard our 
function as a function of the positive integral variable n, whose 
values are the positive integers 

1, 2, 3, 4, .... 

In this case we may write ^ 

and regard y now as a function of n defined for all values of n. 

It is obvious that any function of x defined for all values of x 
gives rise to a function of n defined for all values of n. Thus from 
the function y — x 1 we deduce the function y = ri* by merely 
omitting from consideration all values of z other than positive 
integers, and the corresponding values of y. On the other hand 
from any function of n we can deduce any number of functions 
of x by merely assigning values to y, corresponding to values of x 
other than positive integral values, in any way we please. 

51. Interpolation. The problem of determining a function of x 
which shall assume, for all positive integral values of x, values agreeing 
with those of a given function of n, is of great importance in higher 
mathematics. It is called the problem of functional interpolation. 

Were the problem however merely that of finding some function of a: to 
fulfil the condition stated, it would of course present no difficulty whatever. 
We could, as explained above, simply fill in the missing values as we 
pleased: we might indeed simply regard the given values of the function 
of n as all the values of the function of x and say that the definition of the 
latter function failed for all other values of x. But such solutions are 
obviously not what is usually wanted. What is usually wanted is some 
formula involving x (of as simple a kind as possible) which assumes the 
givon values for x = 1, 2,_ 

In some cases, especially when the function of n is itself defined by a 
formula, there is an obvious solution. If for example y = <p(n), where 
f>(n) is a function of n, such as n* or cos nn, which would have a meaning 
even were n not a positive integer, we naturally take our function of x to 
bey = <j>(x). But oven in this very simple case it is easy to write down other 
almost equally obvious solutions of the problem. For example 
y = f>(x) + emxn 

a 

assumes the value <j>(p) for x — n, since sinn7r = 0. ► 
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In other cases may be defined by a formula, such as (— 1)”, which 
oeases to define for some values of x (as here in the case of fractional values 
of x with even denominators, or irrational values). But it may be possible 
to transform the formula m such a way that it does define for all values ol 
x. In this case, for example, 

(— 1)" = cos nrr, 

if n is an integer, and the problem of interpolation is solved by the function 
cosrrr. 

In other cases <j>{x) may be defined for some values of x other than 
positive integers, but not for all Thus from y = n n we aT© led to y — x*. 
This expression has a meaning for some only of the remaining values of x. 
If for simplicity we confine ourselves to positive values of x, then x x has 
a meaning for all rational values of x, m virtue of the definitions of 
fractional powers adopted in elementary algobra. But when x is irrational 
x x has (so far as we are in a position to say at the present moment) no 
meaning at all Wo are thus led to consider the question of extending 
our definitions in such a way that x x shall have a meaning even when x 
is irrational. We shall see lator on how the extension desired may be 
effected. 

Again, consider the caso in wlueh 

j/=1.2 n = n'. 

In this case there is no obvious formula in x which reduces to n ! for x = n, 
since 2 ! means nothing for values of x other than the positive integers. 
This is a caso m which attempts to solve the problem of interpolation have 
led to important advances in mathematics. For mathematicians have 
succeeded in discovering a function (the gamma-function) which possesses 
the desired property and many other interesting and important properties 
besides, 

52. Finite and infinite classes. Before we proceed further 
it is necessary to make a few remarks about certain ideas of an 
abstract nature which are of constant occurrence in pure 
mathematics. 

In the first place, the reader is probably familiar with the 
notion of a class. It is unnecessary to discuss here any logical 
difficulties which may be involved in the notion of a class: 
roughly speaking we may say that a class is the aggregate or 
collection of all the entities or objects which possess a certain 
property, simple or complex. Thus we have the classes of British 
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subjects, or members of Parliament, or positive integers, or real 
numbers. 

Moreover, the reader has probably an idea of what is meant 
by a finite or infinite class. Thus the class of British subjects 
is a finite class: the aggregate of all British subjects, past, present, 
and future, has a finite number n, though of course we cannot 
tell at present the actual value of n. The class of present British 
subjects, on the other hand, has a number n which could be 
ascertained by counting, were the methods of the census effective 
enough. 

On the other hand the class of positive integers is not finite 
but infinite. This may be expressed more precisely as follows. 
If n is any positive integer, such as 1000, 1,000,000 or any number 
we like to think of, then there are more than n positive integers. 
Thus, if the number we think of is 1,000,000, there are obviously 
at least 1,000,001 positive integers. Similarly the class of rational 
numbers, or of real numbers, is infinite. It is convenient to 
express this by saying that there are an infinite number of 
positive integers, or rational numbers, or real numbers. But the 
reader must be careful always to remember that by saying this 
we mean simply that the class in question has not a finite number 
of members such as 1000, or 1,000,000. 

53. Properties possessed by a function of n for large 
values of n. We may now return to the ‘functions of n ’ which 
we were discussing in §§ 50-51. They have many points of differ¬ 
ence from the functions of x which we discussed in Ch. II. But 
there is one fundamental characteristic which the two classes of 
functions have in common: the values of the variable for which they 
are defined form an infinite class. It is this fact which forms the 
basis of all the considerations which follow and which, as we shall 
see in the next chapter, apply, mutatis mutandis, to functions 
of x as well. 

Suppose that <j>(n) is any function of n, and that P is any 
property which <f(n) may or may not have, such as that of being 
a positive integer or of being greater than 1. Consider, for each 

8 


HPM 
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of the values n = 1,2,3,whether <f>{n) has the property P o. 
not. Then there are three possibilities: 

(а) <j>(n) may have the property P for all values of n, or for al 
values of n except a finite number N of such values 

(б) <f>{n) may have the property for no values of n, or only foi 
a finite number N of such values; 

(c) neither (a) nor (b) may be true. 

If (6) is true, the values of n for which <p(n) has the property 
form a finite class. If (a) is true, the values of n for which <j>(n) 
has not the property form a finite class. In the third case neither 
class is finite. Let us consider some particular cases. 

(1) Let <p(n) = «, and let P be the property of being a positive integer. 
Then <p(n) has the property P for all values of n. 

If on the other hand P denotes the property of being a positive integer 
greater than or equal to 1000, then <fi(n) has the property for all values of 

n except a finite number of values of n, viz. 1, 2, 3. 999. In either of 

these cases (a) is true. 

(2) If <j>(n) = n, and P is the property of being loss than 1000, then ( b) 
is true. 

(3) If <j>(n) = n, and P is the property of being odd, then (c) is true. For 
<j>(n) is odd if a is odd and even if n is even, and both the odd and the even 
values of n form an infinite class. 

Example. Consider, in each of the following cases, whether (o), (b), or 
(c) is true: 

(i) <p(n) — n, P being the property of being a perfect square, 

(ii) <fi(n) = p n , where p„ denotes the nth prime number, P being tlio 

property of being odd, 

(iii) <ji(n) = p„, P being the property of being even, 

(iv) <j>(n) = p„, P being the property <p(n)>n, 

(v) <p(n) = 1 -( — 1)" (1/ra), P being the property (j>[n) < 1, 

(vi) = 1 — ( — 1)" (1/n), P being the property <j>(n) < 2, 

(vii) <f>(n) = 1000{1 + ( — 1 )”}/n, P being the property <f>(n) < 1, 

(viii) <t>(n) = 1 /n, P being the property <j>(n) < -001, 

(ix) <ji{n) = (— l) n /«, P being the property | <j>(n) | < ’001, 

(x) <p(n) = 10000/n, or ( —1)" 10000/n, P being either of the pro¬ 

perties <j>(n) < -001 or | 0(n) | < -001, 

(xi) = (n— l)/(n+ 1), P being the property 1 — -0001. 
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54. Let us now suppose that the assertion (a) is true for the 
<p{n) and P in question, i.e. that <f>{n) has the property P, if not 
for all values of n, at any rate for all values of n except a finite 
number N of values. We may denote these exceptional values 
by 

J n v w 8 , n N . 

There is of course no reason why these N values should be the 
first N values 1, 2,..., N, though, as the preceding examples show, 
this is frequently the case in practice. But whether this is so or 
not, we know that <f(n) has the property P if n>n N . Thus the 
ttth prime is odd if n > 2, n = 2 being the only exception to the 
statement; and 1 jn< -001 if n> 1000, the first 1000 values of n 
being the exceptions; and 

1000{1 + (— l) n }/« < 1 

if n > 2000, the exceptional values being 2,4,6,..., 2000. That is 
to say, in each of these cases the property is possessed for all 
values of n from a definite value onwards. 

We shall frequently express this by saying that <p(n) has the 
property for large or very large or all sufficiently large values of n. 
Thus when we say that <p{n) has the property P (which will as a 
rule be a property expressed by some relation of inequality) for 
large values of n, what we mean is that we can determine some 
definite number, n„ say, such that <j>(n) has the property for all 
values of n greater than or equal to n 0 . This number w 0 , in the 
examples considered above, may be taken to be any number 
greater than n N , the greatest of the exceptional numbers: it is 
most natural to take it to be n N +1. 

Thus we may say that ‘all large primes are odd’, or that ‘Ijn is 
less than -001 for large values of n\ And the reader must make 
himself familiar with the use of the word large in statements of 
this kind. Large is in fact a word wliich, standing by itself, has 
no more absolute meaning in mathematics than in the language 
of common life. It is a truism that in common life a number 
which is large in one connection is small in another; 6 goals is a 
large score in a football match, but 6 runs is not a large score in a 
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cricket match; and 400 runs is a large score, but £400 is not a 
large income: and so of course in mathematics large generally 
means large enough, and what is large enough for one purpose 
may not be large enough for another. 

We know now what is meant by the assertion has the 
property P for large values of n’. It is with assertions of this 
kind that we shall be concerned throughout this chapter. 

55. The phrase ‘n tends to infinity’. There is a some¬ 
what different way of looking at the matter which it is natural to 
adopt. Suppose that n assumes successively the values 1, 2, 3,.... 
The word ‘successively’ naturally suggests succession in time, 
and we may suppose n, if we like, to assume these values at suc¬ 
cessive moments of time (e.g. at the beginnings of successive 
seconds). Then as the seconds pass n gets larger and larger and 
there is no limit to the extent of its increase. However large a 
number we may think of, a time will come when n has become 
larger than this number. 

It is convenient to have a short phrase to express this unending 
growth of n, and we shall say that n tends la infinity, or n -> co, 
this last symbol being usually employed as an abbreviation for 
‘infinity’. The phrase ‘tends to’ like the word ‘successively’ 
naturally suggests the idea of change in time, and it is sometimes 
convenient to think of the variation of n as accomplished in time 
in the manner described above. This however is a mere matter of 
convenience, the variation of n having usually nothing to do 
with time. 

The reader cannot impress upon himself too strongly that 
when we say that n ‘tends to oo’ we mean simply that n is 
supposed to assume a series of values which increase beyond all 
limit. There is no number ‘infinity’: such an equation as 

n = oo 

is as it stands meaningless : a number n cannot be equal to oo, 
because ‘equal to oo’ means nothing. So far in fact the symbol 
oo means nothing at all except in the one phrase ‘tends to oo’, 



54-56J POSITIVE INTEGRAL VARIABLE 117 

the meaning of which we have explained above. Later on we 
shall learn how to attach a meaning to other phrases involving 
the symbol oo, but the reader will always have to bear in mind 

(1) that oo by itself means nothing, although phrases containing 
it sometimes mean something, 

(2) that in every case in which a phrase containing the symbol 
oo means something it will do so simply because we have pre¬ 
viously attached a meaning to this particular phrase by means of 
a special definition. 

Now it is clear that if <j>{n) has the property P for large values 
of n , and if n ‘tends to oo’, in the sense which we have just 
explained, then n will ultimately assume values large enough to 
ensure that <f>(n) has the property P. And so another way of 
putting the question ‘what properties has <p(n) for sufficiently 
large values oinV is ‘how does <fi{n) behave as n tends to oo? ’ 

56. The behaviour of a function of n as n tends to 
infinity. We shall now proceed, in the light of the remarks 
made in the preceding sections, to consider the meaning of some 
kinds of statements which recur continually in higher mathe¬ 
matics. Let us consider, for example, the two following state¬ 
ments: (a) ljn is small for large values of n, (b) 1 — (1/n.) is nearly 
equal to 1 for large values of n. Obvious as they may seem, there 
is a good deal in them which will repay the reader’s attention. 
Let us take (a) first, as being slightly the simpler. 

We have already considered the statement ‘ 1/n is less than -01 
for large values of n'. This, we saw, means that the inequality 
1/n <-01 is true for all values of n greater than some definite 
value, in fact greater than 100. Similarly it is true that ‘ 1/n is 
less than -0001 for large values of n’: in fact ljn < -0001 ifn > 10000. 
And instead of -01 or -0001 we might take -000001 or -00000001, 
or any positive number we like. 

It is obviously convenient to have some way of expressing the 
»fact that any such statement as ‘1/n is less than -01 for large 
values of n’ is true, when we substitute for -01 any smaller 
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number, such as -0001 or -000001 or any other number we care 
to choose. And clearly we can do this by saying that ‘however 
small 8 may be (provided of course it is positive), then 1 jn<8 for 
sufficiently large values of n’. That this is true is obvious. For 
1/re < 8 if n > 1 jS, so that our ‘ sufficiently large ’ values of n need 
only all be greater than 1 jS. The assertion is however a complex 
one, in that it really stands for the whole class of assertions which 
we obtain by giving to 8 special values such as -01. And of course 
the smaller S is, and the larger 1 /S, the larger must be the least of 
the ‘sufficiently large’ values of n, values which are sufficiently 
large when S has one value being inadequate when it has a smaller. 

The last statement italicised is what is really meant by the 
statement (a), that 1 jn is small when n is large. Similarly ( b ) 
really means “if <p(n) = 1 — (1 jn), then the statement ‘ 1 — < S 

for sufficiently large values of n ’ is true whatever positive value 
(such as -01 or -0001) we attribute to 8”. That the statement ( b ) 
is true is obvious from the fact that 1 — <f>(n) = 1 jn. 


There is another way in which it is common to state the facts 

expressed by the assertions (a) and (6). This is suggested at once 

by §55. Instead of saying ‘ 1/re is small for large values of re’ we 

say ‘ 1/re tends to 0 as (or when) n tends to oo’. Similarly we say 

that ‘ 1 — (1/w) tends to 1 as re tends to oo’; and these statements 

are to be regarded as strictly equivalent to (a) and (b). Thus the 

statements ,,, . ... . . , 

1/re is small when re is large , 

‘ 1/re tends to 0 as re tends to oo’, 


are equivalent to one another and to the more formal statement 

‘if 8 is any positive number, however small, then 1/re < 8 
for sufficiently large values of re’, 

or to the still more formal statement 


‘if 8 is any positive number, however small, then we can 
find a number re # such that 1/re < 8 for all values of re greater 
than or equal to re 0 ’. 

The number re 0 which occurs in the last Statement is of course 
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a function of 8. We shall sometimes emphasise this fact by 
writing n 0 in the form n 0 (8). 

The reader should imagine himself confronted by an opponent who 
questions the truth of the statement. He would name a series of numbers 
growing smaller and smaller. He might begin with -001. The reader would 
reply that 1 /n < -001 as soon as n> 1000. The opponent would be bound 
to admit this, but would try again with some smaller number, such 
as -0000001. The reader would reply that l/n<-0000001 as soon as 
n> 10000000: and so on. In this simple case it is evident that the reader 
would always have the better of the argument. 

We shall now introduce yet another way of expressing this 
property of the function 1 /m. We shall say that ‘the limit of l/n 
as (or when) n tends to oo is 0 a statement which we may express 
symbolically in the form 

lim - = 0, 

or simply lim (1 /m) = 0. We shall also sometimes write 
‘ l/n, ^ 0 as »-m£>’ 

which may be read ‘ l/n tends to 0 as n tends to oo’; or simply 
‘ l/n -> 0 ’. In the same way we shall write 

lim (l — M = 1, lim(l — = 1, 

n-> oo \ nj \ Til 

or 1 —(1 /m)->1. 

57. Now let us consider a different example: let <p(n) = n 2 . 
Then ‘n 2 is large when n is large'. This statement is equivalent to 
the more formal statements. 

‘if A is any positive number, however large, then n 2 > A 
for sufficiently large values of n 

‘we can find a number n 0 {ri) such that n 2 > A for all values 
of n greater than or equal to n 0 (A)’. 

And it is natural in this case to say that ‘n 2 tends to 00 as n tends 
to 00 \ or ‘n 8 tends to 00 with n and to write 

n 2 ->ao. 

x Finally consider the function <f>(n) — —n 2 . In this case <j>(n) 
is large, but negative, when n is large, and we naturally say that 
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‘ — n 2 tends to — go as w tends to oo ’ and write 

— n 2 -+ — go. 

And the use of the symbol — oo in this sense suggests that it will 
sometimes be convenient to write n 2 -* + r Xi for w 2 -*-oo, and 
generally to use +oo instead of co, in order to secure greater 
uniformity of notation. 

But we must once more repeat that in all these statements the 
symbols oo, + oo, — co mean nothing whatever by themselves, and 
only acquire a meaning when they occur in certain special con¬ 
nections in virtue of the explanations which we have just given. 

58. Definition of a limit. After the discussion which 
precedes the reader should be in a position to appreciate the 
general notion of a limit. Roughly we may say that <f>(n) tends to 
a limit l as n tends to oo if <j>(n) is nearly equal to l when n is large. 
But although the meaning of this statement should be clear 
enough after the preceding explanations, it is not, as it stands, 
precise enough to serve as a strict mathematical definition. It is, 
in fact, equivalent to a whole class of statements of the type 
‘for sufficiently large values of n, <j>(n) differs from l by less than 8’. 
This statement has to be true for 8 = -01 or -0001 or any positive 
number; and for any such value of 8 it has to be true for any value 
of n after a certain definite value n 0 (8), though the smaller 8 is 
the larger, as a rule, will be this value n g (8). 

We accordingly frame the following formal definition: 

Definition I. The function <f>(n) is said to lend to the limit l as 
n tends to oo, if, however small be the positive number 8, <f>(n) differs 
from l by less than 8 for sufficiently large values of n; that is to say 
if, however small be the positive number 8, we can determine a 
number n 0 (8) corresponding to 8, such that <j>(n) differs from l by 
less than 8 for all values of n greater than or equal to n 0 {8). 

It is usual to denote the difference between <j>{n) and l, taken 
positively, by | <j>{n) — l |. It is equal to <f>{n) — l or to 
whichever is positive, and agrees with the definition of the 
modulus of <p(n) — l, as given in Ch. Ill, though at present we are 
only considering real values, positive or negative. 
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With this notation the definition may be stated more shortly 
as follows: ‘ if, given any positive number, 8, however small, we can 
find n 0 (8) so that | <j)(n) — 1 1 < 8 when n > n 0 (8), then we say that 
<p(n) tends to the limit l as n tends to oo, and write 
lim = l’. 

n-r °o 

Sometimes we may omit the ‘ n -*■ oo ’; and sometimes it is convenient, 
for brevity, to write <f>(n) -rl. 

The reader will find it instructive to work out, m a few simple cases, the 
explicit expression of n 0 as a function of 8. Thus if ft[x) = 1 n then 1 = 0, 
and the condition reduces to \jn<8 for njti,, which is satisfied if 
n 0 = 1 +[1/(5]*. There is one and only one ease m which the same n 0 will 
do for all values of 8 If, from a certain valuo IV of n onwards, <p(n) is 
constant, say equal to C, then it is evident that <j>{n) — C = 0 for n>N, 
so that the inequality j — C | <5 is satisfied for nSt-N and all positive 
values of 8 And if | {5(a) — /1 < i for n > IV and all positive values of 8, then 
it is evident that f(n) = l when n £ N, so that <j>(n) is constant for all such 
values of n. 

59. The definition of a limit may be illustrated geometrically 
as follows The graph ot fi(n) consists of a number of points 
corresponding to the values n = 1, i, 3, ... 

Draw the line y = l, and the parallel lines y = 1 — 8, y = J + 8 
at distance 5 from it. Then 


hm <j)(n ) = / 

rt-+ oo 



Fig 25 


' * Here and henceforward we shall use [ x ] in the sense of Ch II, 1 . 0 . as the greatest 
integer not greater than x. 
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if, when once these lines have been drawn, no matter how close 
they may be together, we can always draw a line x = n 0 , as in the 
figure, in such a way that the point of the graph on this line, and 
all points to the right of it, lie between them. We shall find this 
geometrical way of looking at our definition particularly useful 
when we come to deal with functions defined for all values of a 
real variable and not merely for positive integral values. 

60. So much for functions of n which tend to a limit as n 
tends to oo. We must now frame corresponding definitions for 
functions which, like the functions n 2 or — n 2 , tend to positive or 
negative infinity. The reader should by now find no difficulty in 
appreciating the point of 

Definition II. The function <j>(n) is said to tend to +oo 
(positive infinity) with n if, when any number A, however large, 
is assigned, we, can determine n 0 (A ) so that <j>(n) > A when n > n a (A); 
that, is to say if, however large A may be, fi(n) > A for sufficiently 
large values of n. 

Another, less precise, form of statement is ‘if we can make 
<j>(n) as large as we please by sufficiently increasing n \ This is open 
to the objection that it obscures a fundamental point, viz. 
that <p(n) must be greater than A for all values of n such that 
n £ n 0 (A), and not merely for some such values. But there is no 
harm in using this form of expression if we are clear what it 
means. 

When <f>(n) tends to +oo we write 
<f>(n)-> + oo. 

We may leave it to the reader to frame the corresponding 
definition for functions which tend to negative infinity. 

61 . Some points concerning the definitions. The reader 

should be careful to observe the following points. 

(1) We may obviously alter the values of 4>(n) for any finite 
number of values of n, in any way we please, without in any way 
affecting the behaviour of <f>(n) as n tends to oo. For example 
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l/» tends to 0 as ft tends to oo. We may deduce any number of 
new functions from 1/n by altering a finite number of its values. 
For instance we may consider the function <f>(n) which is equal to 
3 for « = 1,2,7,11,101,107,109,237 and equal to 1/ft for all other 
values of n. For this function, just as for the original function 
1/n, lim <j>{n) = 0. Similarly, for the function $(n) which is equal 
to 3 if n = 1, 2, 7, 11, 101, 107,109, 237, and to n 2 otherwise, it is 
true that <j>(n) -> + oo. 

(2) On the other hand we cannot as a rule alter an infinite 
number of the values of fi(n) without affecting fundamentally its 
behaviour as »tends to oo. If for example we altered the function 
1/ft by changing its value to 1 whenever ft is a multiple of 100, it 
would no longer be true that lim^(n) = 0. So long as a finite 
number of values only were affected, we could always choose the 
number m 0 of the definition so as to be greater than the greatest 
of the values of n for which fi(n) was altered. In the examples 
above, for instance, we could always take n B > 237, and indeed we 
should be compelled to do so as soon as our imaginary opponent 
of § 56 had assigned a value of 8 as small as 3 (in the first example) 
or a value of A as great as 3 (in the second). But now however 
large w 0 may be there will be greater values of n for which <j>(n) 
has been altered. 

(3) In applying the test of Definition I it is essential that the 
inequality \<p{n) — l\ <8 should be satisfied not merely when 
ft = ft 0 but when n S w 0 , i.e. for n 0 and for all larger values of re. 
It is obvious, for example, that, if <p(n) is the function last con¬ 
sidered, then given 8 we can choose n 0 so that | <j>(n) | < 8 when 
re = re 0 : we have only to choose a sufficiently large value of n 
which is not a multiple of 100. But, when n 0 is thus chosen, it is 
not true that | <j>(n) | < 8 when n ^ re 0 : all the multiples of 100 which 
are greater than n 0 are exceptions to this statement when 8 g 1. 

(4) If <f>(n) is always greater than l, we can replace | fi(n) — 1 1 

by Thus the test whether 1/re tends to the limit 0 as re 

tends to oo is simply whether 1 jn<8 when re i re 0 . If however 
<p{n) = (—l) n /w, then l is again 0, but — l is sometimes 
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positive and sometimes negative. In such a case we must state 
the condition in the form | 4>(n) — for example, in' this 

particular case, in the form | <j>(n) j < S. 

(5) The limit l may itself be one of the actual values of <f>{n). 
Thus if <p(n) = 0 for all values of n, it is obvious that lim <f>{n) = 0. 
Again, if we had, in (2) and (3) above, altered the value of the 
function, when n is a multiple of 100, to 0 instead of to 1, we 
should have obtained a function f>(n) which is equal to 0 when n 
is a multiple of 100 and to 1 jn otherwise. The limit of this function 
as n tends to co is still zero. This limit is itself the value of the 
function for an infinite number of values of n, viz. all multiples 
of 100. 

On the other hand the limit itself need not ( and in general will 
not) be the value of the function for any value ofn. This is sufficiently 
obvious in the case <f>(n) = l/n. The limit is zero; but the func¬ 
tion is never equal to zero for any value of n. 

The reader cannot impress these facts too strongly on his 
mind. A limit is not a value of the function: it is something 
quite distinct from these values, though it is defined by its rela¬ 
tions to them and may possibly be equal to some of them. For 

the functions ,, . , 

<p(n) = 0,1, 

the limit is equal to all the values of <f{n): for 

<f(n) = l/n, (-1)"/«, 1 + (l/n), 1 +{(- lyjn) 

it is not equal to any value of <j>{n): for 

<p{n) = (sin {nn)ln, 1+{(sin^n,7i)/n} 

(whose limits as n tends to cc are easily seen to be 0 and 1, since 
sin \nrr is never numerically greater than 1) the limit is equal to 
the value which f>(n) assumes for all even values of n, but the 
values assumed for odd values of n are all different from the limit 
and from one another. 

(6) A function may be always numerically very large when n 
is very large without tending either to + oo or to — co. A sufficient 
illustration of this is given by <f>(n) = (— l) n n. A function can 



61] POSITIVE INTEGRAL VARIABLE 126 

only tend to +oo or to — oo if, after a certain value of n, it 
maintains a constant sign. 

Examples XXI11. Consider the behaviour of the following functions 
of x as x tends to oo: 

1. (p(n) = n‘, where k is a positive or negative integer or rational 
fraction. If k is positive, then n k tends to + oo with n. If i is negative, then 
limn 1 = 0. If k = 0, then n k = 1 for all values of n. Hence hni n k = 1. 

The reader will find it instructive, even in so simple a case as this, to 
write down a formal proof that the conditions of our definitions tun 
satisfied. Take for instance the case of k > 0. Let A be any assigned posi¬ 
tive number. We wish to choose n 0 so that n k > A when n>n„. We have 
m fact only to take for n„ any number greater than fJA. If e.g. k = 4, then 
n*> 10000 when »2 11, »‘> 100000000 whon ni 101, and so on. 

2. <j>( n) = p„, where p„ is the nth prime number. If there were only a 
finite number of primes then 0(n) would be defined only for a finite 
number of values of n. There are howcv er, as was first shown by Euclid, 
infinitely many primes. Euclid’s proof is as follows Let 2, 3, 5, . , p„ be 
all the primes up to p N , and let P = (2 3.5 p x )+ 1- Then P is not 
divisible by any of 2, 3, 5, , p N . Hence either P is prime, or P is divisible 
by a prime p between p„ and P. In either case there is a prune greater 
than p x , and so an infinity of primes. 

Since <p(n) > n, <p(n) -y oo. 

3. Let <p(n) be the number of primes less than n. Here again <p(n) -y + co. 

4. <p(n) = [an], whore a is any positive number. Here 

— 0 (0g»<l/a), <p{n) — 1 (l/aS«<2/a), 

and so on, and </>(n) -y + oo. 

5 If <f>(n) = 1000000/n, then hm <p{n) = 0- and if i/r(n) = »/1000000, 
then -y + oo These conclusions are in no way affected by the fact that 
at first ^(n)ismuch larger than ^'(n),bemgin fact largeruntiln = 1000000. 

6. </>{n) = l/{n —(—1)"}, n — (— 1)", n{l —(—1)"}, The first function 
tends to 0, the second to + oo, the third does not tend either to a limit or 
to +oo. 

7. 'pin) = {Bmn0n)/n, where 6 is any real number. Here j <p(n\\ < 1/n, 
smee | sm n6ir | g 1, and lim <p[n) = 0. 

8. <p{n) = (sin.ndn)l«Jn, (acos* nO + b sm'n#)/n, where a and b are any 
real numbers. 

'9. <p(n) = sin n$n If 6 is integral then <fi(n) = 0 for all values of n, and 
therefore lim^(n) = 0. 
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Next 1st 6 be rational, e.g.'d = p/q, where p and q are positive integers. 
Let n = aq + b, where a, is the quotient and 6 the remainder when » ie 
divided by q. Then sin (npn/q).= {-1)” sin (hpitjq). Suppose, for example, 
p even; then, as m increases from 0 to q— 1, <j>(n) takes the values 


pn . 2pir . (q — l)pn 

am—, sin-, ..., am-—— 

9 ? 


9 


When n increases from q to 2q— 1 these values are repeated; and so also 
as n goes from 2q to 3q — 1, 3# to 4q — 1, and so on. Thus the values of <j>(n) 
form a eyolic repetition of a finite series of different values. It is evident 
that when this is the case fb(n) cannot tend to a limit, nor to + oo, nor to 
— oo, as n tends to infinity. 


The case in which 6 is irrational is a little more difficult. It is discussed 
in the next set of examples. 


62. Oscillating functions. Definition. When <f>(n) does 
not tend to a limit, nor to + oo, nor to — oo, as n tends to oo, we say 
that <}>{n) oscillates as n tends to oo, 

A function <j>(n) certainly oscillates if its values form, as in the 
case considered in the last example above, a continual repetition 
of a cycle of different values; but of course it may oscillate without 
possessing this peculiarity. Oscillation is defined in a negative 
manner; a function oscillates when it does not do certain other 
things. 

The simplest example of an oscillatory function is given by 
<p{n) = (-1)", 

which is equal to +1 when n is even and to — 1 when n is odd. 
In this case the values recur cyclically. But consider 
<j>{n) = ( —1)'* + »~ 1 , 
the values of which are 

— 1 + 1, 1 + J, —1+^-, 1 + J, — 1+j-, .... 

When n is large every value is nearly equal to + 1 or — 1, and 
obviously does not tend to a limit or to + oo or to — oo, and 
therefore it oscillates: but the values do not recur. It is to be 
observed that in this case every value of <j>{ri) is numerically less 
than or equal to f. Similarly 

<p{n) = (-1)* 100+1000 n~ l 
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oscillates. When n is large, every value is nearly equal to 100 or 
to -100. The numerically greatest value is 900 (for it= 1). 
But now consider <j>(n) = (— l) n », the values of which are — 1, 2, 

— 3, 4, — 6.This function oscillates, for it does not tend to a 

limit, nor to +oo, nor to -co; and in this case we cannot assign 
any limit beyond which the numerical value of the terms does 
not rise. The distinction between these two examples suggests a 
further definition. 

Definition. If <f>(n) oscillates as n tends to oo, then <f>(n) will 
be said to oscillate finitely or infinitely according as it is or is not 
possible, to assign a number K such that all the values of <j>(n) are 
numerically less than K, i.e. | <p(n) j < K for all values of n. 

These definitions, as well as those of §§ 58 and 60, are further 
illustrated in the following examples. 

Examples XXIV. Consider the behaviour as n tends to oo of tho 
following functions: 

1. (-1)", f> + 3( — 1)“, 1000000ra~' + (- 1)”, 1000000(-+ 

2. <—l)«n, 1000000+ ( — l)”n. 

3. 1000000 —n, (-1)" (1000000 —«). 

4. n{l + (— 1)”}. In this case the values of 0(n) are 

0, 4, 0, 8, 0, 12, 0, 16. 

The odd terms are all zero and the even terms tend to + oo: (j>(n) oscillates 
infinitely. 

5. n 2 + (— 1)" 2n. The second term oscillates infinitely, but the first is 
very much larger than the second when n is large. In fact <j>(n) gn s — 2n 
and n 2 — 2n = (n— l) 8 - 1 is greater than any assigned value A if 
n > 1 + f(A + 1). Thus <j>(n) -* + oo. It should be observed that in this case 
rj>(2k, +1) is always less than 0(2 k), so that the function progresses to 
infinity by a continual series of steps forwards and backwards. It does not 
however 1 oscillate ’ according to our definition of the term, 

6. n 2 {l + (— 1)"}, (-l)"n , + n,n 1 + (- l) n n 2 . 

7. sinndn. We have already seen (Exs. xxm. 9) that <j>(n) oscillates 

finitely when 6 is rational, unless 8 is an integer, when <j>(n) = 0, -+0. 

The case in which 6 is irrational is a little more difficult, but we can 
still prove that 0(n) oscillates finitely. We may suppose without real loss 
of generality that 0 < 8 < 1, 
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First, since | <f>(n) | < 1, <j>(n) either oscillates finitely or tends to a limit. 

If sin ndn -* l, then 

2co8(»+i)07T8ini0jr = am(n + l)6n — sin n0ir0, 
and therefore cos (n + i) dn -*■ 0. Henoe 

(»+ l)d = fe n + i + 6n. 

where k„ is an integer and £„ ->-0; and hence 

6 = fc (1 -fe fl - 1 + e„-e„-.i = l„ + 1?„, 

where l„ is an mteger and i?„ -+ 0. This is plainly impossible, since d is 
constant and lies between 0 and 1. 

Prove similarly that cos ndn oscillates finitely unless 6 is an even integer. 

8. It is not possible, unless 8 is an mteger, that smn07r or cos ndn 
should be nearly equal, for all large n, to one or other of two values o, b. 
[This may be proved by arguments similar to, but a little more com¬ 
plicated than, those of Ex 7.] 

9. sin nOn + n, sin ndn + n~ l , (— 1)” sm ndn. 

10. a cos ndn + 6 sm ndn, sm* ndn, a cos 2 ndn + bam* ndn 

11. tisrn ndn. If n is integral, then <j>(n) — 0, </>(n) -*■ 0 If 8 is rational 
but not integral, or irrational, then <j>(n) oscillatos infinitely 

12. n(a cos* ndn + b sin* ndn) In this case <j>(n) tends to + oo if a and b 
are both positive, but to — oo if both are negative. Consider the special 
cases in which a = 0, b > 0, or a > 0,6 = 0, or a — 0, 6 = 0 If a and 6 have 
opposite signs, <j>(n) generally oscillates infinitely. Consider any exceptional 
cases. 

13. sm n' On. If 0 has a rational valuo pjq, then n'0 is certainly integral 
for all values of n greater than or equal to q. Hence f>(n) -> 0 The case m 
which 6 is irrational cannot be dealt with without the aid of c onsidorations 
of a much more difficult character. 

14. an — [bn], (— l)"(on — [bn]). 

15. The smallest 'prime factor of n. When n is a prime, <j>(n) = n When 
n is even, <j>(n) — 2. Thus f>(n) oscillates infinitely. 

16. The largest prime factor of n. 

17. The number of days m the year n A.D. 

Examples XXV. 1. If f>(n) ->■ + oo and S: f>(n) for all values of 
n, then f(n) -> + oo. 

2. If <j>{n) ->■ 0, and ) ij/(n) ] g ] <j>{n) | for all values of n, then fr{n) -*■ 0. 

3. If lim ] j6(n) | = 0, then lim <j>{n) = 0. 

4. If (6(n) tends to a limit or osoillates finitely, and | fr(n) | < | <j>{n) | 
when n g n 0 , then i/r(n) tends to a limit or oscillates finitely. 
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5. If <j>(n) tends to + ao or to — oo or oscillates infinitely, and 

I f(n) I £ I <t>(n) I 

when n Sr n 0 , then \'r(n) tends to + oo or to —coot oscillates infinitely. 

6. ‘If 4>{n) oscillates and, however great be n 0 , we can find values of » 
greater than n 0 for which rjf(n) > <f>(n), and values of n greater than « 0 for 
which ^(n) < 0(n), then if(n) oscillates.’ Is this true? If not give an 
example to the contrary. 

7. If -*• l as n -> oo, then also <j>{n + p) -*■ l, p being any fixed integer. 
[This follows at once from the definition. Similarly we see that, if <jj(n) 
tends to + oo or to — oo or oscillates, so also does <j>(n +p)-] 

8. The same conclusions hold (except in the case of oscillation) if p 
varies with n but is always numerically less than a fixed positive integer N ; 
or if p varies with n in any way, so long as it is always positive. 

9. Determine the least value of n, for which it is true that 

(a) n‘ + 2n> 999999 (nin,), (b) n‘+ 2n> 1000000 (ninj. 

10. Determine the least value of n 0 for which it is true that 

(a) n + (— 1)"> 1000 (n|n,), (6) n + (- 1)»> 1000000 (n£n 0 ). 

11. Determine the least value of n„ for which it is true that 

(a) n* + 2n>d (nin,), (6) n + ( —1)">/1 

A being any positive number. 

[(a) n 0 = A + 1)]: (b) w 0 = 1 + [d] or 2 +[A], according as [A] is odd 
or even, i.o. n 0 = 1 + [d]+ |{1 + (— l) W1 }.] 

12. Determine the least value of n 0 such that 

n 1 (— 11" 

(a) —-< 0001, (6) - + -——— < -00001, 

n. 2 +1 n n 2 

when n S n 0 . [Let us take the latter case. In the first place 

1 ( — ll- ^n+l 

n n 2 — n 2 ’ 

and it is easy to see that the least value of n 0 , such that (n+ 1 )/n*< -000001 
when «Sn 0 , is 1000002. But the inequality given is satisfied by 
n= 1000001, and this is the value of « 0 required.] 

63. Some general theorems with regard to limits. 
A. The behaviour of the sum of two functions whose 
behaviour is known. 

' Theorem I. If <f>(n) and i/f(n) tend to limits a,b, then + i}r(n) 
tends to the limit a+ b. 


am 


9 
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This is almost obvious*. The argument which the reader will 
at once form in his mind is roughly this: ‘ when nfe large, <f>{n) is 
nearly equal to a and ijf(n) to b, and therefore their sum is nearly 
equal to a + b’. It is however desirable to state the argument 
quite formally. 

Let 8 be any assigned positive number (e.g. -001, -0000001,...). 
We require to show that a number « 0 can be found such that 

| <j>{n) + — a — b | < 8 . ( 1 ) 

when n ^ n 0 Now by a proposition proved in Ch. Ill (more 
generally indeed than we need here) the modulus of the sum of 
two numbers is less than or equal to the sum of their moduli. Thus 
| tj>(n) + \!>(n)-a-b \ ^ [ <f(n)-a | + | i]r(n)-b\. 

It follows that the desired condition will certainly be satisfied if 
n 0 can be so chosen that 

\4>(n)-a\ + \xlr(n)~b\<d .(2) 

when n g n 0 . 

Given any positive number 8', we can find n x so that 
| fi(n) - a | < 8' for n g % We take S' = 15, so that | — a ] < }8 

when n S n v Similarly we can find n„ so that | i/r(n) — 6 j < 15 
when n g n 2 . Now take n 0 to be the greater of the two numbers 
n v n 2 . Then |^(n) — a|<J5 and \ ijr(n) — b \ < 18 when wgn 0 , 
and therefore (2) is satisfied and the theorem is proved. 

* There ib a certain ambiguity m this phrase which the leader will do well to 
notice. When one says ‘such and such a theorem is almost obvious' one may mean 
one or other of two things One may moan it is difficult to doubt the truth of the 
theorem’, ‘the theorem is such as common sense instinctively accepts’, aa it 
accepts, for example, the truth of the propositions ‘ 2 + 2 = 4’ or ‘ the base angles of 
an isosceles triangles are equal’ That a theorem is ‘obvious’ in this sense does not 
prove that it is true, since the most confident of the intuitive judgments of common 
sense are often found to be mistaken, and even if the theorem is true, the fact that 
it is also ‘obvious’ is no reason for not proving it, if a proof can be found The object 
of mathematics is to prove that certain premises imply certain conclusions, and the 
fact that the conclusions may be as ‘obvious’ as the premises never detracts from 
the necessity, and often not even from the interest of the proof 

But sometimes (as for example here) we mean by ‘this is almost obvious’ some¬ 
thing quite different from this. We mean ‘a moment’s reflection should not only 
convince the reader of the truth of what is stated, but should also suggest to him the 
general lines of a rigorous proof’ And often, when a statement is ‘obvious’ in this 
sense, one may well omit the proof, not because the proof is unnecessary, but because 
it is a waste of time to state in detail what the reader can easily supply for himself. 

The substance of these remarks was suggested to mo many years ago by Prof. 
Littlewood 
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The argument may be stated concisely thus: since lim <f(nj = a and 
lim tjr(n) = b, we can choose n t , n, so that 

\<j>(n) — a\<\8 (n'Znf), ]^(n) — b|<J5 (ujn,); 

and then, if n is not less than oither n L or 

| <f>{n) + \j/(n) — a — b | S j <j>[n) — a | 4- | fi(n) — 6 j <5; 
and therefore lim {<j>(n) 4- i^(n)( = a + b. 

64. Results subsidiary to Theorem I. The reader should 
have no difficulty in verifying the following subsidiary results. 

1. If <f>(n) tends to a limit, but fr(n) tends to +co or to — co or 
oscillates finitely or infinitely, then fi(n) + fi(n) behaves like fr{n). 

2. If <j>(ri) -> + oo, and fi(n) -> + oo or oscillates finitely, then 
(j>(n) + ijr{n)-> + cG. 

In this statement we may obviously change + co into — oo 
throughout. 

3. If r/)(n) -> 4- co and — go, then fi(n)+fr(n) may tend 

either to a limit or to 4-oo or to —co or may oscillate either finitely 
or infinitely. 

These live possibilities are illustrated m order by {i)f>(n) = n,fi(n) = — n, 
(ii)0(n) = n a , </r(n ) - — n, (iii) <p(n) — n,ijr(n) — — n 2 ,(iv)<f>(n) =n + ( - l) n , 
fr(n) — —n, (v) <j >(«) = n 2 + ( — l)"n, fi[n) = — n 2 . 

4. If (j)(ri) -* + co and fi(n) oscillates infinitely, then <p(n) + ijr[n) 
may tend to 4- oo or oscillate infinitely, but cannot tend to a limit, or 
to —oo, or oscillate finitely. 

For fr(n) — {f>(n) 4- fr(n)} — <fi(n);and, if <j>(n) + fr(n) behaved in any of the 
three last ways, it would follow, from the previous results, that fr(n) -> — go , 
which is not tho case. As examples of the two cases which are possible, 
consider (i) f>(n) = n 2 , fi(n) = ( — 1)"», (ii) <p(n) = n, fr(n) = (— l)"n’. 
Here again the signs of 4- oo and — oo may be permuted throughout. 

5. If <p{n) and fr(n) both oscillate finitely, then f>{n) 4 - fi(n) must 
tend to a limit or oscillate finitely. 

As examples take 

(i) <t>(n) = (- 1)", fi(n) = ( —l) n+l , (ii) <j>{n) = fr(n) = (- 1)”. 

' 6. If<j>(n) oscillates finitely, and fi(n) infinitely, then <p(n) 4- fr(n) 

oscillates infinitely. 
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For <p{n) is always less in absolute value than a certain constant, say JfC. 
On the other hand y>(n), since it oscillates infinitely, must assume values 
numerically greater than any assignable number (e.g. 10/C, 1 OOF, ...). 
Hence <j>(n) + \/r(n) must assume values numerically greater than any 
assignable number (e.g. 9K, 991£, Hence <j>{n) ■+■ ijf{n) must either tend 
to + oo or — oo or oscillate infinitely. But if it tended to + oo, then 
VK") = {<f>(n) + f(n)}-<f>(n) 

would also tend to + oo, in virtue of the preceding results. Thus <j>(n) + p(n) 
cannot tend to + oo, nor, for similar reasons, to — oo: hence it oscillates 
infinitely. 

7. If both <j>{n) and \jr{n) oscillate infinitely, then <f>(n) + fr(n) may 
tend to a limit , or to 4- oo, or to — oo, or oscillate either finitely or 
infinitely. 

Suppose, for instance, that rj>(n) = ( — 1)"», while if(n) is in turn each of 
the functions (— l)” +1 n, {1 + (— l)" +1 }n, — {1 + (— l)°}n, ( — 1)" +1 (n + 1), 

(— 1)" n. We thus obtain examples of all five possibilities. 

The results 1-7 cover all the eases which are really distinct. 
Before passing on to consider the product of two functions, we 
may point out that the result of Theorem I may be immediately 
extended to the sum of three or more functions which tend to 
limits as n-^oo. 

65. B. The behaviour of the product of two functions 
whose behaviour is known. We can now prove a similar 
set of theorems concerning the product of two functions. The 
principal result is the following. 

Thkobem II. If iirn = a and lim fr(n) — b, then 
lim <j>(n) fr(n) = ah. 

Let <j>{n) = a + fifin), fr(n) = b + frfin), 

so that lim = 0 and lim \'/fin) - 0. Then 

<p(n) f(n) = ab + aififin) + bfifin) + fifin) ffin). 

Hence the numerical value of the difference <j){n)\jr{n)-ab is 
certainly not greater than the sum of the numerical values of 
afrfin), b<pfn), (pfin) frfin). From this it follows that 
lim {<f>(n) fr[n)—ab} = 0, 
which proves the theorem. 
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The following is a strictly formal proof. We have 

| <f>(n) f(n)-ab | S | affin) | + | biffin) | + | ffin) || ffin) |. 
Assuming that neither o nor b is zero, we may suppose S < 3 | a | | 6 |, and 
choose n 0 so that 

10i(») I < i<VI M> I lAi( n ) I <i^/l °!> 

when ti>n r Then 

| ?i(n) f(n) - ab | < + i S + {U J /(| a 11 b |)} < 5. 

Thus we can chooso n 0 so that | </>{n) fr(n) — ab | < S when ngn„ and the 
theorem follows. The reader should supply a proof for the case m which 
at least one of a and 6 is zero. 

We need hardly point out that this theorem, like Theorem 1, 
may be immediately extended to the product of any number of 
functions of n There is also a senes of subsidiary theorems 
concerning products analogous to those stated m § 64 for sums. 
We must distinguish now six different ways in which <j>{n) may 
behave as n tends to oo. It may (1) tend to a limit other than zero, 
(2) tend to zero, (3a) tend to +oo, (3 b) tend to — oo, (4) oscillate 
finitely, (5) oscillate infinitely. It is not necessary, as a rule, to 
take account separately of (3a) and (36), as the results for one 
case may be deduced from those for the other by a change of sign. 

To stato these subsidiary theorems at length would occupy more space 
than we can afford. We select the two which follow as examples, leaving 
the verification of them to the reader. He will find it an instructive 
oxercise to formulate some of the remaining theorems himself. 

(l) If <j>(n) ->■ + co and f/(n) oscillates finitely, then <p(n)tfi(n) must tend 
to + oo or to — oo or oscillate infinitely. 

Examples of these three possibilities may be obtained by taking to 
be n and >fi(n) to be one of the throe functions 2 + ( —1)", —2 —( —1)", 
(-I)"- 

(n) If <p(n) and fr(n) oscillate finitely, then f(n) ff(n) must tend to a limit 
(which may be zero) or oscillate finitely. 

For examples, take 

(a) <j>(n) = f(n) = (- 1)", ( b ) f(n) = 1 + (-1)«, f(n) = 1 - (- 1)», 

ani ^ (c) f(n) = cos \rm, \jr(n) = sin \mr. 

A particular case of Theorem II which is important is that in 
which ijr(n) is constant. The theorem then asserts simply that 
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lim k<p(n) = ka if lim <j>{n) = a. To this we may join the subsidiary 
theorem that if 0(w)->- + oo then + co or fc0(n)-> —co, 

according as k is positive or negative, unless k = 0, when of 
course k<f>{n) = 0 for all values of n and lim k<p{n) = 0. And if 
f>(n) oscillates finitely or infinitely, then so does k<j>{n), unless 
k = 0. 


66. C. The behaviour of the difference or quotient of 
two functions whose behaviour is known. There is, of 
course, a similar set of theorems for the difference of two given 
functions, which are obvious corollaries from what precedes. In 
order to deal with the quotient 

we begin with the following theorem. 

Theorem III. If lim <f>(n) = a, and a is not zero, then 
.. I 1 

Inn -77— = -. 

<p(n) a 

Let (f(n ) = a + </q(re), 

so that lim = 0. Then 

J_ 1 = __ j <t>i(n) 1 _ 

4>(n) a \a\\a + <t> 1 {n)\' 

and it is plain, since lim (ffn) = 0, that we can choose n 0 so that 
this is smaller than any assigned number S when n > n 0 . 

From Theorems II and III we can at once deduce the principal 
theorem for quotients, viz. 


Theorem IV. If lim <[>{n) = a and lim ij/(n) — b, and b is not 
zero, then 


6{n) a 
l J{n) = b' 


The reader will again find it instructive to formulate, prove, 
and illustrate by examples some of the ‘subsidiary theorems’ 
corresponding to Theorems III and IV. 
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67. Theorem V. If R{f>(n),i/r(n),x(n), ■•■} is any rational 
function of (j>{n), i/r(n), x( n )> •••• any function of the form 

P{<t>{n), f(n), x(n), ...)!Q{<j>{n), f{n),x{n), 
where P and Q denote polynomials in <j>{n), \jr{n ), x(n), : and if 

lim <p(n) = a, lim^!r(?i) = 6, limx(n) = c > • ••> 
and Q(a,b,c, ...)=)= 0; 

then lim R{<j>(ri), i/r(n), x( n )> •••} = R(a, b, c, ...). 

For P is a sum of a finite number of terms of the type 
A{(f[n)Y{fr(n)Y 

where A is a constant and p, q, ... positive integers. This term, 
by Theorem II (or rather by its obvious extension to the product 
of any number of functions), tends to the limit AaPtA ..., and so 
P tends to the limit P(a,b,c,...), by the similar extension of 
Theorem I. Similarly Q tends to Q(a, b, c,...); and the result 
then follows from Theorem IV. 


68. The preceding general theorem may be applied to the 
following very important particular problem: what is the behaviour 
of the most general rational f unction of n, viz. 

_ «oTi p + g 1 ra"- 1 + ...+a p 
b Q ni + b in «-' + ...+b^' 

as n tends to ao*. ? 


In order to apply the theorem we transform S(n) by writing 
it in the form 


w :p-« 


(a 0 +5+...+^)/(6 0 + ^+."+^) j. 


The function in curly brackets is of the form R{<j>{n)}, where 
cj>(n) = 1 In, and therefore tends, as n tends to oo, to the limit 
R( 0) = a 0 /b 0 . Now 0 if p<q\ = 1 and n p s->- 1 if 

p = q; and w p_a -> + oo ifp>g’. Hence, by Theorem II, 
lim$(n) = 0 ( p<q ), 
lim S(n) = ajb 0 ( p=q ), 

S(n) -> + co (p>q, a 0 /b 0 positive), 

S(n) -> — oo ( p>q , a 0 jb 0 negative). 


* Wo naturally suppose that neither a 0 nor b 0 is zero. 
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Examples XXVI. 1. What is the behaviour of the functions 
\n+1/ ’ ‘ ' Wl/ » n 

as n-roo! 

2. Which (if any) of the functions 

l/(cos* fan + n Bin 1 fan), 1/{m(co9* Jhtt + »sin 2 fan)}, 

(n cos* fan + sin* Jn7r)/{n(cos* Jutt + n sin* fan)} 
tend to a limit as n -*■ oo ? 

3. Denoting by /S(») the general rational function of n considered 
above, show that in all cases 

-S(»+l) , £{n + (l/n)} , 

hm---—- = 1, lim-—— = 1. 

S(n) S(n) 


69, Functions of n which increase steadily with n. A 

special but particularly important class of functions of n is formed 
by those whose variation as n tends to oo is always in the same 
direction, that is to say those which always increase (or always 
decrease) as n increases. Since — 56 ( 77 ) always increases if 56 ( 77 ) 
always decreases, it is not necessary to consider the two kinds of 
functions separately; for theorems proved for one kind can at 
once be extended to the other. 

Definition. The function 96 ( 77 ) will be, said to increase steadily 
with n, or to be an increasing function of n, if <f(n + 1) s? <fi( n ) for 
all values of n. 

It is to be observed that we do not exclude the case in which 
f>(n) has the same value for several values of n; all we exclude is 
possible decrease. Thus the function 

56 ( 77 ) = 2 » + (- l) n , 

whose values for n = 0, 1, 2, 3, 4, ... are 

1, 1, 5, 5, 9, 9, .... 

is said to increase steadily with n. Our definition includes even 
functions which remain constant from some value of n onwards; 
thus 56 ( 71 ) = 1 increases steadily. 

If <j>{n+\)><p{n) for all n, we say that 56 ( 77 ) is a strictly in¬ 
creasing function of 71. 
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There is one very important theorem concerning functions 
of this class. 

Theorem. If ${%) increases steadily with n, then either (i) <j>{n) 
tends to a limit as n tends to co, or (ii) <j>(n) -> + oo. 

That is to say, while there are in general jive alternatives as to 
the behaviour of a function, there are two only for this special 
kind of function. 

This theorem is a simple corollary of Dedekind’s theorem 
(§ 17). We divide the real numbers £ into two classes L and It, 
putting £ in L or R according as <j>{n)>E, for some value of n 
(and so of course for all greater values), or <j>{n) < £ for all values 
of n. 

The class L certainly exists; the class R may or may not. If it 
does not then, given any number A, however large, <j>(n)>A for 
all sufficiently largo values of n, and so 

0 (n)-> + oo. 

If on the other hand R exists, the classes L and R form a 
section of the real numbers in the sense of § 17. Let a be the 
number corresponding to the section, and let 8 be any positive 
number. Then <j>(n)<a + 3 for all values of n, and so, since 8 is 
arbitrary, <p(n)<a. On the other hand <j>(n) > a — 8 for some 
value of 7i, and so for all sufficiently large values. Thus 
a — 8<<f(n)iZa 
for all sufficiently large values of w; i.e. 

0(?i)->ra. 

It should be observed that in general <j>(n) <o for all values of n; for if 
<l>(n) is equal to a for any value of n it must be equal to o for all greater 
values of n. Thus <j>(n) can never be equal to a except in the case in which 
the valuos of are ultimately all the some. If this is so, a is the largest 
member of L; otherwise L has no largest membor. 

Cor. 1. If <p(n) increases steadily with n, then it will tend to a 
limit or to +cc according as it is or is not possible to find a number 
K such that < K for all values of n. 

We shall find this corollary very useful later on. 
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Coe. 2. If <f(n) increases steadily with n, and <f>(n) <K for all 
values of n, then <j>(n) tends to a limit and this limit is less than or 
equal to K. 

It should be noticed that the limit may be equal to K: if e.g. 
<f>{n) = 3 — (1/w), then every value of <f>[n) is less than 3, but the 
limit is equal to 3. 

Coe. 3. If <f>(n) increases steadily with n, and tends to a limit, 

^ len (j>(n) g lim <f>(n ) 

for all values of n. 

The reader should write out for himself the corresponding 
theorems and corollaries for the ease in which <j>{n) decreases as n 
increases. 


70. The great importance of these theorems lies in the fact 
that they give us (what we have so far been without) a means of 
deciding, in a great many cases, whether a given function of n 
does or does not tend to a limit as n -> oo, without requiring us to 
be able to guess or otherwise infer beforehand what the limit is. If 
we know what the limit, if there is one, must be, we can use the 

test \<j>(n)-l\<& (n2n 0 ): 

as for example in the case of <p(n) — 1 jn, where it is obvious that 
the limit can only be zero. But suppose we have to determine 
whether > ,,, 

tends to a limit. In this case it is not obvious what the limit, if 
there is one, will be: and it is evident that the test above, which 
involves l, cannot be used, at any rate directly, to decide whether 
l exists or not. 

Of course the test can sometimes be used indirectly, to prove by means 
of a reductio ad absurdam that l cannot exist. If e.g. <j>{n) = ( — l) n , it is 
clear that l would have to be equal to 1 and also equal to — 1, which is 
obviously impossible. 

71. Alternative proof of Weierstrass’s theorem of §19. The 
results of § 69 enable us to give an alternative proof of the important 
theorem proved in § 19. 
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69-72] 

If we divide PQ into two equal parts, one at least of them must contain 
infinitely many points of S. We select the one which does, or, if both do, 
we select the left-hand half; and we denote the selected half by P 1 Q x 
(Fig. 20). If P 1 Q l is the left-hand half, P x is the same point as P. 




p. 


T 

a. 

p 

Pj 

x ! 

q 2 

Q 


P, Q 4 

Tig 26 


Similarly, if we divide P x mto two halves, one at least of them must 
contain infinitely many points of S. We select the half P t Q z which does 
so, or, if both do so, we select the left-hand half. Proceeding m this way 
we can define a sequence of intervals 

PQj PiQu P^Qv P&Q&* » 

each of which is a half of its predecessor, and each of which contains 
infinitely many pomts of S. 

The points P, P v P t , progress steadily from left to right, and so P n 
tends to a limiting position T. Similarly Q„ tends to a limiting position 
T'. But TT' is plainly less than P„ <?„, whatever the \ alue of n, and P n Q„, 
being equal to PQ/ 2", tends to zero Hence T' coincides with T, and P„ 
and Q n both tend to T. 

Then T is a point of accumulation of S For suppose that £ is its 
coordinate, and consider any interval of the type (£— 8, £ + <$). If n is 
sufficiently large, P„ Q„ will he entirely inside tlus interval*. Hence 
(£ — 8, £ + 8) contains infinitely many pomts of S. 

72. The limit of x n as n tends to oo. Let us apply the 
results of §69 to the particularly important case in which 
cj)(ri) = x". If x = 1 then <f>(n) = 1 , lim fi(n) = 1 , and if x = 0 then 
<j)(n) = 0, lim <j>{n) = 0, so that these special cases need not 
detain us. 

First, suppose x positive. Then, since <p(n+ 1 ) = x^>{n), <p{n) 
increases with n if x > 1 , decreases as n increases if x < I. 

If x> 1 , then x n must tend either to a limit (which must ob¬ 
viously be greater than 1 ) or to + oo. Suppose it tends to a limit l. 


This will certainly be the case as soon as PQI2 a <8. 
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Then lim$(n +1) = lim^n) = l, by Exs. xxv. 7; but 
lim^(n+l) = limaj^n) = x\itti<f>(n) = xl, 
and therefore l — xl\ and this is impossible, since x and l are both 
greater than 1. Hence 

£"•-> + 00 (x > 1). 

Example. The reader may give an alternative proof, showing by the 
binomial theorem that x" > 1 + n5 if 5 is positive and x ~ 1 + 5, and so that 

x" -> + oo. 

On the other hand x n is a decreasing function if x< 1, and 
must therefore tend to a limit or to — oo. Since x h is positive the 
second alternative may be ignored. Thus lima:’ 1 = l, say, and as 
above l = xl, so that l must be zero. Hence 

lima-'* = 0 (0<x<l). 

Example. Provo as in the preceding example that (l,'x) n tends, to + oo 
if 0 < x < 1, and deduce that x n tends to 0. 

We have finally to consider the case in which x is negative. 
If — 1 < x < 0 and x — — y, so that 0 < y < 1, then it follows from 
what precedes that lim y n = 0 and therefore lim x" = 0. If sc = - 1 
it is obvious that x n oscillates, taking the values -1,1 alterna¬ 
tively. Finally if x < - 1, and x = — y, so that y > 1, then y u tends 
to + co, and therefore x n takes values, both positive and negative, 
numerically greater than any assigned number. Hence x n oscil¬ 
lates infinitely. To sum up: 

(j>(n) = a; n -» + oo (x>l), 
lim0(«,)=l ( x=l), 
lim <fi(n) = 0 (-lord), 
fi{n) oscillates finitely (*= — 1), 

< H n ) oscillates infinitely [x < — 1). 

Examples XXVII*. 1. If >p{n) is positive and f>(n +1) > K<b(n), 
■where K > 1, for all values of n, then <*>(n) -* + co. 

[For (j>{n)>K<j>{n— 1)> K i tf>[n-2)> 1), 

from which the conclusion follows at onoo, since K" -* co.] 

* These examples are particularly important and several of them wiU be made 
use of later in the text. They should therefore be studied very carefully. 
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2. The same result is true if the conditions are satisfied only when 

3. If <f>(n) is positive and </>(n + 1) <K$(n), where 0 <K<1, then 
lim <t>(n) = 0. This result also is true if the conditions are satisfied only 
when n £ n„. 


4. If | $6(n + 1) | < K | ( b(n) | whenng n 0 , and 0<fC < 1, then lim <p(n) = 0. 


5. If (j>(n) is positive and lim — —l> I. then d>(n) ->+ oo. 

Pt») 

[For we can determine n 0 so that {<j>(n+ \)}l{<j>(n)}> K> 1 when ngn 0 : 
we may, e.g , take K half-way between 1 and l. Now apply Ex. 1.] 


6. If 


, 4>{n+ 1) 

hm—y——-=Z, — 1 < i < l, 
<p(n) 


then lim tj'in) = 0. [This follows from Ex. 4 as Ex. 5 follows from Ex. 1.] 

7. Dotermme the behaviour, as » -roo, of $(n) = n’x", where r is any 
positive integer. 

[If x — 0 then <j>(n ) = 0 for all values of », and <j>(n) -* 0. In all other 
cases , 


<t>{n ) 


/n+ l\ r 

= U-) J 


First suppose i positive. Then <j>(n) -w-f oo if x> 1 (Ex. 5) and <j>{n) ->0 if 
* < 1 (Ex. 6). If x = 1, then <fi(n) = n r -* + oo Secondly suppose x negative. 
Then | <j>(n) | = n’ | a |" tends to + oo if | x | £ 1 and to 0 if | x | < 1. Hence 
<j>(n) oscillates infinitely if x g - 1 and <p(n) -wO if - 1 <x < 0.] 


8. Discuss n r x" in the same way. [The results are the same, except 
that <j>(n) -s- 0 when x = 1 or — l.] 


9. Draw up a table to show how n k .i'' behaves as n-roo, for all real 
values of x, and all positive and negative integral values of k. 

[The reader will observe that the value of k is immaterial except in the 
special cases when x = 1 or - 1. Since lim {(n + l)/n} k = 1, whether k be 
positive or negative, the limit of the ratio <f>{n + l)/<fi(n) depends only on 
x, and the behaviour of <fi(n) is m general dominated by the factor x n . The 
factor n k only asserts itself when x is numerically equal to 1.] 

10 . Prove that if x is positive then as n-» oo. [Suppose, e.g.,x> 1 . 

Then x, -Jx, $x, ... is a decreasing sequence, and #c > 1 for all values of n. 
Thus U 'x ->■ l, where (^1. But if l> 1 we can find values of n, as large as 
we please, for which >l or x>l n ; and, since l"-s- + co as n^-oo, this 
in impossible.] 

11. $*-*■!. [For "^(n+ljc^h if (»+l)"<n n+1 or (l + n-‘) n <n, 
which is certainly satisfied if n > 3 (see § 73 for a proof). Thus tfn decreases 
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as n increases from 3 onwards, and, since it is always greater than unity, 
it tends to a limit which is greater than or equal to unity. But if $n -*■ l, 
where l> 1, then n>l n , which is certainly untrue for sufficiently large 
values of n, since l n /n-*+ co with n (Exa. 7, 8).] 

12. a;"/n!->-0, for all values of x. [If u„ = x n /n\, then u ri+1 lu„ = z[(n+ 1), 
which tends to zero when n-> co, so that u n tends to zero (Ex. 6).] 

13. ^'(n.!) -*■ oo. [For n\>x n , however large be x, for sufficiently 
large n (Ex. 12).] 

14. Show that if — 1 < x < 1 then 

u _ m(m— 1)...(m—n+1) ^ 

" nl \n) 

tends to zero as n -> oo. 

[If m is a positive integer, u n = 0 for n > m. Otherwise 

m—n 

-Z_ = - % — r 

u n n +1 

unless x — 0.] 

73. The limit of |l + . A more difficult problem which 

can be solved by the help of § 09 arises when <]>(n) = (1 +n~ 1 ) n . 
It follows from the binomial theorem that 


H*- 


. 1 n(n— 1)1 n(n — 1)... (re — n +-1) 1 

n 1.2 n l 


1 . 2 ...re 


n n 


- 1+1+ r2( 1 'i) + ro( 1_ ;)( 1_ ;) + - 

The (p + l)th term in this expression, viz. 

is positive and an increasing function of re, and the number of 

terms also increases with n. Hence ( l + increases with re, and 

\ nj 

so tends to a limit or to + oo, as re-> co. 
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(-:r 


<1 + 1 + lVi + - + 1.2.3...n 
<1 +l + ^ + ^ 2 +... + 2ii <3 . 


cannot tend to + co, and so 


lim (l+iY*=e, 

n —> go \ 


where e is a number such that 2<c|3. 


Example. Find the limit of 


n -’‘-i(n+ 1)". 


(Math. Trip. 1934) 


74. Some algebraical lemmas. It will be convenient to prove at 
this stage a number of elementary inequalities which will be useful to us 
later on. 

(i) It is evident that if a> 1 and r is a positive integer then 
Tot r > a T ~ x + a r 2 +... + 1. 

Multiplying both sides of this inequality by a — 1, we obtain 
ra T ( a — 1 ) > of — 1 ; 

and adding r(a r — 1) to each side, and dividing by r(r + 1), we obtain 

a r+l_l a r_! 

-— ->- (a>l) .(1). 


Similarly wo can prove that 

1 — (l r+1 l-f 
r +1 r 


(0 </?< 1 ) .( 2 ). 


It follows that if r and s are positive integers, and r>s, then 

a r -l ct*-l 1 -3 r 1-3’ 

- > - , - - < - - - . 

r s r s 

Here 0 </? < 1 < a. In particular, when 8 — 1, we have 

a T — l>r(a— 1), \-p r <r(l~P) . 


(ii) The inequalities (3) and (4) have been proved on the supposition 
that t and s are positive integers. But it is easy to see that they hold under 
the more general hypothesis that r and s are any positive rational numbers. 
Let us consider, for example, the first of the inequalities (3). Let r = ajb, 
8 = c/d, where a, b, c, d are positive integers; so that ad>bc. If we put 
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a = y id , the inequality takes the form 

ly> d — l)lad>(y il! — l)/bc, 
and this we have proved already. The same argument applies to the re¬ 
maining inequalities, and it can evidently be proved m a similar manner 

that u‘-l<a(ot-l), . (5), 

if a is a positive rational number less than 1. 

(m) In what follows it is to be understood that all the letters denote 
positive numbers, that r and s are rational, and that a and r are greater than 
1, /? and s less than 1 Writing 1 //? for a, and 1/a for ft, in (4), we obtain 


a r — 1 <ra'~ 1 (a.— 1 ), I — /? r > rfi r ~ 1 ( 1 — /?) (6). 

Similarly, from (5), we deduce 

a*-l>«**- 1 («-l), 1 -p‘<8p‘-\l-li) (7). 

Combining (4) and (6), we see that 

ra r_1 (a — 1) > a'— 1 >r(a— 1) (8) 

Writing x/y for a, we obtain 

rx r ~ l (x—y)>x T ~y r >ry r - 1 (x — y) (9) 

if x>y> 0. And the same argument, applied to (5) and (7), leads to 

sx‘~ l (x — y)<x‘—y‘< sy‘~ 1 (x — y) (10) 


Examples XXVIII. 1 Verify (9) for r — 2, 3, and (10) for « = 

2. Show that (9) and (10) are also true if y > x > 0 

3. Show that (9) also holds for r < 0 

[A much more complete discussion of the inequalities (9) and (10) will 
be found in Hardy, Littlewood, and Polya, Inequalities, Ch II ] 

4. If 0(rt) l, where l > 0, as n -r oo, and k is rational, then 0* -*• I c 
[We may suppose that fc > 0, in virtue of Theorem III of § 60, and that 

H<</>< 21, as is certainly the case from a certain value of n onwards. If 

fc>1, fc0*- 1 (0-D>0‘-i‘>W*- 1 (0-l) 

or fcl*- 1 (l-0)>l‘-0‘>it0 t - , (l-0) > 

according as 0 > l or 0 < 1 It follows that the ratio of ] 0* — l k ) and | 0 — l \ 

lies between k(%l) k - x and k(2l) k ~ 1 The proof is similar when 0< k < 1 The 

result is still true when 1 = 0, if £ > 0 ] 

6 Extend the results of Exs xxvn 7, 8, 9 to the case m which r or k 
are any rational numbers. 

75. The limit of n("'x— 1) If m the first inequality (3) of §74 we 
put r = l/(n— 1), s — 1 /n, we see that 

- 1) - 1) > n($x - 1) 
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when a> 1. Thus if = n(tfa—l) then <p(n) decreases steadily as n 
increases. Also <j>(n ) is always positive. Hence <j>(n) tends to a limit l as 
n ->■ oo, and l g 0. 

Again if, in the first inequality (7) of § 74, we put s — 1/n, we obtain 

Thus 1 £ 1 — (I 1 a.) > 0. Hence, if a> 1, we have 
lim nlfifa.— 1) = /(a), 

n —> co 

where /(a) > 0. 

Next suppose /?< 1, and let /? = l/a, then n("//?— 1) = — n(”'a - l)/^a. 
Now n(^/a— 1) -*/(a), and (Exs. xxvn. 10) 

$£->-1. 

Hence, if fi = 1/a < 1, we have 

«(v'A- !)-»—/{*)• 

Finally, if * = 1, then — 1) = 0 for all values of n. 

Thus we arrive at the result: the limit 

lim n(y!r— 1) 

defines a function of .r for all positive values of x. This function fix) possesses 
the properties 

f(l'x) = -f(x), f( 1) = 0, 

and is positive or negative according as x> 1 or x< 1. Later on wo shall be 
able to identify this function with tho Napierian logarithm of x. 

Example. Provo that f{xy) = f{x) + f(y)- [Use the equations 
f(xy) = limn(”/xy— 1) = lim{n($r- 1) + n(fjy - 1)).] 

(j 76. Infinite series. Suppose that u(n) is any function of 
n defined for all values of n. If we add up the values of u(v) for 
v = 1, 2, ..., n, we obtain another function of n, viz. 

s{n) = w(l) + w(2) + ... + w(n), 

also defined for all values of n. It is generally most convenient 
to alter our notation slightly and write this equation in the form 

s H = « 1 + m 2 +... + m„, 


or, more shortly, 


s« = I 

V-l 


HPM 


IO 
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If now we suppose that s n tends to a limit s when n tends to oo, 

we have n 

lim = s. 

n-> co c°l 

This equation is usually written in one of the forms 

cO 

2 U V = 8 > % + 'W 2 + W 3+--- :=5 J 

v-1 

the dots denoting the indefinite continuance of the series of u' s. 

The meaning of the above equations, expressed roughly, is 
that by adding more and more of the u' s together we get nearer 
and nearer to the limit s. More precisely, if any small positive 
number 8 is chosen, we can choose n 0 (8) so that the sum of the 
first n a (8) terms, or any of greater number of terms, lies between 
8 — 8 and s + 8; or in symbols 

s — 8<s n <s + 8, 

if n g n Q (8). In these circumstances we shall call the series 

% + %+-•• 

a convergent infinite series, and we shall call s the sum of the 
series, or the sum of all the terms of the series. 

Thus to say that the series u, + u 2 +... converges and lias the 
sum s, or converges to the sum s or simply converges to s, is merely 
another way of stating that the sum s n - u 1 + w 2 + ... + u n of the 
first n terms tends to the limit s as v ->oo, and the consideration 
of such infinite series introduces no new ideas beyond those with 
which the early part of this chapter should already have made 
the reader familiar. In fact the sum s n is merely a function <fi(n), 
such as we have been considering, expressed in a particular form. 
Any function <fi(n ) may be expressed in this form, by writing 
$(n) = f>(l) + {<p{2)-f>{l)) + ...^{<j>(n)-f>{n-\)}-, 
and it is sometimes convenient to say that <p(n) converges (instead 
of ‘tends’) to the limit l, say, as n->oo. 

If s n -* + oo or s n -*■ — oo, we shall say that the series u 1 + u 2 + ... 
is divergent or diverges to +oo, or —oo, as the case may be. 
These phrases too may be applied to any function <j>(n ): thus if 
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$(«.)->- +oo we may say that <j>(n) diverges to +oo. If s n does not 
tend to a limit or to + oo or to — oo, then it oscillates finitely or 
infinitely: in this case we say that the series u 1 + u 2 +... oscillates 
finitely or infinitely*. 

77. General theorems concerning infinite series. When 

we are dealing with infinite series we shall constantly have 
occasion to use the following general theorems. 

(1) If u l + is convergent and has the sum s, then 

a + Mj + u 2 4-... is convergent and has the sum a + s. Similarly 
a+b+c+... + k-*<-u x +u 2 +... is convergent and has the sum 

( 2 ) If u 1 + u 2 +... is convergent and has the sum s, then 
u m+i + v-m-t 2 + • • • is convergent and has the sum 

s—u t -v,-...-u m . 

(3) If any series considered in (1) or (2) diverges or oscillates, 
then so do the others. 

(4) If «[ +w 2 +... is convergent and has the sum s, then 
fciij + ku., +... is convergent and has the sum ks. 

(5) If the first series considered in (4) diverges or oscillates, 
then so does the second, unless k = 0 . 

( 6 ) If % + m 2 +... and » 1 + r 2 +... are both convergent, then 
the series (v 1 -+ vf) + (w 2 + r 2 ) 4 -... is convergent and its sum is the 
sum of the first two series. 

All these theorems are almost obvious and may be proved at 
once from the definitions or by applying the results of §§ 63-66 
to the sum s n = u 1 + u 2 +... + u n . Those which follow are of a 
somewhat different character. 

(7) If m 1 + m 2 + ... is convergent, then Iim u n = 0 . 

* The reader should he warned that the words ‘divergent 1 and ‘oscillatory 1 are 
used differently by different writers. The use of the words hero agrees with that of 
* Bromwich’s Infinite series. In Hobson's Theory of functions of a real variable a 
series is said to oscillate only if it oscillates finitely, series whioh oscillate infinitely 
being classed as ‘divergent*. Many foreign writers use ‘divergent* as meaning 
merely ‘not convergent*. 


XO-3 
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For u n = s n — s n _ v and s n and « n-1 have the same limit a. 
Hence lim u n = s —s = 0, 

The reader may be tempted to think that the converse of the theorem 
is true and that if lim u„ = 0 then the series Su„ must be convergent. That 
this is not the case is easily seen from an example. Lot the series be 

1 +i + i + i + ••• 

so that «„ = 1/n. The sum of tho first four terms is 

l + £ + i + !>l + i + f = 1 + i + }• 

The sum of the next four terms is1+i + l + J>^ = J; the sum of the next 
eight terms is greater than , M ff = 1, and so on. Tho sum of the first 

4 + 4 + 8+ 16 + ... + 2" = 2»+* 

terms is greater than 

2+^ + ^ + ^ + ... + ^ = ${n + 3), 

and this increases beyond all limit with n: hence the series diverges to + ao. 

(8) If u l + u 2 + u 3 +... is convergent, then so is any series formed 
by grouping the terms in brackets in any way to form new single 
terms, and the sums of the two series are the same. 

The reader will be able to supply the proof of this theorem. Here again 
the converse is not true. Thus I — 1+1 — 1+... oscillates, while 

( 1 - 1 ) + ( 1 - 1 ) + ... 
or0 + 0 + 0 + 0 + ... converges to 0. 

(9) If every term u n is positive (or zero), then the series Zu n myst 
either converge or diverge to +oo. If it converges, its sum must be 
positive (unless all the terms are zero, when of course its sum is 
zero). 

For s n is an increasing function of n, according to the definition 
of § 69, and we can apply the results of that section to s n . 

(10) If every term u n is positive (or zero), then a necessary and 
sufficient condition that the series Zu n should be convergent is that 
it should be possible to find a number K such that the stem of any 
number of terms is less than K; and, if K can be so found, then the 
sum of the series is not greater than K. 

Thig also follows at once from § 69. It is perhaps hardly neces- 
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sary to point out that the theorem is not true if the condition that 
every u n is positive is not fulfilled. For example 
1-1 + 1-1 + ... 

obviously oscillates, s n being alternately equal to 1 and to 0. 

(11) If u 1 +u a +..., v 1 + v 2 + ... are two series of positive {or 
zero) terms, and the second series is convergent, and if u n g Kv n , 
where K is a constant , for all values of n, then the first series is also 
convergent, and its sum does not exceed K times that of the second. 

For if v 1 + v 2 + • ■. = t then v t + v 2 +... +v n £t for all values of n, 
and so u l J r u 2 +... +u n ^ Kt] which proves the theorem. 

Conversely, if Eu n is divergent, and v n S: Ku n , where K > 0, 
then Ev n is divergent. 

78. The infinite geometrical series. We shall now con¬ 
sider the ‘geometrical’ series, whose general term is u n — r n_1 . 
In this case 

s H = 1 + r + r 2 + ... + r tt_1 = (1 — r n )j{ 1 — r), 
except in the special case in which r = 1, when 
s n ~ 1 + 1 + ... + 1 — n. 

In the last case s, t -> + oo. In the general case s n will tend to a 
limit if and only if r n does so. Referring to the results of § 72 we 
see that the series l + r + r 2 +... is convergent and has the sum 
1/(1 — r) if and only if — 1 < r < 1. 

If ril, then s n § n . and so «„-^- + oo; i.e. the series diverges 
to +oo. If r = — 1, then s„ = 1 or s n = 0 according as n is odd 
or even: i.e. s n oscillates finitely. If r < — 1, then s n oscillates 
infinitely. Thus, to sum up, the series 1 + r + r 2 +... diverges to 
+ oo if r a 1, converges to 1/(1 -r) if — 1 < r < 1, oscillates finitely 
if r = — 1, and oscillates infinitely if r< — 1. 

Examples XXIX. 1. Recurring decimals. The commonest example 
of an infinite geometric series is given by an ordinary recurring decimal. 
Consider, for example, the decimal -21713. This stands, according to the 
'ordinary rules of arithmetic, for 

1 1 1 1 1 i 1 - J 3 'Vi 1 'l- 2687 

10 + io* + io ,+ io‘ + To‘ + io ,+ io ,+ fooo + To 5 / \ 1- Tov “ 12375 ' 
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The reader should consider where and how any of the general theorems of 
§ 77 have been used in this reduction. 

2. Show that in general 


. . Gpi&s 

•a l a l ...a m a 1 a t ...ci n = - 


99...900...0 


the denominator containing n 9’s and m 0’s. 

3. Show that a pure recurring decimal is always equal to a proper 
fraction whose denominator does not contain 2 or 5 as a factor. 


4. A decimal with m non-recurring and n recurring decimal figures is 
equal to a proper fraction whose denominator is divisiblo by 2 m or 5 m but 
by no higher power of either. 

5. The converses of Exs. 3, 4 are also true. Let i = p/q, and suppose 
first that q is prime to 10. If we divide all powers of 10 by q we can obtain 
at most q different remainders. It is therefore possible to find two numbers 
n l and n 2 , where n z >n lt such that 10"i and 10"s give the same remainder. 
Hence 10"i — 10"2 = 10 " 2 ( 10 "i ~"2 — 1) is divisible by q, and so 10"—1, 
where n = rq — n 2 , is divisible by q. Hence r may be expressed in the form 
.P/(10" — 1), or in the form p p 

Io n+ To*" + ' ’ 


i.e. as a pure recurring decimal with n figures. If oil the other hand 
q = 2*5 PQ, where Q is prime to 10, and to is the greater of a and /?, then 
10 m r has a denominator prime to 10, and is therefore expressible as the 
sum of an integer and a pure recurring decimal. But this is not true of 
lO^r, for any value of p less than to; lienco the decimal for r has exactly 
m non-recurring figures. 


6. To the results of Exs. 2-5 we must add that of Ex. I. 3. Fmally, if 
we observe that q q o 


we see that every terminating decimal can also be expressed as a mixed 
recurring decimal whose recurring part is composed entirely of 9’s. For 
example, -217 = -2101J. Thus every proper fraction can be expressed as a 
recurring decimal, and conversely. 

7. Decimals in general. The expression of irrational numbers 
as non-recurring decimals. Any decimal, whether recurring or not, 
corresponds to a definite number between 0 and 1. For the decimal 
•a l a a a 1 a l ... stands for the series 

n i . g i . a t . 

10 10 * 10 * 
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Since all the digits a r are positive, the sum s n of the first n terms of this 
series increases with n, and it is certainly not greater than •§ or 1. Henoe 
«„ tends to a limit between 0 and 1. 

Moreover no two decimals can correspond to the same number (except 
in the special case noticed in Ex. 6). For suppose that -a^a^a 3 •b 1 6,6 J ... 
are two decimals which agree as far as the figures a r _,, b r _ lt while a r >b r . 
Then a,g6 r + l>b T -b T+l b r+1 ... (unless 6 r+1 , b T+1 , ... aro all 9’s), and so 
•eqoq... cl r ci f+ i ... > ... b T bf+i • • *• 

It follows that the expression of a rational fraction as a recurring decimal 
(Exs. 2-6) is unique. It also follows that every decimal which does not 
terminate or recur represents some irrational number between 0 and 1. 
Conversely, any such number can be expressed as such a decimal. For it 
must lie in one of the intervals 

'b I’o* W" fut •••* 1 O’ !■ 

If it lies between i',,r and \\,(r + 1), then the first figure is r. By sub-dividing 
this interval into 10 parts we can determine the second figure; and so on. 
But (Exs. 3, 4) the decimal cannot recur. Thus, for example, the decimal 
1-414..., obtained by the ordinary process for the extraction of ^2, cannot 
recur. 

8. The decimals -1010010001000010... and -2020020002000020..., in 
which the number of zeros between two l's or 2’s increases by one at each 
stage, represent irrational numbers. 

9. The decimal -11101010001010..., in which the nth figure is 1 if n is 
prime, and zero otherwise, represents an irrational number. [Since the 
number of primes is infinite the decimal does not terminate. Nor can it 
recur: for if it did we could determine m and p so that m, in +p, m + 2p, 
m + 3p, ... are all prime numbers; and this is absurd, since the series 
includes m + mp*.] 

Examples XXX. 1. The series r m + r m+1 +... is convergent if 
— 1 <r< 1, and its sum is 1/(1 — r) — 1 — r —... — r m ~ x (§77, (2)). 

2. The series r m + r m+1 + ... is convergent if — 1 <r< 1, and its sum is 
r m /'(l — r) (§ 77, (4)). Verify that the results of Exs. 1 and 2 are in agreement. 

3. Prove that the series 1 + 2r+ 2r* + ... is convergent, and that its sum 
is (I+r)/(l—r), (a) by writing it in the form — 1 + 2(1 + r + r* +...), 
(/J) by writing it in the form 1 + 2(r + r 2 + ...), (y) by adding the two series 

1 + r + r* + .. •, r + r 2 +_ In each case mention which of the theorems of 

§ 77 are used in your proof. 

* All the results of Exs. xxix may be extended, with suitable modifications, to 
decimals in any scale of notation. For a fuller discussion see Bromwich, Infinite 
series, Appendix I. 
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4. Prove that the ‘arithmetic ’ series 

u + (a -h b) d* (a + 2 b) +... 

is always divergent, unless both a and 6 are zero. Show that, if 6 is not 
zero, the series diverges to + oo or to — go according to the sign of b, while 
if 6 = 0 it diverges to + oo or — oo according to the sign of a. 

5. What is the sum of the series 

(1 — r) + (r —?•*) + (r ! —r 8 ) + ... 

when the series is convergent? [The series converges only if — 1 <rg 1. 
Its sum is 1, except when r = I, when its sum is 0.] 

r 8 


6. Sum the series r s + - 


-+.... [The series is always con- 


1 + r 8 (1+r 8 ) 2 

vergent. Its sum is I + r‘, except when r = 0, when its sum is 0.] 

7. If we assume that 1 + r + r l + ... is convergent, then we can prove that 
its sum is 1/(1 —r) by means of § 77, (1) and (4). For if 1 +r + r 2 +... = « 

then g= l+r(l+r 8 +...) = 1+ts. 


r r 

8. Sum the series r + -1- — + ... 

1 + r (1 + r) 2 

when it is convergent. [The series is convergent if — 1 < 1/(1 + r)< 1, i.e\ 
if r < — 2 or if r > 0, and its sum is 1 + r, It is also convergent when r — 0, 
when its sum is 0.] 

9. Answer the same question for the series 

r T rr 

r ~T+~r + (l+r) , ~'"’ r+ l-r + (TI7-j 8 + "'’ 



10. Consider the convergence of the series 

(l+r) + (r l + r 8 ) + ..., (1 + r + r 8 ) + (r 3 + r* + r 6 ) + ..., 

1 — 2r + r 8 + r*-2r 4 + r s + (1 - 2r + r 8 ) + (r s -2r 4 + r 8 )+ .... 

and find their sums when they are convergent. 

11. If 0go n i 1 then the series a 0 + a l r + a l r i +... is convergent for 
0 <r < 1, and its sum is not greater than l/( 1 — r). 

12. If in addition the series o 0 + o, + a,+ ... is convergent, then the 
series o 0 + Ojr + a,r 2 +... is convergent for OgrSl, and its sum is not 
greater than the lesser of a 0 + a l + a B +... and 1/(1 — r). 

13. The series 1 + I + 0+lis + - 


is convergent. [For l/( 1.2... n) g 1/2” -1 .] 
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14. The senes 

II 11 1 

+ T72 + TT2^4 + ’ 1 + JL273 + I.2.3r475 + 
are convergent. 

15. The general harmonic senos 

11 1 

' 4' I— - 4- 

a a + b a + 26 

where a and b are positive, diverges to + oo. 

[For«„ = l/(a + nb)> \/{n(a + b)}. Now compare with 1 + J + } + . ] 

IR Show that the series 

(«o - “i) + («i - Ui) + («a - « 3 ) + 
is convergent if and only if «„ tends to a Unlit as n -> X 

17. If u l + u i + u 3 + is div<rg<nt, then so is any series formed by 
grouping the terms in brackets m any way to form new single terms. 

18 Any series, formed by taking a selection of the terms of a con¬ 
vergent senes of positive teims, is itself com ergent 

79. The representation of functions of a continuous 
real variable by means of limits. In the preceding sections 
we have frequently been concerned with limits such as 

lira <f> n {x), 

n —*■ <x> 

and series such as 

u x (x) + u^x) + ... = lim {u 1 {x) + u i {x)+...+u n (x)}, 

n —* oo 

in which the function of n whose limit we are seeking involves, 
besides n, another variable r. In such cases the limit is of course 
a function of x. Thus in § 75 ne encountered the function 
j(x) = lim n{Xjx- 1). 

11—> co 

and the sum of the geometrical senes l+x + x 2 +... is a function 
of x , viz. the function which is equal to 1/(1 —as) if — 1 < x < 1 and 
is undefined for all other values of x 
' Many of the apparently ‘ arbitrary' or ‘ unnatural ’ functions 
considered in Ch. II are capable of a simple representation of this 
kind, as will appear from the following examples. 
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Examples XXXI. 1. <f„(x) = x. Here n does not appear at allin the 
expression of <p„(x), and <j>{x) = lim <j>„(x) = x for all values of x. 

2. <j> n (x) = x/n. Here (p(z) = lim <p n (x) = 0 for all values of x. 

3. <f> n (x) = nx. If *>0, ^6 „(x)-> + go; if r<0, <j> n (x)^r — qo: only when 
x = 0 has <f> n (x) a limit (viz. 0) as n ->■ co. Thus <j>(x) = 0 when x — 0 and is 
not defined for any other values of x. 

4. <j> n (x) = l/nx, nx/(nx + 1). 

5. <f> n (x) = x". Here (j>(x) = 0, (— lcr< 1); rj>(x) = 1, (x= 1); and <j>(x ) 
is not defined for any other value of x. 

6. <j> n (x) = x"(l— x). Here <j>(x) differs from the ifi(x) of Ex. 5 in that 

it has the value 0 when x = 1. v 

7. <p„(x) = x"/n. Here <f>(x) differs from the <j>(x) of Ex. 6 in that it has 
the value 0 when x = — 1 as well as when x = 1. 


8- <fi„(x) = x n /(x”+ 1). [<t>(x) = 0. (-1<x<1); <j>{x) = i, (r=l); 

4>(x) = 1, (x< — 1 ori> 1); and <j>(x) is not defined when x = — 1.] 


„ j, , , *" 1 1 

9. *.(«) - xK _ 1 . x „ +1 - X „_ V 


s' + z"" x n — x~ n 


10. Prove that, if x > 0, the function (x" — 1 )/(x n + 1) tends to a limit 
when n -> oo, and that the limit has three different values in the three cases 
x < 1, x =■ 1, and x> 1. (Math. Trip. 1935) 

Discuss also the functions 

nx" — 1 x n — n 
nx n + 1’ x n + n' 


11. Construct an example in which <j>(x) = 1, (| a? | > 1); <j>(x) = 
(| x | < 1); and <j>(x) — 0, ( x = 1 and x= — 1). 


12. ?!„(*) = x\ 

13. $„{x) = 


x in -l 


,x 2n + l/ 9 x n + x~ n + n' 
x n f(x) + g(x) 
x n + l 


[Here <f>(x) =f(x),(\x\>l)-,<f>(x) = g(x), () x | < 1 ); <j>(x) = b{f(x) + g(x)}, 
(x= 1); and <j>(x) is undefined when x = — 1.] 

14. <f>„(x) = (2/7T)arctan(»x). [<j>(x) = 1, (x>0); <p(x) = 0, (x = 0); 

<j>(x) = — 1, (x<0). This function is important in the theory of numbers, 
and is usually denoted by sgn a.] 

15. <P n (x) = sin now. [4>(x) = 0 when a: is an integer; and <j>(x) is other¬ 
wise undefined (Ex. xxrv. 7).] 
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16. If <j>„(x) = sin n 1 x7t, then tj>(x) = 0 for all rational values of x 
(Ex. xxrv. 13). [The consideration of irrational values presents greater 
difficulties.] 

17. <}> n (x) = (cos'aw)”. [<1>(x) = 0 except when x is integral, when 

?5{z)=l.) 

18. If 1762 then the number of days in the year N a.d. is 

Iim {365 + (cos’ JAbr)" — (cos 2 + (cos 2 i},r,Nv) n }. 

80. The bounds of a bounded aggregate. Let S be any system or 
aggregate of real numbers s. If there is a number K such that sSK for 
every a of S, we say that S is bounded above. If there is a number k such 
that s g k for every s, we say that S is bounded below. 1 f .S' is both bounded 
above and bounded below, we say simply that S is bounded. 

Suppose first that S is bounded above (but not necessarily below). 
There will bo an infinity of numbers which possess the property possessed 
by K; any number greater than K, for example, possesses it. We shall 
prove that among these numbers there is a least*, which we shall call M. 
This number M is not exceeded by any member of iS, but every number 
less than M is exceeded by at least one member of 

We divide the real numbers l into two classes L and R, putting £ into L 
or II according as it is or is not exceeded by members of S. Then every £ 
belongs to one and one only of the classes L and If. Each class exists; for 
any number less than any member of iS belongs to L, while K belongs to R. 
Finally, any member of L is less than some member of S, and therefore 
less than any momber of If. Thus the three conditions of Dedekind’s 
theorem (§ 17) are satisfied, and there is a number M dividing the classes. 

The number M is the number whose existence we had to prove. In the 
first place, M cannot be exceeded by any member of S. For if there were 
such a member s of S, we could write s = M + 1 /, where ?/ is positive. The 
number M + would then belong to L, because it is less than s, and to If, 
because it is greater than M ; and this is impossible. On the other hand, 
any number less than M belongs to L, and is therefore exceeded by at 
least one member of S. Thus M has all the properties required. 

This number M we call the upper bound of S, and we may enunciate the 
following theorem. Any aggregate S which is bounded above has an upper 
bound M. No member of S exceeds M; but any number less than M is ex¬ 
ceeded by at least one member of S. 

* An infinite aggregate of numbers does not necessarily possess a least member. 
8The set consisting of the numbers 


for example, has no least member. 
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In exactly the same way we oan prove the corresponding theorem for 
an aggregate bounded below (but not necessarily above). Any aggregate 
S which is bounded below has a lower bound m. No member of S is less than 
m; but there is at least one member of S which is less than any number greater 
than m. 

It will be observed that, when S is bounded above, M g K, and when S 
is bounded below, m 2 k. When S is bounded, iimS M £ K. 

81. The bounds of a bounded function. Suppose that <f(n) is a func¬ 
tion of the positive integral variable n. The aggregate of all the values 
<j>(n) defines a set S, to which we may apply all the arguments of § 80. 
If S is bounded above, or bounded below, or bounded, we say that 

is bounded above, or bounded below, or bounded. If <fi(n) is bounded 
above, that is to say if there is a number K such that <j>(n) g K for all 
values of n, then there is a number M such that 

(i) <j>(n) < M for all values of n; 

(ii) if Sis any positive number then <f>(n)>M — S for at least one value ofn. 
This number M we call the upper bound of f>(n). Similarly, if tj>(n) is 
bounded below, that is to say if there is a number k such that tj>(n)^k for 
all values of n, then there is a number m such that 

(i) if>(n)2tm for all values of n; 

(ii) if S is any positive number then <f(n) <m + Sfor at least one value of n. 
This number rn we call the lower bound of <f>(n). 

If K exists, ill S A’; if fc exists, mit; and if both k and K exist, then 
igraSJUgfi. 

82. The limits of indetermination of a bounded function. Suppose 
that <f(n) is a bounded function, and M and m its upper and lower bounds. 
Let us take any real number f, and consider now the relations of inequality 
which may hold between £ and the values assumed by <f>ln) for large values 
of n. There ore three mutually exclusive possibilities: 

(1) £ > for all sufficiently large values of n; 

(2) £g0(w) for all sufficiently large values of n; 

(3) £ < <j>(n) for an infinity of values of n, and also £> ifi(n) for an 
infinity of values of n. 

In case (1) we shall say that £ is a superior number, in case (2) that it is 
an inferior number, and in case (3) that it is an intermediate number. It is 
plain that no superior number can be less than m, and no inforior number 
greater than M. 

Let us consider the aggregate of all superior numbers. It is bounded 
below, since none of its members is less than m, and has therefore a lower 
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bound, which we shall denote by A. Similarly the aggregate of inferior 
numbers has an upper bound, which we denote by A. 

We call A and A respectively the upper and lower limits of indetermination 
of <j>(n) as n tends to infinity; and write 

A = lim <f>{n), A = lim <j>{n). 

These numbers have the following properties: 

(1) raSAidSM; 

(2) A and A are the upper and lower bounds of the aggregate of inter¬ 
mediate numbers, if any such exist; 

(3) if A is any positive number, then <j>(n)<A + S for all sufficiently large 
values of n, and <j>{n) > A — 8 for an infinity of values of n; 

(4) similarly <j>(n)>A — S for all sufficiently large values of n, and 
<j>(n) < A+ A for an infinity of values of n; 

(5) a necessary and sufficient condition that <f>(n) should tend to a limit 
is that A = A, and in this case the limit is l, the common value of A and A. 


Of these properties, (1) is an immediate consequence of the definitions; 
and we can prove (2) as follows. If A = A = l, there can bo at most one 
intermediate number, viz. I, and there is nothing to prove. Suppose then 
that /1>A. Any intermediate number £ is less than any superior and 
greater than any inferior number, so that A g £ g A. But if A < £ < A then 
£ must be intermediate, since it is plainly neither suporior nor inferior. 
Hence there are intermediate numbers as near as we please to either 
A or A. 


To prove (3) we observe that A +• A is superior and A — A intermediate 
or inferior. The result is then an immediate consequence of the definitions; 
and the proof of (4) is substantially the same. 

Finally (5) may be proved as follows. If A = A = l, then 
l — A < <l+S 


for every positive value of A and all sufficiently large values of n, so that 
-t-l. Conversely, if <f{n) -*■!, then the inequalities above written hold 
for all sufficiently large values of n. Hence l —Sis inferior and l + A superior, 

Sothat Aal-A, rigi + A, 


and therefore A — A g 2A. Since A — A S 0, this can only be true if A = A. 


Examples XXXII. 1. Neither A nor A is affected by any alteration in 
any finite number of values of <j>(n). 

2. If <p{n) = a for all values of n, then m = X = A = M = a. 

3. If <j>(n) = n _1 , then m = A = A = 0 and M = 1. 

4. If $(n) = ( — l) n , then m = A = — 1 and A = M = 1. 
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6. If <j>(n) 77 (— 1 )”n -1 , then tra = — 1, A = .4 = 0, Af=J. 

6. If <j>(n) = (— 1)” (1 + nr 1 ), then m = — 2, A = — 1, A = 1, M = 3. 

7. Let <f>(n) = sinndn, where (9> 0. If Q is an integer, then 

m = X = A = M = 0. 

If 9 is rational but not integral a variety of cases arise. Suppose, e.g., that 
0 = pjq, p and q being positive, odd, and prime to one another, and q> 1. 
Then <j>(n) assumes the cyclical sequence of values 

. pv . 2 pir . {Iq —\ )pit ‘laprt 

sin —, sm-,..., sin—-, sin.. 

2 7 2 2 

It is easily verified that the numerically greatest and least values of <j>(n) 
are cos (it/ 2g) and —cos (ir/2g), so that 

m = A = — cos —, A = M = cos - . 

2 2 2 q 

The reader may discuss similarly the cases which arise when p and q are 
not both odd. 

The case in which 6 is irrational is more difficult: it may be shown that 
in this case m = A = — 1 and A = M = 1. It may also be shown that the 
values of cj>(n) are scattered all over the interval (— 1,1) in such a way that, 
if £ is any number of the interval, then there is a sequence rq, n 2 , ... such 
that $(n t ) -*£ 88 k-*oo*. 

The results are very similar when 'fi(n) is the fractional part of nO. 


83. The general principle of convergence for a bounded function. 
*xhe results of the preceding sections enable us to formulate a very im¬ 
portant necessary and sufficient condition that a bounded function tp(n) 
should tend to a limit, a condition usually referred to as the general prin¬ 
ciple of convergence to a limit. 

Theobem 1. A necessary and sufficient condition that a bounded function 
<j){n) should tend to a limit is that, when any positive number 8 is given, it 
should be possible to find a number n t (8) such that 
] ~ | < 8 

for all values of n, and n 2 such that n s >n 1 An 0 (6). 


In the first place, the condition is necessary. For if <j>(n) -* l then we can 
find n 0 so that At*<\a.ut 


when n&n 0 , and so 
when ^ n 0 and n, 2: n 0 . 


l—b$<$(n)<l + ^8 

\f>(n i )-<j>(nf)\<8 .(1) 


* A number of simple proofs of this result are given by Hardy and Lit tie wood, 
‘Some problems of Diophantine approximation”, Acta mathematics,, vol. xxxvn. 
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In the second place, the condition is sufficient. In order to prove this we 
have only to show that it involves A = A. But if A<A then there are, 
however small $ may be, infinitely many values offt. such that <j>(n) < A + S 
and infinitely many such that </>{n)> A — S; and therefore we can find 
values of n L and n„ each greater than any assigned number n 0 , and Buch 

that 0(n,) - $S(n s ) >A-A-2S, 

which is greater than HA — A) if S is small enough. This plainly con¬ 
tradicts the inequality (I). Hence A = A, and so 0(n) tends to a limit. 


84. Unbounded functions. So far we have restricted ourselves to 
bounded functions; but the ‘general principle of convergence' is the same 
for unbounded as for bounded functions, and the words ‘a bounded 
function' may be omitted from the enunciation of Theorem 1. 

In the first place, if <j>(n) tends to a limit i then it is certainly bounded; for 
all but a finite number of its values are less than 1 + 5 and greater than l — S. 
In the second place, if the condition of Theorem 1 is satisfied, we have 
| 9 i(n,) —0(n,) | <5 

whenever iij and n 2 2 n„. Let us choose some particular value n, 
greater than n 0 . Then 0 (Tll) _ S c ftn,) < frnj + 6 

when n t a« 0 . Hence <j>(n) is bounded; and so the second part of the proof 
of the preceding section applies also. 

The theoretical importance of the ‘general principle of convergence’ 
can hardly be overestimated. Like tiie theorems of § 69, it gives us a means 
of deciding whether a function <p(n) tends to a limit or not, without 
requiring us to be able to tell beforehand what the limit, if it exists, must 
be; and it has not tho limitations inevitable in theorems of such a special 
character as those of § 69. But in elementary work it is generally possible 
to dispense with it, and to obtain all we want from these special theorems. 
And it will be found that, in spite of the importance of the principle, 
practically no applications aro made of it in the chapters which follow*. 
We will only remark that, if we suppose that 

0(«) = s n = u l + u t +...+u n , 

we obtain at once a necessary and sufficient condition for the convergence 
of an infinite series, viz. 

Theorem 2. A necessary and sufficient condition for the convergence 
of the series u l + u,+ ... is that, given any positive number d, it should be 
possible to find n 0 so that 

I “»,+!+«»,+«+ •••+«», I <* 

for all values of n L and n t such that n a > n x ^ n 0 . 

* A few proofs given in Oh. VIII can be simplified by the use of the prinoiple. 
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85. Limits of complex functions and series of complex 
terms. In this chapter we have, up to the present, oonoemed 
ourselves only with real functions of n and series all of whose 
terms are real. There is however no difficulty in extending our 
ideas and definitions to the case in which the functions or the 
terms of the series are complex. 


Suppose that <p(n) is complex and equal to 
p(n) + ia{n), 


where p{n), cr(n) are real functions of n. Then if p(n) and cr(n) 
converge respectively to limits r and s as ns-cc, we shall say that 
<j>(n) converges to the limit l = r + is, and write 
lim = l. 


Similarly, when u n is oomplex and equal to v n + iw n 

that the series , 

u l + u 2 +u 3 +... 

is convergent and has the sum l — r + is, if the series 


we shall say 


v 1 + v 3 + v 3 +..., w l + w i + w 3 + ... 
are convergent and have the sums r, 8 respectively. 


To say that % + u 2 u 3 +... is convergent and has the sum l is 
of course the same as to say that the sum 
s n = u 1 + u. i + . ..+«■„ = (v^v^ ...+v n ) + i(w 1 + w i + ...+u\) 
converges to the limit l as n -> oo. 

In the case of real functions and series we also gave definitions 
of divergence and oscillation, finite or infinite , But in the case of 
complex functions and series, where we have to consider the 
behaviour both of p(n) and of a(n), there are so many possi¬ 
bilities that this is hardly worth while. When it is necessary to 
make further distinctions of this kind, we shall make them by 
stating the way in which the real or imaginary parts behave 
when taken separately. 


86. The reader will find no difficulty in proving such theorems 
as the following, which are obvious extensions of theorems 
already proved for real functions and series. 
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(1) If \im <p(n) = l, then lim <p(n+p) = l for any fixed value 
of p. 

(2) If u 1 + u 2 + ... is convergent and has the sum l, then 
a + b+c +... +k+u 1 + u 2 +... is convergent and has the sum 
a + b + c+ ...+k + l, and u p ± x + u p+2 +... is convergent and has 
the sum l — u x — u 2 —... — u p . 

(3) If lim <p(n) = l and lim (jr{n) — m, then 

lim {$(n) + i/r{n)} = l+ m. 

(4) Iflim^(w) = l, then ]im k<j>(n) = Tel. 

(5) If lim <p(n) — l and lim (Jr(n) = m, then lim <j>(n) ip(n) = Im. 

(6) If u 1 + u 2 +... converges to the sum l, and v 1 + v 2 + ... to 
the sum m, then (u x + 1 \) + (u 2 -f v 2 ) + ... converges to the sum 
l + m. 

(7) If u l + u 2 +... converges to the sum 1, then ku l + ku 2 + ... 
converges to the sum hi. 

(8) If m x + u 2 +• u 3 + ... is convergent, then lim u n = 0. 

(9) If M 1 + M a + M 3 +... is convergent, then so is any series 
formed by grouping the terms in brackets, and the sums of the 
two series are the same. 

As ari example, let us prove theorem (5). Let 

<j>{n) = p(n) + i(r{n), (jr(n) = p'{n) + i<r'(n), l = r + is, m = r' + is'. 
Then p(«)-»-r, cr[n)-*s, p'(re) a'(n)->s'. 

But <f>(n) </r(n) = pp' — era' + i{p<r' + p'er), 

and pp' — <rcr' ->rr' — as', per' + p’rr -*rs' + r's; 

so that <{>{n) ij.’r(n) -> rr' — ss' + i(rs' + r'e), 

i.e. <p[n) i/r[n)-(-(r + is) (r’+ is’) = hn. 

The following theorems are of a rather different character. 

(10) In order that (pin) = p{n) + icr(n) should converge to zero as 
n -> oo, it is necessary and sufficient that 

I #01 = V[{p( m )} 2 +W™)} 2 ] 

should converge to zero. 

If p{n) and <r(n) both converge to zero, then it is plain that ,/(p s +(r s ) 
does so. The converse follows from the fact that the numerical value of p 
or <r cannot be greater than J{p* + tr*). 


Bra 


ii 
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(11) Mare, generally, in order that <j>(n) should converge to a 
limit l, it is necessary and sufficient that 

\<j>{n)-l\ 

should converge to zero. 

For 56 ( 71 ) — Z converges to zero, and we can apply (10). 

(12) Theorems 1 and 2 of §§ 83-84 are still true when fi{n) 
and u n are complex. 

We have to show that a necessary and sufficient condition that <f>(n) 
should tend to l is that 

when n 8 > n, £ n„. 

If (f>(n) -* l then p(n) -*r and <r(») -> s, and so we can find numbers w,' and 
n" a depending on 4 and such that 

I P(« i) -p(«i) l<R I <r(n t ) - crpn^) | < $4, 
the first inequality holding when n a > n, £ n„, and the second when 
n s >n 1 £nj. Hence 

I - 0K) | S | p(n s ) -p(»i) | + | cr(» s ) - tr(n t ) | <4 

when n, > n, £ n 0 , where n 0 is the greater of n' 0 and nj. Thus the condition 
(1) is necessary. To prove that it is sufficient wo have only to observe that 

IPK) -p(«i) I S | 0(n B ) -<P(n l )\<i 

when «,>»!£»„. Thus p(n) tends to a limit r, and in the same way it may 
be shown that cr(n) tends to a limit s. 

87. The limit of z n as n-r oo, z being any complex 

number. Let us consider the important case in which <p{n) = z n . 
This problem has already been discussed for real values of z in 
§72. 

If z n -rl then z n+1 -> l, by (1) of §86, But, by (4) of §86, 

Z n+1 = ZZ n -*■ zl, 

and therefore l = zl, which is only possible if {a)l = 0 or (6) z = 1. 
If z = 1 then limz n = 1. Apart from this special case the limit, 
if it exists, can only be zero. 

Now if z = r(cos 6+i sin 6), where r is positive, then 
z n = r”(cos nd+i sin n6), 
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so that | z n | = r n . Thus ) z n | tends to zero if and only if r < 1; 
and it follows from (10) of § 86 that 

lim z n = 0 

if and only if r < 1. In no other case does z n converge to a limit, 
except when z = 1 and z n 1. 


88. The geometric series l+z + z 2 + ... when z is com¬ 
plex. Since 

1 — z n 

8 n = l+z + z 2 +...+z”- 1 = --, 


unless z=l, when the value of s n is n, it follows that the aeries 
l+z + z 2 +... is convergent if and only if r = | z | < 1. And its sum 
when convergent is 1/(1 — 2 ). 

Thus if z = r(eos 6 + i sin 6) = r Cis d, and r < 1 , we have 


l+z + z 2 +... 


1 

1 — r Cis 0 ’ 


or 

1+ r Cis 6 + r 2 Cis 20 + ... 


1 _ 1 — r cos Q + ir sin 0 

1 — r Cis 6 1 — 2r cos 6 + r 2 


Separating the real and imaginary parts, we obtain 


1 + r cos 6 + r 2 cos 2 6 + 


1 — r cos Q 
1 — 2rcos0 + r 2 ’ 


r sin 0 + r 2 sin 2 6 + 


rsintf 

1 — 2rcos<9-fr 2 ’ 


provided r < 1 . If we change 0 into 0 + n, we see that these results 
hold also for negative values of r numerically less than 1. Thus 
they hold when — 1 < r < 1. 

Examples XXXIII. 1 . Prove directly that = r n cos nO converges 
to 0 when r< 1 and to 1 when r = 1 and 6 is a multiple of 27T. Prove further 
l that if r = 1 and 6 is not a multiple of 27t, then </>(n) oscillates finitely; if 
r> 1 and d is a multiple of 27t, then <f>{n) -*• + 00 ; and if r> 1 and 6 is not a 
multiple of 27t, then 0 (n) oscillates infinitely. 

2. Establish a similar series of results for <j>[n) = r n sin nO. 


11-2 
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z m 

3. Prove that z™+z m + 1 +... = -— 

1 — z 

1 + z 

Z m + 2z m + 1 + 2z m + a +... = z m -, 

1 — z 

if and only if | z | < 1. Which of the theorems of § 86 do you use? 

4. Prove that if — 1 < r < 1 then 

1 — r a 

1 + 2 t cos d + 2r 2 cos 26 +... =---. 

1 - 2r cos 6 + r 2 

Z / 2 \* 

6 . The series 14—-h (-—- + ... 

1+2 Vl + z/ 

converges to the sum ly/^1 — = 1+s if | < 3. Show that this 

condition is equivalent to the condition that z has a real part greater 
than — + 

89. The symbols 0, o, We conclude this chapter with 
some definitions which we shall not use till later but whose 
logical place is here. 

Suppose that f(n) and <j>{n) are two functions of n defined at any 
rate for all sufficiently large values of n , say for n > n 0 ; and that 
<p{n) is positive and increases or decreases steadily as n increases, 
so that tends to zero, or to a positive limit, or to infinity, 
when n -> oo. In practice <p(n) will be some simple function such 
as ljn, 1, or n. Then we lay down the following definitions. 


(i) If there is a constant K such that 




for n 5: n 0 , we write 

f=0(f>). 

(ii) If 

M-* o 

when n-> oo, we write 

/ = o{4>). 

(Hi) If 


where 1 + 0, we write 

f~ i</>- 

In particular 

f=0{ 1) 

means that / is bounded (so that it either tends to a limit or 

oscillates finitely), and 

/=°(1) 


means that/->()■ 



POSITIVE INTEGBAL VARIABLE 


165 


88, 89] 


Thus 

n = 0(#), 
n = o(#), 
n+l~n, 

and 

if <z Q 4 s 0, 6q 4= 9. 


100#+1000711= 0(#), 
100#+10007i = o(#), 
100# + lOOOn ~ 100#, 
a 0 7tP + a 1 7t t) - 1 +... + a p 
6 0 # + 6 1 ti«- 1 + ... + b q 


sinndn = 0(1), 
sin tiOtt — o(n), 
7i + sin nOv ~ n, 

dt\ 

K 


We add one remark to guard against a possible misapprehension. To 
say ‘f = 0(0)' is to assert what is often meant by saying that ‘f is not 
of a higher order of magnitude than 0 and does not exclude its being of 
a lower order (as in the first of the relations above). 


So far we have defined (e.g.) 'f(n) = 0(1)’, or ‘f(n) = o(n)’, 
but not ‘0(1)’ or l o(n)’ in isolation. We can however make our 
definitions more elastic. We may agree that 0(0) or o(0) denotes 
an unspecified f such that / = 0(0) or f = o(0)\ and we can then 
write, for example, 

0(l) + 0(l) = 0(l) = o(77), 

meaning thereby ‘if /= 0(1) and g = 0(1), then f+g = 0(1) 
and a fortiori f+g = o(n) ’. Or again we may write 

2 O(l) = 0(77) 

r=»l 

meaning that the sum of n terms, each less in absolute value 
than a constant, is less than a constant multiple of tj. 

It will be observed that our formulae involving 0 and o will 
usually not be reversible. Thus ‘o(l) = 0(1)’, i.e. ‘if/=o(l) 
then/ = 0(1)’, is true, but ‘0(1) = o( 1)’ is false. 

It is easy to formulate a number of general properties of our 
symbols, such as 

(1) O(0) + O(0) = 0(0 + 0), 

( 2 ) 0 ( 0 ) 0 ( 0 ) = 0 ( 00 ), 

(3) 0(0) 0(0) =0(00), 

(4) i£f~0 thenf+o(0)~0. 

Such theorems are immediate corollaries from the definitions. 
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The usefulness of these definitions, and of the corresponding 
definitions for functions of a continuous variable, will appear 
more clearly in later chapters. 

MISCELLANEOUS EXAMPLES ON CHAPTER IV 

1. The function <j>(n) takes the values 1, 0, 0, 0, 1, 0, 0, 0, 1, ... when 

n = 0, 1, 2.Express <j>(n) in terms of n by a formula which does not 

involve trigonometrical functions. \_<j>(n) = J{1+ ( —l)" + t"+ (— »)"}.] 

2. If <j>{n) steadily increases, and \jr(n) steadily decreases, as n tends to 
oo, and if tjr(n) > <j>(n) for all values of n, then both <j>(n) and ^(n) tend to 
limits, and lim 0(n) g lim ifr(n). [This is an immediate corollary from § 69.] 

3. Prove that, if 

^ n) = ( 1 + 3 "’ * w, = ( 1 -;;)’• 

then <f>(n + 1 )>ij>(n) and ijf(n + 1) < i//(re). [The first result has already been 
proved in § 73.] 

4. Prove also that t/r(n) > <f>(n) for all valuos of n: and deduce (by means 
of the preceding examples) that both <j>(n) and i/r(n) tend to limits as n 
tends to oo*. 

6. The arithmetic mean of the products of all distinct pairs of positive 
integers whose sum is n is denoted by ,S'„. Show that lim (<S„/n a ) = 1/6. 

(Math. Trip. 1903) 

6. If x lt x lt ..., x n are positive, Ex r = n, the x, are not all equal to 1, 
and m is rational and greater than 1, then Zx™ > n. (Math. Trip. 1934) 

[Use the inequality x m — 1 >m(x— 1), true for all positive x but 1 (§74).] 

7. If <j>(n) is a positive integer for all values of n, and tends to oo with n, 
then T^ (n) tends to 0 if 0 < x < 1 and to + oo if x > 1. Discuss the behaviour 
of xft"\ as n -y co, for other values of x. 

81* If a n increases or decreases steadily as n increases, then the same is 
true of (a x + o, +... + s„)/n, 

9. The function j(x) is increasing and continuous (see Ch. V) for all 

values of x, and a sequence x,, x„ . .is defined by the equation 

x n+I = f(x„). Discuss on general graphical grounds the question whether 
x n tends to a root of the equation x = f(x). Consider in particular the 
case in which this equation has only one root, distinguishing the cases in 
which the curve y = f(x) crosses the lino y = x from above to below and 
from below to above. 

* We shall prove in Ch. IX that lim (l/r(n) - tji(n )} = 0, and that therefore each 
function tends to the limit e. 

t Exs. 8-11 and 15 are taken from Bromwich’s Infinite aeries. 
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10. If x„ +1 = k/(l + x„), and k and x : are positive, then the sequences 
x lt x„ x c , ... and x„ x„ x„ .. are one an increasing and the other a de¬ 
creasing sequence, and each sequence tends to the limit at, the positive 
root of the equation x a + x = k. 

11. If x n+1 = *J(k + z„), and k and x, are positive, then the sequence 
x lt x t , x } , . . is an moreasmg or decreasing sequence according as x x is less 
than or greater than a, the positive root of the equation x* = x-t-fc; and 
in either case x„ a as n -* oo. 

12. A sequence of numbers x„ is defined by 

x l = li, x„ +1 - xl + k, 

where 0 <k<{ and h has between the roots a and b of the equation 
x i —x + k = 0. 


Prove that a <z n+1 <z„<b, 

and determine the limit of x„. (Math. Trip. 1931) 

13. Prove that if x t = J{x + (Ajx)}, x t = + (A /aq)}, and so on, x and 

A being positive, then limi, = <JA. 

x„-~jA fx-JA\*" 

~\x + Ja) 


[It can be proved that 


x n + ^]A 

14. A sequence u„ is determined by the relations 

<x.p 


= a + p, u„ = a + P 

where a > /? > 0. Show that 


u n -1 

a ” +5 — P n+i 


(n> 1), 


(Math. Tnp. 1933) 


" of'-P” ’ 

and detemune the limit of u„ when n -* co. 

Discuss the case a. = P > 0. 

15. If x v x, are positive and x„ +l = ilXn + x,^), then the sequences 
x,, x 3 , x 5 , and x 8 , x 4 , x„ are one a decreasing and the other an in¬ 
creasing sequence, and they have the common limit i(Xj-|- 2x,). 

16. If lim s„ = 1, then 




[Let e n = i + {„. Then we have to prove that (h + *i + + t„)/n tends to 

zero if t, does so. 

We divide the numbers l lt . , t„ mto two sets q, t x , ..., t, and 
t s+l , t p+J , .. , t„. Here we suppose that p is a function of n which tends 
to oo as n -*■ oo, but more slowly than n, so that p-*co and p/n -* 0: e.g. we 
might suppose p to be the integral part of ^n. 
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Let S be any positive number. However small S may be, we oan choose 
n 0 so that t T+l , t t+l . t n are all numerically less than |<5 when ngn 0 , 

Mld 80 I (<»+i + t r+t + ■ ■ • + *«>/» I < W»> —P)l n < 

But, if A is the greatest of the moduli of all the numbers t lf t, .we have 

\(t 1 + t,+ ...+t r )/n\<pA/n, 

and this also will be less than IS when tin,, if n 0 is large enough, since 
p/n-t-O as n->-oo. Thus 

I (*i + *s + ••• + t„)l n | S I (^i + *s + ■■■+t t ,)/n | + | (t), + i + tj, +a + ... +*«)/ n I 

when n£«„; which proves the theorem. 

The reader, if he desires to become expert in dealing with questions 
about limits, should study the argument above with great care. It is very 
often necessary, in proving the limit of some given expression to be zero, 
to split it into two parts which have to be proved to have the limit zero in 
slightly different ways. When this is the case the proof is never vory easy. 

The point of the proof is this: we have to prove that (<! + <»+••■ + <»)/« 
is small when n is large, the t’s being small when their Buflixes are large. 
We split up the terms in the brackets into two groups. The terms in the 
first group are not all small, but their number is small compared with n. 
The number in the second group is not small compared with n, but the 
terms are all small and their number at any rate less than n, so that their 
sum is small compared with n. Hence each of the parts into which 
(<! + *,+ ■■• +t„)/n has been divided is small when n is large.] 

17. If <j>(n) — <p(n — 1) ->Z as n —too, then <fi{n)/n-+l. 

[If <[>(n) = «! + «, + +»„, then <p(n) — <j>(n — 1) = a„, and the theorem 

reducos to that proved in the preceding example.] 

18. If «„ = ^{1 — ( — 1)"}, so that s„ is equal to 1 or 0 according as n is 
odd or even, then («i+«i +... +a n )/n-y £ as n-roo. 

[This example proves that the converse of Ex. 16 is not true: for a„ 
oscillates as n ->■ oo.] 

19. If c„, s„ denote the sums of the first n terms of the series 

J + cosd + cos2d + ..., sind + sin2d+.... 
and 8 is not a multiple of 2n, then 

lim(c 1 + c,+...+ c„)/n — 0, lim + s s +... + e„)/n = ^cot^d. 

20. A sequence y„ is defined in terms of a sequence x„ by the relations 

Vo = *o. = (n > 0), 

where | a | < 1. Express x n in terms of the sequence y„, and show that, if 
y„ -rl, then x„-rlj(l-a). (Math. Trip. 1932) 
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21. Draw a graph of the function y defined by the equation 

**" sin \nx + * s 


y = Um 

n^*-oo 

22. The function y = hm 


’ + 1 


{Math. Tnp. 1901) 


1 1 + n am* ttx 

is equal to 0 except when x is an integer, and then equal to 1. The function 

xlr(x) + n<f>(x) am 2 ttx 
y = hm -;-:- 

n-*co l+nauvira 

is equal to <j>(x) unless x is an integer, and then equal to <Jr(x). 


23 Show that the graph of the function 

x n <j>(x) + x~ n ijr(x) 


y = lim 


* n + a; - ’‘ 


is composed of parts of the graphs of <j>(x) and \jr(x), together with (as a 
rule) two isolated points Is y defined when (a) x = 1,(6)* - — 1, (c) x = 0? 


24 Prove that the function y which is equal to 0 when x 13 rational, 
and to 1 when x is irrational, may be represented in the form 

y = Inn sgn (sin* (to 1 Jr*)}, 
m— 

2 

where sgn* = hm -are tan (a*), 

n —tr 

as m Ex xxxi 14 [If * is rational then sin J (TO'jr*), and therefore 
sgn{sin a (m'7T*)}, is equal to zero from a certain value of to onwards: if 
* is irrational then sin 8 (to 1 ttx) is always positive, and so sgn {sin 2 (in ' jr*)} 
is always equal to 1 ] 

Prove that y may also be represented m the form 

1— hm [ hm {cos(TO , 7r*)} Sn ] 
m—>w 


25 Sum the senes 


[Since 


v(v+l) (v + *) 
we have 

A 1 


£ 

1 


1 


£; 


1 


i v(v+l ) 1 V( v + !) (v + k) 

1 1 


1 v(y + 1) .(y + k) 


v(v+l) (n + fc-1) (V+1) (v+2) (y + k) 


_ 1 _ } 

it ll 2 it (n+ 1)(re + 2) (n + k)j 

1 


:}• 


fKr+l) (* + fc) k(k>) 


•] 


and so 
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26. If |z|< |a |, then 

L L/ z z* 1 \ 

-=-( H-H—; + •••); 

z-a a \ a a‘ J 

L L / a cc 2 \ 

and if | z |> |a|, then - = -(1 + - + — + ...). 

z — a z \ z z‘ / 


5 27. Expansion of ( Az + B)j(az t + 2bz + c) in powers of z. Let a, ft 
be the roots of az* + 2bz + c = 0, so that oz s + 2bz + c = o(z — a) (z — /?). We 
shall suppose that A, B,a,b,c are all real, and a and ft unoqual. It is then 
easy to verify that 

Az + B _ 1 Mas+B Aft+B\ 

az * + 2bz + c a(a — f})\ z — a z — ft )' 


There are two cases, according Bsb‘>ac or b‘ < ac. 

(1) If 6 a > ac then the roots a, ft are real and distinct. If | z | is loss than 
either | a | or \ ft \, we can expand l/(z — a) and l/(z — ft) in ascending powers 
of z (Ex. 26). If | z | is greater than either | cc | or | ft |, we must expand in 
descending powers of z; while if | z | lies between | a | and | ft \ one fraction 
must be expanded in ascending and one in descending powers of z. The 
reader should write down the actual results. If | z j is equal to | a | or | fi | 
then no such expansion is possible. 

(2) If 6*<ac thon the roots are conjugate complex numbers (Ch. Ill, 
§ 43), and wo can write 

a = p Cis <j>, ft = p Cis (— <j>), 

where p % — aft = c/a, p cos <j> = i(a + ft) = — 6/a, so that cos <j> = — yj(b*/ac), 
sin <j> = ^{1 —(6 s /ac)}. 

If | z | <p then each fraction may be expanded in ascending powers 
of z. The coefficient of z" will be found to be 


Apaairuf) + Bsin{(n+ 1) 5 }} 
ap n+ 1 sin 0 

If j z | >p we obtain a similar expansion in descending powers, while if 
| z | = p no such expansion is possible. 

28. Show that if | z \ < 1 then 

1 + 2z + 3z 2 +... + («+ 1) z” + ... = 1/(1 — z)®. 

1 — z n nz n 

[The sum to n terms is-—--.] 

(1 — z) a 1 —z 


20. Expand L/(z — a) 8 in powers of z, ascending or descending according 
as|z|<|a|or|z|>|a|. -0 

30. Show that if 6* = ac and | az | < | 6 | then 

A * + B ^ 
az« + 26z + c " ’ 
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where p„ = ( — a)” &-"-*{(n+ l)aB — nhA}‘, and find the corresponding 
expansion, in descending powers of z, which holds when | az | > | b |. 


31. If a/(a + bz + cz 1 ) = l+p l z+p l z i +then 


l+p\z+p\z*+... = 


a + cz 


a — cza‘— (6* — 2oc) z + c*z 2 

(Math. Trip. 1900) 


32. If sin 2"8n -*l when n oo, then 1 = 0 and 8 is a rational number 
whose denominator is a power of 2 . 

[Plainly 2 n 0 = p„ + c + i?„, 

where p„ is an integer, c a constant, and 17 „ -> 0 , and hence 
P«+i * 2p„ - c + 7) n+i - 2ij n = 0 . 

Smce p n+l — 2p„ is an mteger, this is only possible if ( 1 ) c = 0, so that 
1 = 0 and (it) p n+1 = 2 p„ and 1)„ +1 = 217 ,, from a certain value of n on, say 
for »a n„. But then ^ = „ 

when V-+ 00 ; and this is only possible if 17 „ o = 0. so that 2 n »0 = p„ o . 

It is instructive to consider sin a n (br, where a is integral and greater 
than 2. It is then possible that 1^0; thus sin 9 "On -* 1 when 0 = J.] 


33. If P(n) is a polynomial in n, with integral coefficients and of 
degree m, and sin JP(n) On) -* 0, then 0 is rational. 

[It is best to prove more*, viz. that if 

P(n)0 = K + a n + e n .(1), 

where k n is an mteger, a„ has one or other of any finite system of values, 
and e„ ~y 0 , then 0 is rational. 

In the first place, if we replace n by n+ 1 in (1), subtract, and observe 
( 1 ) that P(n +1) — P(n) is a polynomial of degree m—1 and (li) that 
«„ + i — a„ has only a finite number of possible values, we obtain an in¬ 
duction from m-ltom. The problem is thus reduced to the case m = 1, 
P(n) = An + J3. In this case (1) gives 

A8 = (fc„ +1 - k„) + (o n+ i - a„) + (e„ +1 - e„). 

This is only possible if e „ +1 — e„ = 0 for n 2 : n 0 ; and then 
<* n = a Klj + l„ + (n-n 0 )A8, 

where l„ is an mteger, for Since o„ has only a finite number of 

values, i„ + nAS has only a finite number of values, and therefore 8 is 
rational.] 

* This argument is due to Mr Ingham. 




CHAPTER V 


LIMITS OF FUNCTIONS OF A CONTINUOUS 
VARIABLE. CONTINUOUS AND DIS¬ 
CONTINUOUS FUNCTIONS 

90. Limits as x tends to oo. We shall now return to 
functions of a continuous real variable. We shall confine our¬ 
selves entirely to one-valued functions*, and we shall denote such 
a function by <p(x). We suppose x to assume successively all 
values corresponding to points on our fundamental straight line 
A, starting from some definite point on the line and progressing 
always to the right. In these circumstances we say that x tends 
to infinity, or to oo, and write x~*cc. The only difference between 
the ‘tending of n to oo’ discussed in the last chapter, and this 
‘tending of x to oo’, is that x assumes all values as it tends to oo, 
i.e. that the point P which corresponds to x coincides in turn with 
every point of A to the right of its initial position, whereas n 
tended to oo by a series of jumps. We can express this distinction 
by saying that x tends continuously to oo. 

As we explained at the beginning of the last chapter, there is 
a very close correspondence between functions of x and functions 
of n. Every function of n may be regarded as a selection from the 
values of a function of x. In the last chapter we discussed the 
peculiarities which may characterise the behaviour of a function 
<j)(n) as n tends to oo. Now we are concerned with the same 
problem for a function <f(x); and the definitions and theorems to 
which we are led are practically repetitions of those of the last 
chapter. Thus corresponding to Def. I of § 58 we have: 

Definition 1 . The function <p(x) is said to tend to the limit l as 
x tends to oo if, when any positive number S, however small, is 

* Thus \/x stands in this chapter for the one-valued function +\/x and not (as 
in § 26) for the two-valued function whose values are +\/x and -\/x. 



90] FUNCTIONS OF A CONTINUOUS VARIABLE 173 


assigned, a number x a (S) can be chosen such that, for all values of x 
equal to or greater than x a (S), <f>{x) differs from l by less than S, i.e. if 

, 10 ( 3 )— l\<f> 

when x g x 0 (S). 


When this is the case we may write 
lim tj>(x) — l, 

X ~>co 

or, when there is no risk of ambiguity, simply lim = l, or 
<j>(x)^>-l. Similarly we have: 


Definition 2. The function <p(x) is said to tend to oo with x if, 
when any number A, however large, is assigned, we can choose a 
number x 0 (A) such that 
when x^x a (A). 

We then write 

Similarly we define 0(z)-> — oo*. Finally we have: 


<j>(x) > A 
<j)(x)->CO. 


Definition 3. If the conditions of neither of the two preceding 
definitions are satisfied, then <p[x) is said to oscillate as x tends to oo. 
If | <f{x) | is less than some constant K when x > x„'l, then <j)(x) is 
said to oscillate finitely , and otherwise infinitely. 

The reader will remember that in the last chapter we con¬ 
sidered very carefully various less formal ways of expressing the 
facts represented by the formulae <j>(n)-rl, 4>(n) -*■ oo. Similar 
modes of expression may of course be used in the present case. 
Thus we may say that <p{x) is small or nearly equal to l or large 
when x is large, using the words ‘small’, ‘nearly’, ‘large’ in a 
sense similar to that in which they were used in Ch. IV. 


Examples XXXIV. 1. Consider the behaviour of the following 
functions as x ->• co: 1 /x, 1 + (1 Jx), x x , x k , [x], x — [x], [xJ + a/Ix —[x]}. 

The first four functions correspond exactly to functions of n fully 
discussed in Ch. IV. The graphs of the last three were constructed in 

* We shall sometimes find it convenient to write + m, x-* + <x>, <f>(x)-* + to 
instead of oo, X-* oo, 0(x)-»■ cc. 

t In the corresponding definition of § 62, we postulated that 10(n.) | <K for all 
values of n, and not merely when n £ n 0 . But then the two hypotheses would have 
been equivalent; for if | 0 (h) \ <K when n £ n 0 , then | 0(ra) | £ K' for all values of n, 
where K‘ is the greatest of | 0(1) |, | 0(2) ], .... j 0(n,-l) | and K. Here the matter 
is not quite so simple, since there are infinitely many values of x less than 
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Ch. II (Exs. xvi. 1, 2, 4), and the reader -will see at once that [x] -* go, 
x — [ x ] oscillates finitely, and [x] + ^){x — [x]} -r oo. 

One simple remark may be inserted here. The function <j>(x) = x — [x] 
oscillates between 0 and 1, as is obvious from the form of its graph. It is 
equal to zero whenever x is an integer, so that the function <j> (n) derived 
from it is always zero and bo tends to the limit zero. The same is true if 
f4(x) = sinxff, <j>{n) — sinner = 0. 

It is evident that <j>(x) -*Z or <j>(x) -*■ oo or <j>(x) oo involves the corre¬ 
sponding property for but that the converse is often untrue. 

2. Consider in the same way the functions: 

sin xn . .... ta.nxn „ , . . 

-, a: sin xn, [XBinxnr, tan xn, -, a cos 5 xn + bnm 2 xn, 

x x 


illustrating your remarks by means of the graphs of the functions. 

3. Give a geometrical explanation of Def. 1, analogous to the geo¬ 
metrical explanation of Ch. IV, § 59. 

4. If <p(x) ->• l, and l is not zero, then (j>(x) cos xn and <j>(x) sin xn oscillate 
finitely. If <j>(x ) -»co or <j>{x) -> — <», then they oscillate infinitely. The 
graph of either function is a wavy curve oscillating between the curves 
y = and y~ - <j>{x ). 

5. Discuss the behaviour, as x -*■ oo, of the function 

y = f(x) cos a xn+ F(x) sin J xn, 

where/(x) and F(x) are some pair of simple functions (e.g. x and x 2 ). [The 
graph of y is a curve oscillating between the curves y = f(x), y = F{x).] 


91. Limits as x tends to — oo. The reader will have no 
difficulty in framing for himself definitions of the meaning of the 
assertions ‘ x tends to — oo ’, or * x -*■ — oo ’ and 

lim <j>(x) = l, <j>(x) -> oo, (j>(x) ->- — oo. 

X-+— TO 

In fact, if x = —y and <f>{x) = = ijr{y), then y tends to oo 

as x tends to — oo, and the question of the behaviour of <J>(x) as 
x tends to — oo is the same as that of the behaviour of >j/(y) as y 
tends to oo. 


92. Theorems corresponding to those of Ch. IV, §$63-69. 
The theorems oonoeming the sums, products, and quotients of functions 
proved in Ch. IV are all true (with obvious verbal alterations which the 
reader will have no difficulty in supplying) for functions of the oontinuoua 
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variable x. Not only the enunciations but the proofs remain substantially 
the same. 

The definition which corresponds to that of § 69 is as follows: the function 
<p(x) will be said to increase steadily with x if <j>{x t ) g <j>(x x ) whenever x a > 

In many cases, of course, this condition is only satisfied from a definite 
value of x onwards, i.e. when x, > X, g x 0 . The theorem which follows in 
that section requires no alteration but that of n into x: and the proof is 
the same, except for obvious verbal changes. 

If tp(x x )><j>(x x ), the possibility of equality being excluded, whenever 
x t > te t , then <f>(x) will be said to be steadily and strictly increasing, or simply 
strictly increasing. We shall find that the distinction is often important 
(of. §§109, 110). 

The reader should consider whether or no the following functions 
increase steadily with x (or at any rate increase steadily from a certain 
value of x onwards): x‘ — x, x + sm x, x + 2 Bin x, x‘ + 2 sin x, [x], [x] + sin x, 
[x] + f{x — [x]}. All these functions tend to ao when x -*• oo. 

93. Limits as x tends to 0. Let <j>(x) be a function of x 
such that lim <f>(x) = l, and let y = 1 jx. Then 

4>{x) = 0(i ly) = i Hy), 

say. When x tends to go, y tends to the limit 0, and ijf{y) tends to 
the limit l. 

Let us now dismiss x and consider yjr[y) simply as a function 
of y. We are for the moment concerned only with those values 
of y which correspond to large positive values of x, that is to say 
with small positive values of y. And ijr(y) has the property that 
by making y sufficiently small we can make tjr(y) differ by as 
little as we please from l. To put the matter more precisely, the 
statement expressed by lim <f>(x) = l means that, when any 
positive number S, however small, is assigned, we can choose x 0 
so that | <p{x) — 1 1 < 8 for all values of x greater than or equal 
to x 0 . But this is the same thing as saying that we can choose 
y Q = ljx 0 so that J \js{y) - 1 1 < S for all positive values of y less than 
or equal to y 0 . 

We are thus led to the following definitions: 

A. If, when any positive number S, however small, is assigned, 
we can choose y 0 (6) so that j | ^ 
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when 0 <y£ y 0 (8), then we say that <f(y) tends to the limit l as y tends 
to 0 by positive values, and we write 

lim <f>{y) = l - 

v-*+o 

B. If, when any number A, however large, is assigned, we can 
choose y 0 (A) so that <p{y)>A 

when 0<yg y 0 (A), then we say that <j>(y) tends to co as y tends to 0 
by positive values, and we write 

4>(y)-+cc. 

We define in a similar way the meaning of ‘<fi[y) tends to the 
limit l as y tends to 0 by negative valuesor ‘lim (p{y) = l when 
y-+ — 0 We have in fact only to alter 0 < y g y 0 (8) to — y 0 (8) g y < 0 
in definition A. There is of course a corresponding analogue of 
definition B, and similar definitions in wliich 


as ^->- + 0 or y-+— 0. 00 

If lim <p{y) = l and lim <f>(y) = l, we write simply 

]/-»-+0 i /— a — 0 

lim <p(y) = l. 

1/—>0 

This case is so important that it is worth while to give a formal 
definition. 


If, when any positive number 8, however small, is assigned, we 

can choose y 0 (8) so that, for all values of y different from zero but 

numerically less than or equal to y 0 [8), <p(y) differs from l by less 

than 8, then we say that <p(y) tends to the limit l as y tends to 0, and 

write . , 

hm <p(y) = l. 


So also, if <f>(y)-ycc as y-> + 0 and also as y — 0, we say that 
<f>(y)-+co as y-> 0. We define similarly the statement that 
— °o as y->0. 


Finally, if <p(y) does not tend to a limit, or to oo, or to - oo, as 
2 /-> + 0, we say that <j>(y) oscillates as y-s- + 0, finitely or in¬ 
finitely as the case may be; and we define oscillation as 

similarly. 
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93, 94] 


The preceding definitions have been stated in terms of a 
variable denoted by y: what letter is used is of course immaterial, 
and we may suppose * written instead of y throughout them. 


94. Limits as x tends to a. Suppose next that <fi(y)-+l as 
y -*■ 0, and write 

y = x — a, <j>{y) = <f>(x-a) = xjr{x). 

If y -> 0 then x -* a and xj/{x) -> l, and we are naturally led to write 

lim ijf{x) = l, 

x-*a 

or simply lim i//(x) = l or \^(x)->l, and to say that i/f(x) tends to 
the. limit l as x tends to a. The meaning of this equation may be 
formally and directly defined as follows: if, given 8, we can always 
determine e{8) so that | ^ | < ^ 

when 0< \x-a\ <e(£), then 

lim <p(x) = l. 

x-ya 

By restricting ourselves to values of x greater than a, i.e. by 
replacing 0< | x — a \ < e(5) by a < x £ a + e(8), we define ‘<j>(x) 
tends to l when x approaches a from the right’, which we may 

writeas Urn <f>(x) = l. 

x->a+0 


In the same way we can define the meaning of 

lim f>{x) = l. 

x-* a—Q 


Thus lim <p(x) = l is equivalent to the two assertions 

£~>U 

lim <p(x) = l, lim ^(x) = l. 

i-va + 0 x->a~ 0 

We can give similar definitions referring to the cases in which 
0(x)-> oo or <p(x) —> — co as x->a through values greater or less 
than o; but it is probably unnecessary to dwell further on these 
definitions, since they are quite similar to those stated above in 
the special case when a = 0, and we can always discuss the 
behaviour of <j>(x) as x^ea by putting x—a = y and supposing 
that y->0. 


H P II 


12 
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95. Steadily increasing or decreasing functions. If there is a 
number e such that 0(x') — 0(x*) whenever a — e<x <x < a 4- 6, then $(%) 
will be said to increase steadily in the neighbourhood of x = a. 

Suppose first that x < a, and put y = l/(a-x). Then y -*■ co as x -r a - 0, 
and 0 (x) = f(y) is a steadily increasing funotion of y, never greater than 
0(a). It follows from § 92 that 0(x) tends to a limit not greater than 0(a). 
We shall write iim ^ _ 0( a + O)*. 

z-+a+0 

We can define 0(a- 0) in a similar manner; and it is clear that 
0 (a — 0 ) £ 0 (a) S 0 (a+ 0 ). 

It is obvious that similar considerations may be applied to decreasing 
functions. 

If 0(x')<0(x'), the possibility of equality being excluded, whenever 
a — e<x'<x'<a + e, then 0 (x) will be said to be steadily increasing in the 
stricter sense. 

96. Limits of indetermination and the principle of convergence. 

All of the argument of §§ 80-84 may be applied to functions of a con¬ 
tinuous variable x which tends to a limit a. In particular, if 0(x) is 
bounded in an interval including a (i.e. if we can find e, II, and K so that 
H < 0(x) < K when a-egxga + «)t, then we can define A and A, the lower 
and upper limits of indetermination of 0(x) as i-m, and prove that 
A = A = l is a necessary and sufficient condition for 0(x) to tend to I. 
We can also establish the analogue of the principle of convergence, i.e. 
prove that a necessary and sufficient condition that 0(x) should tend to a 
limit is that, when & is given, we can choose e(S) so that ) 0(x,) — 0(x,) | < A 
if 0< | x s — a | < | Xj — a | £e(3). Similarly, a necessary and sufficient con¬ 
dition that 0(x) should tend to a limit when x~*oois that | 0(x g ) — 0(Xn) | < £ 
if*i>r,SI(l). 

Examples XXXV. 1. If 0(x) -el, 0(x) ~rl‘, as x-*-a, then 
0(x) + 0(x) -el + l', 0(x) \jr{x) -> IV, 0(x)/0-(x) -► Ijl', 
unless in the last ease V = 0 . 

[We saw in § 92 that the theorems of Ch. TV, §§ 63 et seq, hold also for 
functions of x when x->-<»orx-> — oo. By putting x = 1 jy we may extend 
them to functions of y, when y -*■ 0 , and by putting y = z — a to functions 
of z, when z -*a. 

* It will of course be understood that 0(a + 0) has no meaning other than that of 
a conventional abbreviation for the limit on the left-hand side. 

We can use the symbols 0(o + O) and 0(a -0) whenever the limits by which they 
are defined exist; but they will not usually satisfy inequalities like those in the text. 
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The reader should also prove them directly from the formal definition, 
given above. Thus, in order to obtain a direct proof of the first result he 
need only take the proof of Theorem I of § 63 and write throughout x for n, 
a for oo and 0<\x-a\ gefor n£n 0 .] 

2. If to is a positive integer, then x m -* 0 as x -*■ 0. 

3. If to is anegative integer, then x m -»• + co as x -> + 0, while -*■ — co or 
x n -*■ + oo and x ■* - 0, acoording as to is odd or even. If to = 0, then 
x m = 1 and x n ->-l. 

4. iim (a -f- bx + cx ’ +... + kx m ) = a. 
ar-vO 

, a + bx+ ... + kx m a 

6 . km -- 5 - = -, 

+ i OX+...+KX? oc 

unless a = 0. If a = 0 and a 4 = 0, fi 4= 0, then the function tends to + oo or 
— oo, as * -* + 0 , according as a and ji have like or unlike signs; the case is 
reversed if x -+ — 0. The case in which both a and a vanish is considered 
in Ex. xxxvi. 6 . Discuss the cases which arise when a #= 0 and more than 
one of the first coefficients in the denominator vanish. 

6 . Iim x m = a m , if m is any positive or negative integer, except when 
x-*-a 

o = 0 and to is negative [If to > 0, put x = y + a and apply Ex. 4. When 
m<0, the result follows from Ex. 1 above. It follows at once that 
lim P(x) — P(a), if P(x) is any polynomial.] 

7. lim K(x) = R(a), if R denotes any rational function and a is not one 
x-*a 

of the roots of its denominator. 

8 . Show that lim x m = a m for all rational values of to, except when 

x-ro 

o = 0 and to is negative. [This follows at once, when o is positive, from the 
inequalities (9) or (10) of § 74. For j x m —o’" | <H | x — a |, where H is tho 
greater of the absolute values of rnx m_1 and too” -1 (cf. Ex. xxvm. 4). If o 
is negative we write x = — y and o = — b. Then 

lim x m = lim ( — 1 ) m y m = (— I b m - o m .] 

97. The reader will probably fail to see at first that any proof 
of such results as those of Exs. 4, 5, 6, 7, 8 above is necessary. He 
may ask ‘why not simply put x = 0, or x = a? Of course we then 
get a, a/a, a m , P(a), R(a)’. It is very important that he should 
see exactly where he is wrong. We shall therefore consider this 
point carefully before passing on to any further examples. 

The statement lim <fi(x) = l 

x-+Q 

i%a statement about the values of <j){x) when x has any value 


12-2 
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distinct from but differing by little from zero*. It is not a statement 
about the value of <j>(x) when x = 0. When we make the statement 
we assert that, when x is nearly equal to zero, f>(x) is nearly equal 
to l. We assert nothing whatever about what happens when x is 
actually equal to 0. So far as we know, <f>{x) may not be defined at 
all for x = 0; or it may have some value other than l. For example, 
consider the function defined for all values of x by the equation 
<p(x) = 0. It is obvious that 

lim^(x) = 0 .(1). 

Now consider the function \fr{x) which differs from <j>(x) only in 
that ijf(x) — 1 when x = 0. Then 

hm^ r (a:) = 0 .(2), 

for, when x is nearly equal to zero, \jf{x) is not only nearly but 
exactly equal to zero. But \jf{ 0) = 1. The graph of this function 
consists of the axis of x, with the point x = 0 left out, and one 
isolated point, viz. the point (0,1). The equation (2) expresses 
the fact that if we move along the graph towards the axis of y, 
from either side, then the ordinate of the curve, being always equal 
to zero, tends to the limit zero. This fact is in no way affected by 
the position of the isolated point (0,1). 

The reader may object to this example on the score of arti¬ 
ficiality: but it is easy to write down simple formulae representing 
functions which behave precisely like this near x = 0. One is 
xjr{x) = [l—* 2 ], 

where [1 — x 2 ] denotes as usual the greatest integer not greater 
than 1 —x 2 . For if x = 0 then \jrfx) = []] = 1; while if 0 <x< I, 
or — 1 < x < 0, then 0 < 1 — x 2 < 1 and so ff(x) = [1 — x 2 ] = 0. 

Or again, let us consider the function 
y = xjx 

already discussed in Ch. II, § 24, (2). This function is equal to 1 
for all values of x save x = 0. It is not equal to 1 when x = 0: it is 

* Thus in Lef, A of § 93 we make a statement about values of y suck that 
0 & y 0 , the first of these inequalities being inserted expressly in order to exclude 

the value y = 0. 
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in fact not defined at all for x =0. For when we say that <f>(x) is 
defined for x = 0 we mean (as we explained in Ch. II, l.c.) that 
we can calculate its value for x = 0 by putting x = 0 in the 
formula which defines In this case we cannot. When we put 
x = 0 in <j>(x) we obtain 0/0, which is meaningless. The reader may 
object ‘divide numerator and denominator by x\ but this is 
impossible when x = 0. Thus y = xjx is a function which differs 
from y = 1 solely in that it is not defined for x = 0. None the less 
lim (xjx) — 1, 

for xjx is equal to 1 so long as x differs from zero, however small 
the difference may be. 

Similarly 0 (x) = {{x+ l) 2 - l}jx = x 4- 2 so long as x is not equal 
to zero, but is undefined when x = 0. None the less lim <fi(x) = 2. 

On the other hand there is of course nothing to prevent the 
limit of <j>(x) as x tends to zero from being equal to 0(0), the value 
of <j)(x) for x — 0. Thus if r!>(x) = x, then 0(0) = 0 and lim <j>(x) = 0. 


Examples XXXVI. 


x*-a l 

l. lim -— = 2a. 

x-m x-a 


X m — CL m 

2 . lim--— = nut m ~ l , if m is any integer (zero included). 

x—>a X a 


3. Show that the result of Ex. 2 remains true for all rational values of 
m, provided a is positive. [This follows at once from the inequalities (9) 
and (10) of §74.] 

j J 

4. Um —————- = 1. [Observe that x — 1 is a factor of both numer- 

_ y J X ” OX T a 

ator and denominator.] 

5. Discuss the behaviour of 

a 0 x m + a l x m+l +...+a i x m+t 
X 6 0 s n + 6 1 x’’+ 1 + ...+6,i B +' 

where a 0 4 = 0 , 6 0 0 , as x tends to 0 by positive or negative values. 

[If m > n, lim <j>{x) = 0. If m = n, lim <j>(x) = a 0 / 6 0 . If m < n and n — m is 
even, 0(x) -> + co or 0(z) -*■ — oo according as ajb 0 >0 or a 0 / 6 ,<0. If men 
andn — m is odd, then </>(%)-*■ + oo as x -► + 0 and <f>(x) — oo as x 0 , or 

<p(x)-*-— oo as x-*- + 0 and <j>(x)-*■ + <x> as x-* — 0, according as a„/ 6,,>0 

or a 0 /6 0 < 0.] 
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6 . If a and b ore positive, then 

to *pl = 6 . 

x-»-+ 0 o L*-' ® 


to - 

I-++ 0 * 



0 . 


How do the functions behave when x->-0 through negative values} 


7*. ]im^{l + x) = hmy/(l-x) = 1. [Put l + * = y or l-x = y, and 
use Ex. xxxv. 8.] 

8 . \im{J(l + x)-*J(\-x)}lx = 1 . [Multiply numerator and denomin¬ 
ator by + 

9. Consider the behaviour of {J(l + x m ) — J(l—x ’")}/x" as x-+0, m and 
n being positive integers. 

10 . lim- {\J(l + x + x s ) — 1 } = J. 

x 


11. lto V(j±?W(i+*’) = li 

V(l-x»)-V(l-x) 

12. Draw a graph of the function 

f 1 1 1 1 ) l( 1 1 1 1 ) 

y ~ \x-l + x-i + x-i + x-il / lx- l + a:-i + a;-J + ^ril - 
Has it a limit as x -> 0? [Here y = I except for x = 1, i, J, J, when y is 
not defined, and y->laai-> 0 .] 
sinx 

13. lim-= 1. 

x 

[It may be deduced from the definitions of the trigonometrical ratiosf 
that if x is positive and less than ^7i then 

sinx<x<tanx 


sin a; 

cosx<-< 1 

X 

„ . sinx 

0 < 1-< 1 — cos x = 2 sin 1 Jx. 


But 2 sin* Jx<2(Jx) a <ix a . Hence 

/ silVXN BlU X 

to (l-| = 0, to -= 1. 

*-►+0 ' x / x->.-|-0 % 

0 . Bin a;. 

bince-is an even function, the result follows.] 

V. J 


* In the examples which follow it ia to be assumed that limits as x-+0 are 
required, unless (as m Exs. 19, 22) the contrary is explicitly stated. 

t ■TJ 1 ® proofs of the inequalities which are used here depend on certain properties 
of the area of a sector of a circle which are usually taken as geometrically intuitive; 
for example, that the area of the sector is greater than that of the triangle inscribed 
in the sector. The justification of these assumptions must be postponed to Oh. VII. 
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14. lim 

16. lim 


1 — 008 * 

** 

arc sin* 
x 


= i- 


= 1 . 


am a x 

15. lim-- = a. Is this true if a = 01 


,, tan ox . arc tan ea> 

17. lim- = a, lim--= a. 


,. cosec x — cot x 

18. lim-= 4. 

* 


19. 


,, 1 + COS TTX 

lim--- 

x-+i tan* ux 


= *• 


20. How do the functions sin(l/x), (l/x)sin(l/x), xsin,(l/x) behave as 
* -*■ 0 ? [The first oscillates finitely, the second infinitely, the third tends 
to the limit 0. None is defined when * = 0. See Exs. xv. 0, 7, 8.] 


21. Does the function 




tend to a limit as x tends to 0 ? [No. The function is equal to 1 except when 

sin(l/x) = 0; i.e. when * = 1/tt, l/2;r, ..., — 1/tt, — l/2rr. For these 

values the formula for y assumes the meaningless form 0/0, and y is 
therefore not defined for an infinity of values of * near * =s 0.] 

22. Prove that if m is any integer then [*]-> m and * — (*]->• 0 as 
x-*m + 0, and — 1, *-[*]-*■ 1 as *-rm —0. 


98. The symbols 0, o, ~: orders of smallness and 
"* greatness. The definitions of § 89 may be extended, with 
obvious changes, to functions of a continuous variable which 
tends to infinity or to a limit. Thus/ = when £->oo, means 
that |/ | <K<1> for £g£ 0 ;/ = o{<f>) means that //$-*■ 0; and 
where 1 + 0, means that///>->-f. Similarly/ = 0{<f>), when x->a, 
means that | / ( < K(j> for all x differing from but sufficiently 
near to a. 

Thus 

x + x 2 = 0(x 2 ), x = o(x 2 ), x + x 2 ~x 2 , sin£=0(l), ar*=o(l) 
when £-> 00 , and 

x + x 2 = 0(x), x 2 = o(x), x + x 2 ~x, sin(l/£) = 0(1), d = o(l) 
when x —> 0. 

Suppose, to fix our ideas, that £->0. The functions 

X, £ 8 , X s , ... 
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form a scale each member of which tends to zero more rapidly 
than the preceding member, since 

x m = o(* CT-1 ), x m+1 = o(x m ) 

for every positive integer m; and it is natural to use them to 
measure the ‘order of smallness ’ of any function which tends to 
zero with z. If <j>(x)~lx m , 

where f=hO, when z->-0, we say that <p(x) is of the mth order of 
smallness when x is small*. 

T his scale is of course in no way complete. Thus <p{x) = xi 
tends to zero more rapidly than x but more slowly than x 2 . We 
might attempt to make it more complete by including fractional 
orders of smallness; we might say, for example, that xl is of the 
|th order. We shall however see in Ch. IX that even then our 
scale would be quite incomplete. 

We define orders of greatness similarly. Thus <J>(x) is of the mth 
order of greatness if <j>{x)jx~ m — x m tf>{x ) tends to a limit l, not 
zero, when z-o-0. 

These definitions refer to the case in which x->0. There are 
naturally corresponding definitions when x->oo or x~>a. Thus, 
if x m <j)(x) tends to a limit, not 0, when z->oo, we say that rp(x) 
is of the mth order of smallness for large x; and if (x — a) m tf>(x) 
tends to a limit, not 0, when x->a, we say that <j>(x) is of the mth 
order of greatness for x near a. 

Many of the results of the last set of examples may be restated 
in. the language of this section. Thus 

sinax~ax, 1—cosx~Jx 2 , cosecx — cotx~ £x; 

the second function is of the second order of smallness and the 
others of the first. 

* We might say, more generally, that <j>(x) is of the »»th order of smallness if 
there are positive constants A, B such that 

The definition in the text is sufficiently general for our purpose. 
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J) 99. Continuous functions of a real variable. The reader 

has no doubt some idea as to what is meant by a continuous 
curve. Thus he would call the curve C in Fig. 27 continuous, the 
curve C' generally continuous but discontinuous for x = £' and 
* = 

Either of these curves may be regarded as the graph of a 
function It is natural to call a function continuous if its 

graph is a continuous curve, and otherwise discontinuous. Let us 
take this as a provisional definition and try to distinguish more 
precisely some of the properties which are involved in it. 



In the first place it is evident that the property of the function 
y = <f>{x) of which C is the graph may be analysed into some 
property possessed by the curve at each of its points. To be able 
to define continuity for all values of x we must, first define con¬ 
tinuity/or any particular value of x. Let us therefore fix on some 
particular value of x, say the value x = £ corresponding to the 
point P of the graph. What are the characteristic properties of 
<j>{x) associated with this value of x? 

In the first place <p{x) is defined for x = £. This is obviously 
essential. If <p(i) were not defined there would be a point missing 
from the curve. 

Secondly <p(x) is defined for aU values of x near x = £; i.e. we can 
fij^d an interval, including x = f in its interior, for all points of 
which <f>(x) is defined. 
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Thirdly if x approaches the value £ from either side, then <fi(x) 
approaches the limit <j>{£). 

The properties thus defined aTe far from exhausting those of 
the picture of a curve by the eye of common sense, a pioture 
which is a generalisation from particular curves such as straight 
lines and circles. But they are the simplest and most fundamental 
properties: and the graph of any function which has these pro¬ 
perties would, so far as drawing it is practically possible, satisfy 
our geometrical feeling of what a continuous curve should be. We 
therefore select them as embodying the mathematical notion of 
continuity. We are thus led to the following 

Definition. The function <p{x) is said to he continuous for 
x = £ i/ it tends to a limit as x tends to £ from either side, and each 
of these limits is equal to <f>(£). 

Thus { 6 (x) is continuous for x = £ if j 6 (£), ( 6 (£ — 0 ), and j 6 (£ + 0 ) 
exist and are equal. 

We can now define continuity throughout an interval. The 
function (j>{x) is said to be continuous throughout a certain 
interval of values of x if it is continuous for all values of x in that 
interval. It is said to be continuous everywhere if it is continuous 
for every value of x. Thus [x] is continuous in the interval (e, 1 — e), 
where e is any positive number less than £, but is not continuous 
for x — 0 or x = 1 , or in any interval including either of these 
points; and 1 and x are continuous everywhere. 

If we recur to the definitions of a limit we see that our definition 
is equivalent to ‘<f>(x) is continuous for x = £ if, given S, we can 
choose e(8 ) so that j <j>{x) - <j>(£) \ < 8 if 0£\x-£\ ^ e(£) ’. 

We have often to consider functions defined only in an interval 
{a, b). In this case it is convenient to make a slight and natural 
change in our definition of continuity at the particular points a 
and 6 . We shall say that <j>(x) is continuous for x = a if <p(a -f 0 ) 
exists and is equal to 56 (a), and for x = b if <p(b - 0 ) exists and is 
equal to 56 (h). 
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100 . The definition of continuity given in the last section may 
be illustrated geometrically as follows. Draw the two horizontal 
lines y = 0(£) - 8 and y = <$(£) + 8. Then j <j>(x) - <f>(£) | < 8 ex¬ 
presses the fact that the point on the curve corresponding to x lies 
between these two lines. Similarly ) x — £ [ g e expresses the fact 
that x lies in the interval (£ — e, £ + e). Thus our definition asserts 



that if we draw two such horizontal lines, no matter how close 
together, we can always cut off a vertical strip of the plane by 
two vertical lines in such a way that all that part of the curve 
which is contained in the strip lies between the two horizontal 
lines. This is evidently true of the curve C (Fig. 27), whatever 
value £ may have. 

We shall now discuss the continuity of some special types of 
functions. Some of the results which follow were (as we pointed 
out at the time) taken for granted in Ch. II. 

Examples XXXVII. 1. The sum or product of two functions con¬ 
tinuous at a point is continuous at that point. The quotient is also 
continuous unless the denominator vanishes at the point. [This follows 
at once from Ex. xxxv. 1.] 

2. Any polynomial is continuous for all values of x. Any rational 
fraction is continuous except for values of x for which the denominator 
vanishes. [This follows from Exs. xxxv. 6, 7.] 

3. *Jx is continuous for all positive values of x (Ex. xxxv. 8). It is not 
defined when x < 0, but is continuous for x = 0 in virtue of the remark 
made at the end of § 99. The same is true of * m; ", where m and tv are any 
positive integers of which n is even. 

t. The funotion x wM is continuous for all values of x if n is odd. 
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5. 1/x is. not continuous for x = 0. It has no value for x = 0, nor does it 
tend to a limit as *->-0. In fact 1/x-r + ooor 1/as -»— co according as x -+-0 
by positive or negative values. ' 

6 . Discuss the continuity of x~ mln , where to and n are positive 
integers, for x — 0. 

7. The standard rational function R(x) = P(x)jQ(x) is discontinuous 
for x — a, where a is any root of Q(x) = 0. Thus (x a + l)/(x a -3x + 2) is 
discontinuous for x = 1. It will be noticed that in the case of rational 
functions a discontinuity is always associated with (o) a failure of the 
definition for a particular value of a; and (fa) a tending of the function to + oo 
or — oo as x approaches this value from cither side. Such a particular kind 
of point of discontinuity is usually described as an infinity of the function. 
An ‘infinity’ is the kind of discontinuity of most common occurrence in 
ordinary work. 

8 . Discuss the continuity of 
V«x-a)( 6 -x)}, ^{(x~a)( 6 -*)}, J(*~), 

9. sins and cos* are continuous for all values of x. 

[Thus sin (x + h) — sin x = 2 sin \h cos (x + \h), 

which is numerically less than the numerical value of hi] 

10. For what values of * are tan x, cot x, sec x, and cosec x continuous 
or discontinuous? 

11. If f(y) is continuous for y = i), and <p(x) is a continuous function of 
x which is equal to t\ when x = £, then f{<j>{x)} is continuous for x = f. 

12. If <j)(x) is continuous for any particular value of x, then any poly¬ 
nomial in </>{x), such as a{<p{x)\ m + .... is also continuous. 

13. Discuss the continuity of 

(ocos a x + 6 sin s x) _1 , ^(2 + cosx), ./(1 + sinx), (l-fsinx)-l. 

14. sin(l/x),xsin(l/x), andx a sin(l/x) are continuous except forx = 0. 

16. The function which is equal to x sin (1/x) except when x = 0, and 

to zero when x = 0 , is continuous for all values of x. 

16. [x] and x — [x] are discontinuous for ail integral values of*. 

17. For what (if any) values of x are the following functions discon¬ 
tinuous: [x»], [,/x], V(x-[x]), [x] + V(*-|>]). [ 2 x], [x] + [-x]t 

18. Classification of discontinuities. Some of the preceding 
examples suggest a classification of different types of discontinuity. 

(1) Suppose that (j>(x) tends to a limit when x-*a either by values less 
than or by values greater than a. Denote these limits, as in § 96, by <j>{a — 0) 
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and $J(a+ 0) respectively. Then, for continuity, it is necessary and 
sufficient that 0 (x) should be defined for x = o, and that 
0 (a — 0 ) = {4(a) = 0 (a + 0 ). 

Discontinuity may arise in a variety of ways. 

(a) 0 (a — 0 ) may be equal to 0 (a-f 0 ), but 0 (a) may not be defined, 
or may differ from 0(a — 0) and 0(a + 0). Thus if 0(x) = x sin (1 jx) and 
o = 0, ^(0 — 0) - 94(0 + 0) = 0, but 0(x) is not defined for x = 0. Or if 
0 (x) — [1 —x*] and a = 0 , 0(0 — 0 ) = 0(0 + 0 ) = 0 , but 0 ( 0 ) - 1 . 

(ft) 0(o —0) and 0(o + 0) may be unequal. In this case 0(a) may be 
equal to one or to neither, or be undefined. The first case is illustrated 
by <j>(x) = [x], for which 0(0 — 0 ) = — 1 , 0(0 + 0 ) = 0 ( 0 ) = 0 ; the second 
by <j>(x) = [x] — [—x], for which 0(0 — 0 ) = — 1 , 0(0 + 0 ) = 1 , 0 ( 0 ) = 0 ; and 
the third by <j>(x) = [x] + x 8 in (1 Jx), for which 0(0 — 0 ) = — 1 , 0(0 + 0 ) = 0, 
and 0 ( 0 ) is undefined. 

In any of these cases we say that 0(x) has a simple discontinuity at 
x = a. And to these cases we may add those in which 0(x) is defined only 
on one side of x = a, and 0(a —0) or 0(a + O), as the case may be, exists, 
but 0 ( 2 :) is either not defined when x = a or has a value different from 
0(a —0) or 0(a + O). 

It is plain from § 95 that a function which increases or decreases steadily 
in the neighbourhood of x = a can have at most a simple discontinuity for 
x = a. 

(2) It may happon that 0(x) tends to a limit, or to + oo, or to — oo, when 
x tends to a from either side, and that it tends to + oo or to — oo when 
x tends to a from one side at least. This is so, for example, if 0(x) is \jx 
or l/x«, or if it is l/x for positive and zero for negative x. In such cases 
we say that x = a is an infinity of 0 ( 2 :). We also include the cases in 
which <j>(x) tends to + oo or — oo on one side of a and is not defined on the 
other. 

(3) Any point of discontinuity which is not a point of simple discon¬ 
tinuity or an infinity is called a point of oscillatory discontinuity. 
Thus x = 0 is an oscillatory discontinuity of sin (l/x). 


19. 

sinx 

x 


What is the nature of the discontinuities at x = 0 of the functions 
, [*] + [-*]. cosecx, yg). yg). coseg, gjgjt 


20. The function which is equal to 1 when x is rational and to 0 when 
x is irrational (Ch. II, Ex. xn. 10) is discontinuous for all values of x. 
So too is any function which is defined only for rational or for irrational 
vataes of x. 
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21. - The function which is equal to x when x is irrational and to 
V{(l+P*)/(! + ?*)} when £ is a rational fraction pjg (Ch. II, Ex. xvi. 11) 
is discontinuous for all negative and for positive rational values of x t but 
continuous for positive irrational values. 

22. For what points are the functions considered in Ch. IV, Exa. xxxi 
discontinuous, and what is the nature of their discontinuities? [Consider, 
e.g., the function y = lima:" (Ex. 6). Here y is defined only when - l<rSl: 
it is equal to 0 when — 1 <as< 1 and to 1 when a; = 1. The points a; = 1 and 
x = — 1 are points of simple discontinuity.] 


Q 101. The fundamental property of a continuous func¬ 
tion. The ‘continuous curve’ pictured by common sense has 
another characteristic property. Let A and B be two points on 
the graph of <p(x) whose coordinates are a; 0 , f>(x 0 ) and x v <p(xj), 
and let A be a straight line passing between A and B. Then it would 
seem that, if the graph is continuous, it must cut A. 

It is clear that, if we consider this property as an intrinsic 
geometrical property of continuous curves, there is no real loss of 
generality in supposing A to be parallel to the axis of x. In this 
case the ordinates of A and B cannot be equal: let us suppose, for 
definiteness, that <fi{x x ) > <j>{x 0 ). And let A be the line y ~ y, where 
<j>(x 0 )<tj <<f>(x x ). Then to say that the graph of f>(x) must cut A 
is the same thing as to say that there is a value of x between a; 0 
and aq for which <fi{x) = y. 

We conclude then that a continuous function f>(x) should 
possess the following property: if 

$H*o) = 2/a. $K*i) = Vv 

and y 0 <y<y v then there ie a value of x between x 0 and x 1 for which 
<f(x) = y. In other words, as x varies from x 0 to x v y must assume 
at least once every value between y 0 and y v 

We shall now prove that if <p(x) is a continuous function of x in 
the sense defined in § 99 then it does in fact possess this property. 
There is a certain range of values of x, to the right of x 0 , for which 
<fr(x)<t). For <f>{x Q )<y, and so is certainly less than y if 
<j>{x)-<f(z 0 ) is numerically less than y-<f(x 0 ). But since <p(x) is 
continuous for x — x e , this condition is certainly satisfied if z is 
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near enough to x 0 . Similarly there is a certain range of values, to 
the left of x v for which rf>(z) > ij. 

Let us divide the values of x between x 0 and x 1 into two classes 
L, R as follows: 

(1) in the class L we put all values £ of x such that <f>(x)<y 
when x = £ and for all values of x between x 0 and £; 

(2) in the class R we put all the other values of x, i.e. all num¬ 
bers £ such that either $4(£) £ r/ or there is a value of x between 
x 0 and £ for which > t\. 

Then it is evident that these two classes satisfy all the con¬ 
ditions imposed upon the classes L, R of § 17, and so constitute 
a section of the real numbers. Let £ 0 be the number corresponding 
to the section. 

First suppose $H£„) >V< 80 that £ 0 belongs to the upper class: 
and let 0(£ o ) = y + k, say. Then <£(£') < rj, and so 

) — #£')>* 

for all values of £’ less than £ 0 , which contradicts the condition 
of continuity for x = £ 0 . 

Next suppose 0(£ o ) = — k<rj. Then, if £' is any number 

greater than £ 0 , either St rj or -we can find a number £' 
between £ 0 and £' such that <£(£") S t\. In either case we can find 
a number as near to £„ as we please and such that the corre¬ 
sponding values of <fr(x) differ by more than k. And this again 
contradicts the hypothesis that <p(x) is continuous for x = £ 0 . 

Hence 0(£ o ) = V< and the theorem is established. It should be 
observed that we have proved more than is asserted explicitly in 
the theorem; we have proved in fact that £ 0 is the least value of x 
for which <j>(x) = tj. It is not obvious, or indeed generally true, 
that there is a least among the values of x for which a function 
assumes a given value, though this is true for continuous func¬ 
tions. > 

It is easy to see that the converse of the theorem just proved is not true. 
Thus such a funotion as the function tp(x) whose graph is represented by 
Fig. 29 obviously assumes at least once every value between <p{x 0 ) and 
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^S( x1 ) ; yet <P(x) is discontinuous. Indeed it is not even true that <6(x) must 
be continuous when it assumes each value once and once only. Thus let 
<b(x) be defined as follows from a = 0 to x = 1. If x = 0 let £(x) = 0; if 
0<£< 1 let </>(x) = 1-2; and if 2 = 1 let <j>(x) = 1. The graph of the 
funotion is shown in Fig. 30; it includes the points O, C but not the points 
A. B. It is clear that, as x varies from 0 to 1, <t>(x) assumes once and once 

only every value between (6(0) = 0and$S(l) = 1; but <f>(x) is discontinuous 

for x = 0 and x = 1. 


Fig. 29 Fig. 30 

The curves which occur in elementary mathematics are usually com¬ 
posed of a finite number of pieces along which y always varies in the same- 
direction. It is easy to show that if y = <j>(x) always varies in the same 
direction, i.e. steadily increases or decreases, as x varies from x„ to x v 
then the two notions of continuity are really equivalent, i.e. that if <f>(x) 
takes every value between <flx„) and then it must be a continuous 
function in the sense of § 99. For let £ be any value of x between x 0 and x v 
When x-*£ through values less than £, <p(x) tends to the limit (6(£—0) 
(§ 95). Similarly, when x -*■ £ through values greater than £, <p(x) tends to 
the limit 0(£ + 0). The function will be continuous for X = £ if and only if 

(6(£-0) = ?H£) = (6(£+0). 

But if either of these equations is untrue, say the first, then it is evident 
that <p{x) never assumes any value whioh lies between 0(£ —0) and (6(£), 
whioh is contrary to our assumption. Thus fi(x) must be continuous. 

102. Further properties of continuous functions. In 
this and the following sections we prove a series of important 
general theorems. 
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Theorem 1. Suppose that <j>(x) is continuous for z = £, and 
that <fi(£) is positive. Then we can determine a positive number e 
such that <f>(£) is positive throughout the interval (£ — e, £+e). 

For, taking 5 = £$(£) in the fundamental inequality of p. 186, 
we can choose e so that 

throughout (£ — e, £+e), and then 

so that <j>(x) is positive. There is plainly a corresponding theorem 
referring to negative values of <j>{x). 

Theorem 2. If <f>(x) is continuous for x = £, and <f>(x) vanishes 
for values of x as near as we please, or assumes, for values of x as 
near to £ as we please, both positive and negative mlues, then 

m = o. 

This is an obvious corollary of Theorem 1. If ^(g) is not zero, 
it must be positive or negative; and if it were, for example, posi¬ 
tive, it would be positive for all values of x sufficiently near to g, 
which contradicts the hypotheses of the theorem. 

103. The range of values of a continuous function. Let 

us consider a function <}>(x) about which we shall assume at present 
only that it is defined for every value of x in an interval (a, b). 

The values assumed by j>(x) for values of x in (a, b) form an 
aggregate S to which we can apply the arguments of § 80, as we 
applied them in § 81 to the aggregate of values of a function of n. 
If there is a number K such that <j>{x) g K, for all values of a; in 
question, we say that <p(x) is bounded above. In this case <f>(x) 
possesses an upper bound M: no value of <j>(x) exceeds M, but any 
number less than M is exceeded by at least one value of <j>(x). 
Similarly we define ‘bounded below', ‘lower bound', ‘bounded’, as 
applied to functions of a continuous variable x. 

Theorem 1. If <f>(x) is continuous throughout (a,b), then it is 
bounded in (a, b). 

We can certainly determine an interval (a, g), extending to 
the right from a, in which <fi(x) is bounded. For since <j>(x) is 
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con tin uous for x - a, we oan, given any positive number 8, 
determine an interval (a, £) throughout which 0(x) lies between 
0(a) - 8 and 0(a) + 8; and obviously 0(z) is boundedin this interval. 

Now divide the points £ of the interval (a, 6) into two classes 
. L, R, putting £ in L if 0(x) is bounded in (a, £), and in if if this is 
not the case. It follows from what preoedes that L certainly 
exists: what we propose to prove is that R does not. Suppose that 
R does exist, and let ft be the number corresponding to the section 
whose lower and upper classes are L and R. Since 0(x) is con¬ 
tinuous for x = ft, we can, however small 8 may be, determine an 
interval (ft-y,ft + y)* throughout which 

f>(ft)~8<<fi(z)<fi(ft) + 8. 

Thus 0(x) is bounded in (ft — y, ft +y). Now ft-y belongs to L. 
Therefore 0(x) is bounded in (a, ft — y ); and therefore it is bounded 
in the whole interval (a,ft + y). But ft+y belongs to R and so <p(x) 
is not bounded in (a, ft+y). This contradiction shows that R does 
not exist, and so that <j>(x) is bounded in the whole interval (a, b). 

Theorem 2. If <f>(x) is continuous throughout {a, b), and M 
and m are its upper and loiver bounds, then </>(x) assumes the values 
M and m at least once each in the interval. 


For, given any positive number 8, we can find a value of x for 
which M-f>(x)<8 or \ j{M - <j>(x)} > 1/8. Hence \j{M — <j>(x)} is 
not bounded, and therefore, by Theorem 1, is not continuous. 
But M-ij>(x) is a continuous function, and so 1 l{M — <p(x)} is 
continuous at any point at which itB denominator does not 
vanish (Ex. xxxvn. 1). There must therefore be a point at which 
the denominator vanishes, and at this point 0(x) = M. Similarly 
it may be shown that there is a point at which 0(x) = to. 

The proof just given is indirect, and it may be well, in view of 
the great importance of the theorem, to indicate alternative lines 
of proof. It will however be convenient to postpone these for a 
moment t- 


* If ft = 4 wo must replace this interval by (ft - y, ft), and B + y by ft, throughout 
the argument which follows, 
t Bee § 106. 
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Examples XXXVIII. 1. If <j>(x) = l/x except when x = 0, and <j>(x) — 0 
when x = 0, then ${*) has neither an upper nor a lower bound in any 
interval whioh includes x — 0 in its interior, such as the interval (— 1, +1). 

2. If <f>(x) = l/x 2 except when x = 0, and <j>(x) = 0 when x = 0, then 
<fi(x) has the lower bound 0, but no upper bound, in the interval (— I, +1). 

3. Let <j>(x) = sin (1 jx) except when x = 0, and = 0 when x = 0. 
Then is discontinuous for x = 0. In any interval ( — S, +5) the lower 
bound is — 1 and the upper bound + 1, and each of these valueB is assumed 
by <f>(x) an infinity of times, 

4. Let </>(x) = x — [x]. This function is discontinuous for all integral 
values of x. In the interval (0,1) its lower bound is 0 and its upper bound 1. 
It is equal to 0 when x = 0 or x = 1, but it is never equal to 1. Thus <j>(x) 
never assumes a value equal to its upper bound. 

5. Let <j>(x) = 0 when x is irrational, and <j>[x) — q when a: is a rational 
fraction p/q. Then <j>(x) has the lower bound 0, but no upper bound, in any 
interval (a, b). But if <f>(x) = (— 1 ) v q when x = p/q, then </>(x) has neither 
an upper nor a lower bound in any interval. 

104. The oscillation of a function in an interval. Let 

<j){x) be any function bounded throughout [a, b), and M and m its 
upper and lower bounds. We shall now use the notation M(a, b), 
m(a,b) for M, m, in order to exhibit explicitly the dependence of 
M and to on a and b, and we shall write 

0(a,b) = M(a,b) — m{a,b). 

This number 0(a, b), the difference between the upper and lower 
bounds of ${x) in (a, b ), we shall call the oscillation of <fi(x) in 
(a,b). The simplest of the properties ol the functions M(a,b), 
m(a,b), 0(a,b) are as follows. 

(1) // a S c S 6, then M(a,b)is equal to the greater of M(a, c) and 
M(c, b), and m(a, b) to the lesser of m(a, c) and m(c, b). 

(2) M(a, b) is an increasing, m(a, b) a decreasing, and 0(a, b) an 
increasing function of b. 

(3) 0(a, b) £ 0{a, c) + 0(c, b). 

The first two theorems are almost immediate consequences of 
our definitions. Let p. be the greater of M(a,c) and M(c,b), and 
let 6 be any positive number. Then <fi(x) S p throughout (a, c) and 
(c, 6), and therefore throughout (a, 6); and <j>(x) > p — S somewhere 
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in (a,c) or in (c,b), and therefore somewhere in (a,b). Hence 
M(a, b) = ft. The proposition concerning m may be proved 
similarly. Thus (1) is proved, and (2) is an obvious corollary. 

Suppose now that M x is the greater and M i the less of M(a, c) 
and M(c, b), and that m 1 is the less and m 2 the greater of m(a, c) 
and m(c,b). Then, since c belongs to both intervals, 0(c) is not 
greater than J/ 2 nor less than «i 2 . Hence J/ 2 £ m 2 , whether these 
numbers correspond to the same one of the intervals (a, c) and 
(c, 6) or not, and 

0(a, b) = M x — m 1 £ M x + M 2 — m t — m 2 . 

But 0(a,c) + 0(c,b) = 

and (3) follows. 

105. Alternative proofs of Theorem 2 of § 103. The most stiaight- 
forward proof of Theorem 2 of § 103 is as follows. Let £ be any number of 
the interval (a, 6). The function M(a, £) increases steadily with £ and never 
exceeds M. We can therefore construct a section of the numbers £ by 
putting £ in L or in R according as M(a, £) < M or M(a, £) = M. Let ft be 
the number corresponding to the section. If a </?<&, wo have 

M[a,ft—rj)<M, M(a,ft + Jj) — M 
for all positive values of i), and so 

M(ft-ij,ft+ri) = M, 

by (1) of § 104. Hence assumes, for values of a; as near as we please to 
ft, values as near as we please to M, and so, since is continuous, </>(ft) 
must be equal to M. 

If ft = a then M{a, a + -i?) = M . And if ft = b then M(a, b-ij)< M, and 
so M(b-ij,b) = M. In either case the argument may be completed as 
before. 

The theorem may also be proved by the method of repeated bisection 
used in § 71. If M is the upper bound of (j>{x) in an interval PQ, and PQ 
is divided into two equal parts, then it is possible to find a half P, Q x in 
which the upper bound of <p(x) is also M. Proceeding as in § 71, we con¬ 
struct a sequence of intervals PQ, P, Q x , P t Q .in each of which the 

upper bound of 0(x) is M. These intervals, as in § 71, converge to a point T, 
and it is easily proved that the value of at this point is M. 

106. Sets of intervals on a line. The Heine-Borel 
theorem. We shall now proceed to prove some theorems con¬ 
cerning the oscillations of a function which are of particular 
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importance, as we shall see later, in the theory of integration. 
These theorems depend upon a general theorem concerning 
intervals on a line. 

Suppose that we are given a set of intervals in a straight line, 
that is to say an aggregate each of whose members is an interval 
(a, /?). We make no restriction as to the nature of these intervals; 
they may be finite or infinite in number; they may or may not 
overlap*; and any number of them may be included in others. 

It is worth while in passing to give a few examples of sets of intervals to 
which we shall have occasion to return later. 

( 1 ) If the interval (0,1) is divided into n equal parts, then the n intervals 
thus formed define a finite set of non-overlapping intervals which just 
cover up the line. 

(h) We take every point £ of the interval (0, 1 ), and associate with £ the 
interval (£ — e,£ + e), whore e is a positive number less than 1, except that 
with 0 we associate (0, t) and v. ith 1 we associate (1 — e, 1), and in general 
we reject any part of any interval which projects outside the interval 
(0,1). We thus define an infinite set of intervals, and it is obvious that 
many of them overlap with one another. 

(ill) We take the rational points p/q of the interval (0,1), and associate 
with p/q the interval 

P_e p e\ 

q q 3 ' q q 3 )' 

whore e is positive and less than 1. We regard 0 as 0/1 and 1 as 1/1: m 
thoso two cases wo reject the part of the interval which lies outside (0,1). 
We obtain thus an infinite set of intervals, which plainly overlap with one 
another, since there are an infinity of rational points, other than p/q, m 
the interval associated with p/q. 

The Heine-Borel theorem. Suppose that m are given an 
interval (a, b), and a set of intervals 1 each of whose members is 
included in ( a,b). Suppose further that I possesses the following 
properties ■ 

(i) every point of (a, 6), other than a or b, lies inside | at least one 
interval of I \ 

* The word overlap is used in its obvious sens© two intervals overlap if they have 
points in oommon which are not end points of either Thus (0, f) and ($, 1) overlap. 
A pair of intervals such as {0, J) and (4, 1) may be said to abut 

t That is to say 4 m and not at an end of 1 
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(ii) a is the left-hand end point, and b the right-hand end point, 
of at least one interval of I. 

Then it is possible to choose a finite number of intervals from 
the set I which form a set of intervals possessing the properties (i) 
and (ii). 

We know that a is the left-hand end point of at least one 
interval of I, say (a, af). We know also that a x lies inside at least 
one interval of I, say ( a' lt a 2 ). Similarly a 2 lies inside an interval 
(a' it a s ) of I. It is plain that this argument may be repeated in¬ 
definitely, unless after a finite number of steps a n coincides with b. 

If a n does coincide with b after a finite number of steps, then 
there is nothing further to prove, for we have obtained a finite set 
of intervals, selected from the intervals of I, and possessing the 
properties required. If a n never coincides with b, then the points 
a v a 2 , a 3 , ... must (since each lies to the right of its predecessor) 
tend to a limiting position, but this limiting position may, so far 
as we can tell, lie anywhere in (a, b). 

Let us suppose now that the process just indicated, starting 
from a, is performed in all possible ways, so that we obtain all 
possible sequences of the types eq, a 2 , a 3 , .... Then we can prove 
that there must be at least one such sequence which arrives at b after 
a finite number of steps. 


a a\ a x a\ o 2 £ a 3 £' £ 0 £' b x b 

Fig. 31 

There are two possibilities with regard to any point £ between 
a and b. Either (i) £ lies to the left of some point a n of some sequence 
or (ii) it does not. We divide the points £ into two classes L and 
R according as to whether (i) or (ii) is true. The class L certainly 
exists, since all points of the interval [a, «q) belong to L. We shall 
now prove that R does not exist, so that every point £ belongs 
to L. * 

If R exists, then L lies entirely to the left of R, and the classes 
L, R form a section of the real numbers between a and b, to which 



DISCONTINUOUS FUNCTIONS 


199 


106] 


corresponds a number £ 0 . The point £ 0 lies inside an interval of I, 
say (£', £"), and f' belongs to i, and so lies to the left of some term 
a n of some sequence. But then we can take (£', £”) as the interval 
(o^i^n+i) associated with a n in our construction of the sequence 
a v a 2 , a 3 , ...; and all points to the left of £" lie to the left of a 7l+1 . 
There are therefore points of L to the right of £ 0 , and this contra¬ 
dicts the definition of R. It is therefore impossible that R should 
exist. 


Thus every point £ belongs to L Now b is the right-hand end 
point of an interval of I, say (b^b), and b 1 belongs to L. Hence 
there is a member a n of a sequence a v a 2 , a 3 , .. Buch that a n >b v 
But then we may take the interval (a^,a n+1 ) corresponding to 
a n to be (b v b), and so we obtain a sequence in which the term after 
the nth coincides with 6, and therefore a finite set of intervals 
having the properties required. Thus the theorem is proved. 

It is instructive to consider the examples of p. 197 in the light of this 
theorem. 


(l) Heie the conditions of the theorem are not satisfied; the points 
1 /», 2/n, 3/«, do not lie inside any interval of I. 

(u) Here the conditions of the theorem are satisfied. The set of intervals 


(0,2e), (e, 3c), (2e,4e), . , (l-2e.l), 

associated with the points e, 2c, He, , 1—e, possesses the properties 
required. 

(m) In this case we can prove, by using the theorem, that there are, 
if e is small enough, points of (0,1) winch do not he m any interval of J. 

If every point of (0, 1) lay inside an interval of I (with the obvious 
reservation as to the end points), then we could find a finite number of 
intervals of 1 possessing the same property and having therefore a total 
length greater than 1. Now there are two intervals, of total length 2e, for 
which 5 = 1 , and q— 1 intervals, of total length 2e(q— 1)/<j’, associated 
with any other value of q. The sum of any finite number of intervals of I 
can therefore not be greater than 2e times that of the series 


l+ h + i + i + ■■ ’ 


which will be shown to be convergent in Ch. VTII. Hence it follows that, 
if e js small enough, the supposition that every point of (0,1) lies inside 
an interval of J leads to a contradiction. 
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The reader may be tempted to think that this proof is needlessly 
elaborate, and that the existence of points of the interval, not in any 
interval of I, follows at once from the fact that the sum of all these intervals 
is less than 1. But the theorem to which he would be appealing is (when the 
set of intervals is infinite) far from obvious, and can only be proved 
rigorously by some such use of the Heine-Borel theorem as is made in 
the text. 

107. The oscillation of a continuous function. We shall 

now apply the Heine-Borel theorem to the proof of two important 
theorems concerning the oscillation of a continuous function. 

Theorem I. If <f>(x) is continuous throughout the interval (a, b), 
then we can divide (a, b) into a finite number of sub-intervals (a, x x ), 
(x,,x 2 ), ..., (x n ,b), in each of which the oscillation of <j»(x) is less 
than an assigned positive number S. 

Let £ be any number between a and b. Since <j>(x) is continuous 
for x = £, we can determine an interval (£ -t, £ -f e) such that the 
oscillation of <p(x) in this interval is less than S. It is indeed 
obvious that there are an infinity of such intervals corresponding 
to every £ and every S, for if the condition is satisfied for any 
particular value of e, then it is satisfied a fortiori for any smaller 
value. What values of e are admissible will naturally depend upon 
£; we have at present no reason for supposing that a value of e 
admissible for one value of £ will be admissible for another. We 
shall call the intervals thus associated with £ the d-inlervals of £. 

If £ = a then we can determine an interval (a, a + e), and so an 
infinity of such intervals, having the same property. These we 
call the 5-intervals of a, and we can define in a similar manner the 
5-intervals of 6. 

Consider now the set 1 of intervals formed by taking all the 
5-intervals of all points of (a, b). It is plain that this set satisfies 
the conditions of the Heine-Borel theorem; every point interior 
to the interval is interior to at least one interval of I, and a and b 
are end points of at least one such interval. We can therefore 
determine a set /' which is formed by a finite number of intervals 
of I, and which possesses the same property as I itself. 
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The intervals which compose the set /' will in general overlap, 
as in Fig. 32. But their end 
points obviously divide up (a, 6) —— 
into a finite set of intervals 1“ “ 
each of whioh is included in an 


Fig. 32 


interval of and in each of which the oscillation of <j>(x) is less 
than 8. Thus Theorem I is proved. 


Theorem II. Given any positive number 8, we can find a 
number rj such that, if the interval (a, b) is divided in any manner 
into sub-intervals of length less than rj, then the oscillation of <j>(x) 
in each of them will be less than 8. 

Take 8 t < j8, and construct, as in Theorem I, a finite set of 
sub-intervals^ in each of which the oscillation of fi(x) is less than 
8 V Let rj be the length of the least of these sub-intervals j. If 
now we divide (a, 6) into parts each of length less than r/, then any 
such part must he entirely within at most two successive sub- 
intervals j. Hence, in virtue of (3) of § 104, the oscillation of <p(x), 
in one of the parts of length less than r\, cannot exceed twice the 
greatest oscillation of <fi(x) in a sub-interval j, and is therefore 
less than 2 8 lt and therefore than 8. 

This theorem is of fundamental importance in the theory of 
definite integrals (Ch. VII). It is impossible, without the use of 
this or some similar theorem, to prove that a function continuous 
throughout an interval necessarily possesses an integral over that 
interval. 


108. Continuous functions of several variables. The 

notions of continuity and discontinuity may be extended to 
functions of several independent variables (Ch. II, §§31 et seq.). 
Their application to such functions, however, raises questions 
much more complex and difficult than those which we have con¬ 
sidered in this chapter. It would be impossible for us to discuss 
these questions in any detail here; but we shall, in the sequel, 
require to know what is meant by a continuous function of two 
variables, and we accordingly give the following definition. It is 
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a straightforward generalisation of the last form of the definition 
of §99. 

The function y) of the two variables x and y is said to be 
continuous forx~l,y = y if, given any positive number S, how¬ 
ever small, we can choose e(S) so that 

\0(x,y)-</>(!-,7i)\<8 

when 0 g | x — £ | g e(8) and 0g |«/ —?/1 St(<5); that is to say if we 
can draw a square, whose sides are parallel to the axes of coordinates 
and of length 2e(£), whose centre is the point (£, r/), and which is such 
that the value of cp{x , y) at any point inside it or on its boundary 
differs from <p{i, ?/) by less than 8*. 

This definition of course presupposes that <f{x, y) is defined at 
all points of the square in question, and in particular at the point 
(£,?/). Another method of stating the definition is this: <j>{x,y) is 
continuous for x = £, y = rj if <f(x, y) -> 0(£, g) when a; -> £ and y->y 
in any manner. This statement is apparently simpler; but it 
contains phrases the precise meaning of which has not yet been 
explained and can only be explained by the help of inequalities 
like those which occur in our original statement. 

It is easy to prove that the sums, the products, and in general 
the quotients of continuous functions of two variables are them¬ 
selves continuous. A polynomial in two variables is continuous for 
all values of the variables; and the ordinary functions of x and y 
which occur in every-day analysis are generally continuous, i.e. 
are continuous except for pairs of values of x and y connected by 
special relations. 

The reader should observe carefully that to assert the continuity of 
<j>{x,y) with respect to the two variables x and y is to assert muoh more 
than its continuity with respect to each variable considered separately. 
It is plain that if <p(x,y) is continuous with respect to x and y, then it is 
continuous with respect to y (or y) when any fixed value is assigned 
to y (or x). But the converse is by no means true. Suppose, for example, 
that 


<h(x, y) - 


2 xy 

x , + y t 


* The reader should draw a figure to illustrate the definition. 
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when neither x nor y is zero, and <j>{x,y) = 0 when either x or y is zero. 
Then if y has any fixed value, zero or not, <j>(x, y) is a continuous function 
of x, and in particular continuous for x = 0; for its value when x = 0 is 
zero, and it tends to the limit zero as x -> 0. In the same way it may be 
shown that <j>(x, y) is a continuous function of y. But <j>(x, y) is not a con¬ 
tinuous function of x and y for x = 0, y = 0. Its value when * = 0, y = 0 
is zero, but if x and y tend to zero along the straight line y = ax, then 
, 2a 2a 

*<*■ y'l = = ’ 

which may have any value between — 1 and 1 


109. Implicit functions. We have already, in Ch II, met with 
the idea of an implicit function Thus, if x and y are connected by the 
relation 


y h -xy-y-x = 0 


(I), 


then y is an ‘implicit function ’ of x. 

But it is far from obvious that such an equation as this does really 
define a function y of x, or severat such functions In Ch II we were 
content to take this for granted. We are now m a position to consider 
whether the assumption we made then was justified. 

We shall find the following terminology useful. Suppose that it is 
possible to surround a point (a, 6), as in § 108, with a square throughout 
which a certain condition is satisfied We shall call such a square a neigh¬ 
bourhood of (a, 6), and say that the condition m question is satisfied m the 
neighbourhood of (a, 6), or near (a, 6), meaning by this simply that it is 
possible to find some square throughout which the condition is satisfied. 
It is obvious that similar language may be used when we are dealing with 
a single variable, the square being replaced by an interval on a line. 


Theorem. If (i) f(x, y) is a continuous function of x and y in the neigh¬ 
bourhood of (a, 6), 

(u) f(a, b ) = 0, 

(m) f(x,y) is, for all values of x m the neighbourhood of a, a steadily 
increasing function of y, in the stricter sense of § 95, 

then (1) there is a unique function y = <j>(x) which, when substituted m the 
equation f(x, y) = 0, satisfies it identically for all values of x m the neighbour¬ 
hood of a, 

(2) is continuous for all values of x in the neighbourhood of a 

In the figure the square represents a ‘ neighbourhood ’ of (o, 6) through- 
out-which the conditions (l) and (m) are satisfied, and P the point (o, b). 
If we take Q and if asm the figure, it follows from (m) that/(x, y ) is positive 
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at Q and negative at R. Thia being so, and f(x,y) being continuous at Q 
and at R, we can draw lines QQ' and HR' parallel to OX, so that R Q 
is parallel to OY and f(x,y) is positive at all 
points of QQ' and negative at all points of 
RR‘. In particular/^, y) is positive at Q' and 
negative at R', and therefore, in virtue of (iii) 
and § 101, vanishes once and only once at 
a point P' on R’Q'. The same construction 
gives us a unique point at which f(x, y) = 0 
on each ordinate between RQ and R'Q'. It 
is obvious, moreover, that the same con¬ 
struction can be carried out to the left of RQ. 

The aggregate of points such as P' gives us 
the graph of the required function y = 

It remains to prove that <j>(x) is continuous. This is most simply effected 
by using the idea of the ‘limits of indetermination’ of as x -so (§ 96). 
Suppose that x-*a, and let A and A be the limits of indetermination of 
0(x) as 2 -ra. It is evident that tho points (a. A) and (a. A) lie on QR. 
Moreover, we can find a sequence of values of x such that <ji(x) -»■ A when 
x-*a through the values of tho sequence; and since f{x,<j>(x)} — 0, and 
f(x, y) is a continuous function of x and y, wo have 

/(a, A) = 0. 

Hence A = 6; and similarly A = 6. Tlius tends to tho limit 6 as x -*■ a, 
and so <j>(x) is continuous for x = a. It is evident that we can show in 
exactly the same way that <j>(x) is continuous for any value of x in tho 
neighbourhood of a. 

It is clear that the truth of the theorem would not be affected if we wore 
to change ‘increasing’ to ‘decreasing’ in condition (iii). 

As an example, let us consider the equation (1), taking a -■= 0, 6 = 0. 
It is evident that the conditions (i) and (ii) are satisfied. Moreover 

/(*• y) -/(*. V') — (y-y'){y*+y z y' + y l y‘* + yy'* l) 

has, when x, y, and y’ are sufficiently small, the sign opposite to that of 
y — y'- Hence condition (iii) (with ‘decreasing’ for ‘increasing’) is satisfied. 
It follows that there is one and only one continuous function y whioh 
satisfies the equation (1) identically and vanishes with x. 

The same conclusion would follow if the equation were 
y i -xy-y-x = 0. 

The function in question is in this case 

y = i{l + x-V(l + 6a; + **)}, 

where the square root is positive. The second root, in which the sign of 
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the square root is changed, does not satisfy the condition of vanishing 
with x. 

There is one point in the proof which the reader should be careful to 
observe. We supposed that the hypotheses of the theorem were satisfied 
‘in the neighbourhood of (a, b ) ’, that is to say throughout a certain square 
£—ega;S£4-e, y — e Sy + e. The conclusion holds ‘in the neighbour¬ 
hood of x = a’.that is to say throughout a certain interval £ — £1 + 

There is nothing to show that the e t of the conclusion is the e of the hypo¬ 
theses, and indeed this is generally untrue. 

110. Inverse functions. Suppose in particular that f(x,y) is of the 
form F(y) — x. Wo then obtain the following theorem. 

If F{y) is a function ofy, continuous and steadily increasing (or decreasing) 
in the stricter sense of § 95, in the neighbourhood of y = b, and F(b) = o, then 
there is a unique continuous function y ~ <j>(x) which is equal to b when x — a 
and satisfies the equation F(y ) = x identically in the neighbourhood of x = a. 

The function thus defined is called the inverse function of F(y). 

Supposo for example that y 3 = x, a = 0, fc = 0. Then all the conditions 
of the theorem are satisfied. The inverse function is 1 = $y. 

If we had supposed that y 1 = x, then the conditions of the theorem would 
not have been satisfied, for y 1 is not a steadily increasing function of y in 
any interval which includes y — 0: it decreases when y is negative and 
increases when y is positive. And in this case the conclusion of the theorem 
doesnothold, fory a = x defines too functions of x, viz. y = ^/xand y = —ijx, 
both of which vanish when x = 0, and each of which is defined only for 
positive values of x, so that the equation has sometimes two solutions 
and sometimes none. The reader should consider tho more general 
equations ^ ^-,+1 _ % 

in the same way. Another interesting example is given by the equation 

yt-y-X = 0, 

already considered in Ex. xrv. 7. 

Similarly the equation sin y — x 
has just one solution which vanishes with x, viz. the value of arc sin x 
which vanishes with x. There are of course an infinity of solutions, given 
by the other values of arc sin x (of. Ex. xv. 10), which do not satisfy this 
condition. 

So far we have considered only what happens in the neighbourhood of 
a particular value of x. Let us suppose now that F(y) is positive and 
steadily increasing (or decreasing) throughout an interval (a, b). Given 
any point £ of (a, b), we can determine an interval i including £, and a 
unique and continuous inverse function f>i(x) defined throughout t. 
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From the aet 1 of intervals i we can, in virtue of the Heine-Borel 
theorem, pick out a finite sub-set covering up the whole interval (a, 6); 
and it is plain that the finite set of functions <j>,(x), corresponding to the 
sub-set of intervals i thus selected, define together a unique inverse 
function <f(x) continuous throughout (a, b). 

We thus obtain the theorem: if x = F(y), where F(y) is continuous and 
increases steadily and strictly from A to B as x increases from a to b, then there 
is a unique inverse function y — <fi(x) which is continuous and increases 
steadily and strictly from a to b as x increases from A to B. 

It is worth while to show how this theorem can be obtained directly 
without the help of the more difficult theorem of § 109. Suppose that 
A<£< B, and consider the class of values of y such that (i) a<y<b and 
(ii) F(y)^£. This class has an upper bound ij, and plainly F(ri) g £. If 
F(y) were less than |, we could find a value of y such that y>t] and 
F(y) < £, and // would not, be the upper bound of the class considered. 
Hence F(ij) = £. The equation F(y) = £ has therefore a unique solution 
y = i) = <j>(£), say; and plainly i? increases steadily and continuously with 
£, which proves the theorem. 


MISCELLANEOUS EXAMPLES ON CHAPTER V 


1. Show that in general 

ax n + bx”- 1 + ...+lc 
Ax* + Bx’'- 1 + ...+K 


a+-(l4-i7), 

x 


where a = a/ A, ft — (bA-aB)IA 1 , and rj is of tho first order of smallness 
when x is large. Indicate any exceptional cases. 

2. Determine a, /?, and y so that 


ax 1 + 6a; + c B y 

Ax*+Bx+C = a+ x + x* (1 + V) ’ 

where 7) is of the first order of smallness when x is large, 
exceptional cases. 


Indicate any 


3. Show that, if P(x) is a polynomial ax" + bx n l + ... + k whose first 
coefficient a is positive, then P(x + h)~ P(x) and 

P(x + 2h)-2P(x + h) + P(x) 
increase steadily from a certain value of x onwards. 

4. Prove that 

P(x + h)~ P(x) ~ nhax'-i, P(x + 2 h) - 2 P(x + h) + p( x ) ~ n (n-l) Wax'-*, 
when x -> co. 
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5. Show that lim <Jx{<J(x + a)~Jx} = |o. 

x-i-oo 

[Use the formula J{x + a) — Jx = aj{J(x + a) + Jx}.] 

6. Show that J(x + a) = <jx + ^ax~i (1 +y), where r; is of the first order 
of smallness when x is large. 

7. Find values of a and ft such that J(ax , + 2bx + c) — ax — ft has the 
limit zero as x -*• oo; and prove that 

lim x{J{ax 2 + 2bx -f c) — ax — ft) = (ac— 6 2 )/2a. 

8. Evaluate lim x{ v /[x a + ^/(z 4 + 1)] — x^J2}. 

X —► OO 

9. Prove that sec x — tan i->0asr-+ \tt. 

10. Prove that <p(x) = 1 — cos (1 — cos x) is of the fourth order of small¬ 
ness when x is small; and find the limit of <fi(x)jx‘ as x -*0. 

11. Prove that <j>(x) = a; sin (sin x) — sin’ x is of the sixth order of small¬ 
ness when x is small; and find the limit of <j>(x)jx* asr-tO. 

12. From a point P on a radius OA of a circle, produced beyond the 
circle, a tangent FT is drawn to the circle, touching it in T, and TN is 
drawn perpendicular to OA. Show that NA/AP -+ 1 as P moves up to A. 

13. Tangents are drawn to a circular arc at its middle point and its 
extremities; A is the area of the triangle formed by the chord of the arc 
and the two tangents at the extremities, and A' the area of that formed by 
the three tangents. Show that A/A' ->■ 4 as the length of the arc tends to 
zero. 

14. For what values of a does {o + sin (l/x)}/a; tend to (1) oo, (2) — oo, as 
x -*■ 0 ? [To oo if a > 1, to — oo if a < — 1: otherwise the function oscillates.] 

15. If <f>(x) = 1 jq when x = p/g, and <j>[x) = 0 when x is irrational, then 
4>{x) is continuous for all irrational and discontinuous for all rational 
values of x. 

16. Show that the function whose graph is drawn in Fig. 30 may be 
represented by either of the formulae 

1 — x + [x] — [1 — x], 1— x— Mm (cos in+1 7rx). 

n—► co 

17. Show that the function <fi(x) which is equal to 0 when x = 0, to | — x 
when 0<x< J, to J when x = J, to 3 — x when J<x< 1, and to 1 when 
x = 1, assumes every value between 0 and 1 once and onoe only as x 
increases from 0 to 1, but is discontinuous for x = 0, x = j> and x = 1. 
Show also that the function may be represented by the formula 

i-*-t-i[2s]-i[l-2x]. 
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18. Let <j>{x) - x when * is rational and <f>(x)=\-x when x is irrational. 
Show that assumes every value between 0 and 1 once and once only 
as x increases from 0 to 1, but is discontinuous for every value of x except 


x=i. 

19. Prove that a function which is increasing at every point of (a, b) is 
an increasing function in (a, 6), 

Show that a function which is ‘increasing on the right’ at every point 
of (a, b ) is not necessarily an increasing function in (a, 6), but is so if it is 
continuous. (Math. Trip. 1926) 

[We say that '4>(x) is increasing at x' when (i) <j>(x ')g 0(i) for all x‘ of 
some interval to the right of x and (ii) <j>(x') S <j>(x) for all x’ of some interval 
to the left of*. When (i) alone is given, we say that </>(x) is ‘increasing on 
the right ’. 

Wo have to prove that <t>(x i )'^.<t>(x 1 ) if o gaqcaqg 6. We divide the 
points £ of (*!, b) into two classes L and R, L if (J >(.r ’) > <j>(x^) for all x' of 
(*!, £), and R in the contrary case, and denote by p the number corre¬ 
sponding to the section. The conclusion will follow if p — b (i.e. if R does 
not exist). 

If p < b and <p(p) g (j>(x 1 ), then we can, by (i), find an interval to the right 
of P in which rf>(x) g g ^(*,), and this contradicts the definition of p. 
Hence <j>(P) < i>(x v ) if p < b. So far we have used (i) only. 

If (ii) also is true, then there are points to the left of P at which 
rjt(x) §^(/?) < <j>(xP), and this again contradicts the definition of /?. Henoe 
P — b, as required. The same conclusion follows if (i) only is given but 
<j>(x) is continuous; for then <j>(x) < <j>(x L ) for values of x to the left of but 
sufficiently near to p. 


The example a = 0, 6 = 2,/(*) = *for0g*< !,/(*) = *—] for 1 g*g2, 
Bhows that the conclusion does not follow from (i) alone.] 


20. As x increases from — Jtt to y = sin * is continuous and steadily 
increases, in the stricter sense, from — 1 to 1. Deduce the existence of a 
function a = arc sin y which is a continuous and steadily increasing 
function of y from y = — 1 to y — 1. 

21. Show that the numerically least value of arc tan y is continuous for 
all values of y and increases steadily from — far to as y varies through all 
real values. 


22. Examine whether the equation 

x + y + P(x,y) = 0, 

where P(x, y) is a polynomial containing no term of degree less than 2, 
defines a unique function vanishing at * = 0 and continuous in the 
neighbourhood of * = 0. (Math. Trip. 1936) 
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23. Discuss, on the lines of §§ 109-110, the solution of the equations 

y' — y — x = 0, y* — y , — x , = 0, y*—y 1 + x 1 = 0 
in the neighbourhood of x = 0, y = 0. 

24. If ax' 1 + 2 bxy + cj/ s + 2dx + 2ey = 0 and A = 2bde — oe* — ed t , then 
one value of y is given by y — ax + fix* + yx a -f 0(x 4 ), where 

a = —dje, ft = d/2e 3 , y = (cd —be) d/2e s . 

[If y — ax = 7/, then 

— 2er/ = ax 4 + 2bx(i? + ax) + c{r) + ax) 1 = Ax 1 + 2 Bxr\ + Ctj 1 , 
say. It is evident that i) is of the second order of smallness, xi) of the third, 
and 7/ 4 of the fourth; and — 2 ei) = Ax 1 — (AB/e) x 3 , the error being of the 
fourth order.] 

25. If x = ay + by 4 + cy 1 , then one value of y is given by 

y = ax +ftx* + yx 3 +0(x*), 
where a = 1/a, ft = — b/a 4 , y = (2b 4 —ac)/a 5 . 

26. If a: = ay + by", where n is an integer greater than unity, then one 
value of y is given by y = ax + ftx" + yx 1 "- 1 + 0(x ln ~ 1 ), where a = 1/a, 
ft = — b/a n+l , y = nb 1 /a* n+1 . 

27. Show that the least positive root of the equation xy = sinx is a 
continuous function of y throughout the interval (0,1), and decreases 
steadily from rt to 0 as y increases from 0 to 1. [The function is the inverse 
of (sinx)/x; apply § 110.] 

28. The least positive root of xy = tanx is a continuous function of y 
throughout the interval (1, oo), and increases steadily from 0 to J 77 as y 
increases from I towards 00 . 

29. A function <j>(x) is said to be upper semi-continuous at x if 

<fi(x')<<f>{x) + S 

for every positivo S and all x' of an interval (depending on x and S) round x. 
Prove that a function upper semi-continuous at all points of (a, 6) has 
an upper bound, which it attains, in (a, b). [Math. Trip. 1924) 

[To prove the existence of an upper bound M, replace ‘bounded’ by 
‘bounded above’ in the proof of Theorem 1 of § 103. To prove that <p(x) 
attains the value M, make corresponding changes in the argument of 
§ 105. We find that <j>(x) assumes, near ft, values as near as we please to M, 
and this contradicts the inequality (j>(x)<<j>(ft) + & if ft(ft) <M and $ is 
sufficiently small. 

We can define lower semi-continuity similarly by an inequality 

A loiter semi -continuous function has an attained lower bound. A function 
both upper and lower semi-continuous is continuous.] 


HPU 


14 



CHAPTER VI 


DERIVATIVES AND INTEGRALS 

Ill. Derivatives or differential coefficients. We return 

to the consideration of the properties which we naturally associate 
with the notion of a curve. The first and most obvious property 
is, as we saw in the last chapter, that which gives a curve its 
appearance of connectedness, and which we embodied in our 
definition of a continuous function. 

The ordinary curves which occur in elementary geometry, such 
as straight lines, circles and conic sections, have much more 
‘regularity’ than is implied by mere continuity. In particular 
they have a definite direction at every point; there is a tangent 
at every point of the curve. The tangent to a curve at P is defined, 
in elementary geometry, as ‘ the limiting position of the chord PQ, 
when Q moves up towards coincidence with P\ Let us consider 
what is implied in the assumption of the existence of such a 
limiting position. 

In the figure (Fig. 34) P is a fixed point on the curve y = <p(x), 
and Q a variable point; PM, QN are parallel to OY and PR to 



OX. We denote the coordinates of P by x, y and those of Q by 
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111] 


x + h,y + k: h will be positive or negative according as N lies to 
the right or left of M. 


We have assumed that there is a tangent to the curve at P, or 
that there is a definite ‘limiting position ’ of the chord PQ. Sup¬ 
pose that PT, the tangent at P, makes an angle \jr with OX. Then 
to say that PT is the limiting position of PQ is equivalent to 
saying that the limit of the angle QPR, when Q approaches P 
along the curve from either side, is \jr. We have now to distinguish 
two cases, a general case and an exceptional one. 


The general case is that in which ijr is not equal to \n, so that 
PT is not parallel to OF. In this case RPQ tends to the limit 


ijr, and 


RQ/PR = tan RPQ 


tends to the limit tan \jr. Now 


RQ NQ-MP $(x + h)-4(x) 
PR MN h 


and so lim ——~= tan ^ .(1). 

A-i-0 « 

The reader should be careful to note that in all these equations 
all lengths are regarded as affected with the proper sign, so that 
(e.g.) RQ is negative in the figure when Q lies to the left of P; and 
that the convergence to the limit is unaffected by the sign of h. 

Thus the assumption that the curve which is the graph of 
has a tangent at P, which is not perpendicular to the axis of 
x, implies that {<p(x + h)~ <p(x)}jh tends to a limit when h tends to 
zero. 


This of course implies that both of 

+ h) - </>{x)}/h, {<f>{x — h) — <t>(x))K - h) 

tend to limits when h -*■ 0 by positive values only, and that the two limits 
are equal. If these limits exist but are not equal, then the curve has an 
angle at the particular point considered, as in Fig. 35. 

Now let us suppose that the curve has (like the circle or ellipse) 
a tangent at every point of its length, or at any rate every portion 
of its length which corresponds to a certain range of variation 
of x. Further let us suppose this tangent never perpendicular to 


u-a 
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the axis of a: this would restrict us, when the curve is a circle, to an 
arc less than a semi-circle. Then (1) is true for all values of x which 
fall inside this range. To each such value of x corresponds a value 
of tan xjr, tan ^ is a function of x which is defined for all values of 
x in the range of values under consideration. We shall call this 
function the derivative of <f>(x), and we shall denote it by 

f(x). 

Another name for the derivative of is the differential 
coefficient of <f>(x); and the operation of calculating <f>'(x) from 
<f>(:t) is generally known as differentiation. This terminology 
is firmly established for historical reasons: see § 116. 

Before we proceed to consider the special case mentioned 
above, in which ft = we shall illustrate our definition by some 
general remarks and particular illustrations. 

112. Some general remarks. (1) The existence of a 
derived function <j>'{x) for all values of a: in the interval a<x£b 
implies that <j>(x) is continuous at every point of this interval. For 
it is evident that {<f>(x + h) — <j>(x))jh cannot tend to a limit unless 
lim0(a; + h) = <f>(x), and it is this which is the property denoted 
by continuity. 

(2) It is natural to ask whether the converse is true, i.e. whether 
every continuous curve has a definite 
tangent at every point, and every 
function a differential coefficient for 
every value of x for which it is con¬ 
tinuous*. The answer is obviously No: 
it is sufficient to consider the curve 
formed by two straight lines meeting 
to form an angle (Fig. 35). The reader will see at once that in 
this case {<p(x + h) — <f>(x)}lh has the limit tan/? when A-*-0 by 
positive values and the limit tana when h -*■ 0 by negative values. 

* We leave out of account the exceptional case (which we have still to examine) 
in which the curve has a tangent perpendicular to OX: apart from this possibility 
the two forms of the question are equivalent. 



O X 

Fig. 35 
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This is of course a case m which a curve might reasonably be said to have 
two directions at a point. But the following example, although a bttle 
more difficult, shows that there are cases in which a continuous curve 
cannot be said to have either one direction or several directions at one of 
its points. Draw the graph (Fig. 14, p. 56) of the function x sin (1 jx). The 
function is not defined for x = 0, and so is discontinuous for x = 0. On 
the other hand the function defined by the equations 

<j>(x) = xam(llx) (a + O), <t>(x) = 0 (:r = 0) 

is continuous for x = 0(Exs.xxxvn. 14, 15), and the graph of this function 
is a continuous curve. 


But <j>(x) has no derivative for z = 0 For (4'(0) would be, by definition, 
h m{f>(h) — or lun sin (1/A), and no such limit exists. 

It has been shown that a continuous function of x may have no deriva¬ 
tive for any value of x, but tho proof of this is much more difficult. The 
reader who is interested in the question may be referred to Bromwich’s 
Infinite senes (1st edition), pp. 490-1, or Hobson’s Theory of functions 
of areal variable (2nd edition), vol. it. pp. 411-12. 


(3) The notion of a derivative oi differential coefficient waa 
suggested to us by geometrical considerations. But there is 
nothing geometrical in the notion itself. The derivative 4>'{x) of 
a function may be defined, w ithout any reference to any kind 
of geometrical representation of by the equation 


<j>'(x) = hm 

Jl-rO 


$(x + h)-<fi(x) 
h ’ 


and <p(x) has or has not a derivative, for any particular value of x, 
according as this limit does or does not exist. The geometry of 
curves is merely one of many departments of mathematics in 
which the idea of a derivative finds an application. 

i 

Another important application is in dynamics. Suppose that a particle 
is moving m a straight lino in such a way that at time t its distance from 
a fixed point on the line is f>{t) Then tho ‘velocity of the particle at 
time t' is by definition the limit of 

h 

as \ -+-0. The notion of ‘velocity’ is merely a special case of that of the 
derivative of a function. 
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Examples XXXIX. 1. If <t>(x) is a constant, then <j>'(x) = 0. Interpret 
this result geometrically. 

2. If <j>(x) = ax+ b, then <fi'(x) = a. Prove this (i) from the formal 
definition and (ii) by geometrical considerations. 

3. If <l>{x) = x m , where m is a positive integer, then <f>'(x) = 

(x + h) m — x m 

[For <}>'( x > = lim ——^—— 

= hm! mx m l + —™ x m ~ l h + .. . 

The reader should observe that this method cannot be applied to x plt , 
where p/q is a rational fraction, because (x + )t) 7>!Q cannot be expressed as 
a finite series of powers of h. We shall show later on (§119) that the result 
of this example holds for all rational values of m. Meanwhile the reader 
will find it instructive to determine when m has some special frac¬ 
tional value (e.g. [), by means of some special device.] 

4. If tf>(x) = sin:c, then </>'(x) = coax; and if <j>(x) = cosir, then 
= — am x. 

[For example, if tj>(x) — sini, we have 

^±JpM = 2 ^ cos{x+ih) , 

the limit of which, when h-* 0, is cos®, since hm cos (x -)- £/i) — cos x (the 
cosine being a continuous function) and hm{(smiA)/Jh} = 1 (Ex. xxxvi. 
13).] 

fi. Equations of the tangent and normal to a curve y = <f>(x). The 
tangent to the curve at the point (x 0 ,y 0 ) is the line through (z 0 , y 0 ) which 
makes with OX an angle ifr, where tan xfr = <j>'(x 0 ). Its equation is therefore 

y-y<> = (*-*<,) 

and the equation of the normal (the perpendicular to the tangent at the 
point of contact) is (y _ y#) +x-x 0 = 0. 

We have assumed that the tangent is not parallel to the axis of y. In this 
special case it is obvious that the tangent and normal are x = x 0 and 
y = y„ respectively. 

6. Write down the equations of the tangent and norma] at any point 
of the parabola x 1 = 4 ay. Show that if s 0 = 2 a/m, y 6 = a/m *, then the 
tangent at (x^y,,) is x = my + [a/m). 

113. We have seen that if is not continuous for a value 
of x then it cannot have a derivative for that value of x. Thus 
such functions as 1/x or ain (Ijx), which are not defined for 
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x = 0, and so necessarily discontinuous for x = 0, cannot have 
derivatives for x = 0. Or again the function [x], which is discon¬ 
tinuous for every integral value of x, has no derivative for any 
such value of x. 

Example. Since [x] is constant between every two integral values of x, 
its derivative, whenever it exists, has the value zero. Thus the derivative 
of [a], whioh we may represent by [x]', is a function equal to zero for all 
values of x save integral values and undefined for integral values. It is 

sin rrx , , 

interesting to note that the function 1-has exactly the same 

smm 

properties. 

We saw also in Ex. xxxvn. 7 that the types of discontinuity 
which occur most commonly, when we are dealing with the very 
simplest functions, such as polynomials or rational or trigono¬ 
metrical functions, are associated with a relation of the type 

<j$(x)-> + oo 

or <j>(x ) -*■ — oo. In all these cases, as in such cases as those con¬ 
sidered above, there is no derivative for certain special values of x. 



Fig. 36 

Thus all discontinuities of a function <fi(x) are also discontinuities 
of its derivative But the converse is not true, as we may 

easily see if we return to the geometrical point of view of § 111 
and consider the special case, hitherto left aside, in which the 
graph of f>(x) has a tangent parallel to OY. This case may be 
sub-divided into a number of cases, of which the most typical are 
shown in Fig. 36. In cases (c) and (d) the function is two valued 
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on one side of P and not defined on the other. In such oases we 
may consider the two sets of values of <j>(x), which oeour on one 
side of P or the other, as defining distinct functions <j> x {x) and 
<f t (x), the upper part of the curve corresponding to (f> x {x). 

The reader will easily convince himself that in (a) 

[<f>(x + h)~ <j>(x)}jh -> + oo, 

as A->0, and in ( b ) 

{<j>(x + h)~ <j>(x)}jh - oo; 

while in (c) 

{<f x (x + h) — f> x (x)}/h -> + oo, {<j>i{x + h)~ <fi a (x)}lh —> — co, 
and in {d) 

{<j> t (x + h)- f> x (x)}/h -> - oo, {$5 2 (a: + h) - (j>i(x)}lh -> + co, 

though of course in (c) only positive and in ( d ) only negative 
values of h can be considered, a fact which by itself would preclude 
the existence of a derivative. 

We can obtain examples of these four cases by considering the 
functions defined by the equations 

(a) y 3 = x, (b) y 3 = —x, (r.) y- = x, (d) y* =-x, 

the special value of x under consideration being x = 0. 


114. Some general rules for differentiation. Through¬ 
out the theorems which follow we assume that the functions f(x) 
and F{x) have derivatives f'(x) and F'(x) for the values of x 
considered. 


vative 


(1) If <jt(x) = f(x) + F(x), then <f>(x) has a derivative 
<j>'{x) =f'(x) + F'(x). 

(2) If — kf(x), where k is a constant, then <p(x) has a deri- 
(j>'(x) = kf'(x). 

We leave it as an exercise to the reader to deduce these results 
from the general theorems stated in Ex. xxxv. 1. 

(3) If <f(x) = f(x) F(x), then <f>(x) has a derivative 

<j>'(x)=f(x)F'(x)+f'(x)F(x). 



217 


113, 114] derivatives and integrals 


For 4>'{z) = \m J- {x + h) F{x + * } ~ f{x) F(x) 

= lim |/(*+ft) + 

= f(x)F'(x) + F(x)f'{x). 


W If 4>(x) — andf{x)^= 0, then 4>(x) has a derivative 


(jt\x) = - 


is*) 

{/( z )} 2 


For 


#{x) = ii m i(MzZM) = _n± 

h{ f(x + h)f(x) i {/(*)}*' 

f(z) 


(5) If 4>{x) = and F(x) 4= 0, then <f>(x) has a derivative 


This follows at once from (3) and (4). 


(6) If eji(x) = /{/(*)}, then (j>{x) has a derivative 
<f'(x) = F'{f{x))f'(x). 

The proof of this theorem requires a little care*. 

We write f(x) = y,f(x + h) = y + k, so that k-rO when h -+ 0 and 

klh^f'(x) .( 1 ). 

We must now distinguish two oases. 

(a) Suppose that f'(x) =t= 0, and that h is small, but not zero. 
Then /c=f 0, because of (1), and 


0(3 +ft )- <j>{x) _ F(y + k)~ F(y) k 
h ~~ k ft"* 


F'(y)f'(x), 


(b) Suppose that / (x) — 0, and that h is small, but not zero. 
There are now two possibilities. If k = 0,f then 
0(a;+ft)-0( x) 


* The proofs in many text*books (and in the first three editions of this book) are 
mqfwurato. See a note by Prof. H. S. Carslaw in vol. xxix of the Bulletin of the 
American Mathematical Society . 

t The fallacy in the inaccurate proofs lies in overlooking this possibility. 
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If k 4= 0, then 

<f>(x + h)-<fi(x) _ F(y + k)-F(y) k 
h k h' 

The first factor is nearly F'(y), and the second is small, because 
kjh~> 0. Hence {<f>(x + h) - <p(x)}jh is small in any case, and 

Q = F'(y)f'(x). 
fl 


Our last theorem requires a few words of preliminary explana¬ 
tion. Suppose that x = ft(y), where fr{y) is continuous and 
steadily increasing (or decreasing), in the stricter sense of § 95, in 
a certain interval of values of y. Then we may write y = <j)(x), 
where ft is the ‘inverse’ function (§ 110) of ijs. 


(7) If y = (j>{x), where <j> is the inverse function of \fr, so that 
x = i/r(y), and xjr(y) has a derivative ijr'{y) which is not equal to zero, 
then <j>{x) has a derivative 




1 

wwr 


For if <f(x + h) = y 4- k, then k- 
<f>(x + h)-<f>(x) 


<f>'(x) = lim 

/ i ->0 


-0 as h —>0, and 
(y + k)-y 


(x + h)- 


i^o ir{y + k)-\]r(y) 




115. Derivatives of complex functions. So far we have 
supposed that y = <p(z) is a real function of x. If y is a complex 
function <j>(x) + ifr(x), then we define the derivative of y as being 
$'(x) + ii]r'(x). The reader will have no difficulty in seeing that 
Theorems (1)—(5) above retain their validity when <f>(x) is com¬ 
plex. Theorems (6) and (7) have also analogues for complex 
functions, but these depend upon the general notion of a ‘ function 
of a complex variable a notion which we have encountered at 
present only in a few particular cases. 

116. The notation of the differential calculus. We have 
already explained that what we call a derivative is often called a 
differential coefficient. Not only a different name but a different 
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notation is often used; the derivative of the function y = <j>(x) 
is often denoted by one or other of the expressions 

*»■ % 


Of these the last is the most usual and convenient: the reader 
must however be careful to remember that dy/dx does not mean 
‘a certain number dy divided by another number dx’. it means 
‘the result of a certain operation D x or d/dx applied to y = <f>(x) 
the operation being that of forming the quotient {<f>(x + h) — (j>(x)\/h 
and making 0. 

Of course a notation at first sight so peculiar would not have been 
adopted without some reason, and the reason was as follows. The denomin¬ 
ator h of the fraction {<j>(x + h) — <j>(x))/h is the difference of the values x + h, 
x of the independent variable x, similarly the numerator is the difference 
of the corresponding values </>(x + h), <j>(x) of the dependent variable y. 
These differences may be called the increments of x and y respectively, and 
denoted by Sx and Sy. Then the fraction is Sy/Sx, and it is for many 
purposes convenient to denote the limit of the fraction, which is the same 
thing as rfi'(z), by dy/dx. But this notation must for the present be regarded 
as purely symbolical. The dy and dx which occur m it cannot be separated, 
and standing by themselves they would mean nothing, m particular dy 
and dx do not moan lim Sy and lim Sx, these limits being both zero. The 
reader will have to become familiar with this notation, but so long as it 
puzzles him he can avoid it by writing the differential coefficient m the 
form D x y, or using the notation <j>(x), <j>\x), as we have done m the 
prece’dmg sections of this chapter. 

In Ch. VII, however, we shall show how it is possible to define the 
symbols dx and dy in such a way that they have an independent meaning 
and that the derivative dy/dx is actually their quotient. 

The theorems of § 114 may of course at once be translated into 
this notation. They may be stated as follows. 

(1) ify-y 1 +y s ,then^^+ d ^ ! 

(2) if y = ky x , then ^ = k ^; 

(3 )ify = y iyt ,then frjf, 
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(4) ify = then 

2/1 

dy _ 1 dy 1 _ 

dx y\dx’ 

( 5 ) i /2/ = ^7> then 
i/2 

dx \^ 2 dx dx Jl^*’ 

(6) if y is a function of 

x, and z a function of y, then 


dz dz dy 
dx dydx’ 

(71 

II 

ss 


[VI 


Examples XL. 1. If y = y l y t y t , then 


dy dy Y dy t 

■ — y%y a 


- 4 - 11ml1. - 4 - V, 11m 


dy. 


and if y = y l y i -- y n , then 

| = r | I y i y i ...y r - i yr»...y^. 

In particular, if y = z n , then dyjdx — nz"~'(dzjdx); and if y = x n , then 
dy/dx = n*"- 1 , as was proved otherwise in Ex. xxxix. 3. 

2. If y = y l y 1 ...y„, thon 

\dy _ ld Vi + } d, Ji i dy " 
ydx y x dx y t dx y n dx’ 

.... , Idy ndz 

In particular, if y = z n , then - — = * 

ydx zdx 


117. Standard forms. We shall now investigate more 
systematically the forms of the derivatives of a few of the simplest 
types of functions. 

A. Polynomials . If (j>{x) = a 0 x n +c^x*- 1 + then 

<f>'(x) = na 0 x n ~ 1 + (n- l)a l z n ~ 1 +... +a n _ v 

It is sometimes more convenient to use for the standard form of a 
polynomial of degree n in x what is known as the binomial form, 
viz. 


^ + ( 1 ) ® l3:Tl_1 + (2) aiXn ~* + • ■■'■ + a n- 
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In this case 

^“ 1 j+ |”j 1 ) a t x n ~ s +...+ a n ^. 

The binomial form of <f>(x) is often written symbolically as 
(o 0 , Oj,... ,a n \x,\y-\ 

and then <f>'(z) = n(a 0 ,a v l)* -1 . 

We shall see later that tj>(x) can always be expressed as the 
product of n factors in the form 

<j>(x) = a Q (x-a. l ){x-a. t )... (x-ot n ), 
where the a’s are real or complex numbers. Then 

4>'{ x ) — «o Z( x -«*)(*-«»)•••(*- «»)> 

the notation implying that we form all possible products of n — 1 
factors, and add them all together. This form of the result holds 
even if several of the numbers a are equal; but of course then some 
of the terms on the right-hand side are repeated. The reader will 
easily verify that if 

<f>(x) = a 0 (x-<x 1 ) m i(x-ot tt ) m >... {x-a y ) m *, 
then 4>'{x) = a^Zm^x-oc l ) m i- 1 (x — at. t ) m >... (x — ct v ) m “. 

Examples XLI. 1. Show that if tj>(x) is a polynomial then 0'(x) is 
the coefficient of h in the expansion of <f>(x+h) in powers of h. 

2. If <j)(x) is divisible by ( x—a then is divisible by x—a: and 
generally, if <j>(x) is divisible by (x - a) m , then <f>'(x)is divisible by (x — a) m ~ 1 . 

3. Conversely, if <j>(x) and <j>'(x) are both divisible by x — a, then <fi(x) is 
divisible by (x — a) a ; and if <j>(x) is divisible by x — at and <j>'(x) by (x — a) m ~ l , 
then <j>(x) is divisible by (x — a) m . 

4. Show how to determine as completely as possible the multiple roots 
of P(x) = 0, where P(x) is a polynomial, with their degrees of multiplicity, 
by means of the elementary algebraical operations. 

[If H l is the highest common factor of P and P', H % the highest common 
factor of Hy and P", H t that of H, and P"', and so on, then the roots of 
= 0 are the double roots of P = 0, the roots of = 0 the 

treble roots, and so on. But it may not be possible to complete the solution 
= 0, HiHJH* = 0, .... Thus if P(x) = (x- l)»(x‘-x-7)«, 
then HjHj/HJ = x s — x — 7 and = x — 1; and we cannot solve 

the first equation.] 
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5. Find all the roots, with their degrees of multiplicity, of 

x* + 3a: 8 — 3a: 3 — 11* — 6 = 0, x« + 2x»- 8k 4 - 14x a -£ llx* + 28x + 12 = 0. 

6. If ax 2 + 2bx + c has a double root, i.e. is of the form a(x — a)*, then. 
2(ax + 6) must be divisible by x — a, so that a. — — bja. This value of x must 
satisfy ax 3 + 2 bx + c = 0. Verify that the condition thus arrived at is 
ao — b 3 = 0. 

7. The equation 1 j(x — a) + l/(x — b) + 1 /(x — c) = 0 can have a pair of 

equal roots only if a = 6 = c. {Math. Trip. 1905) 

8. Show that ox 3 + 36x a + 3cx + d = 0 

has a double root if 0 1 + 4ff 8 = 0, where H = ac — b 4 , 0 = a 2 d — 3obc + 2b 3 . 

[Put ax + 6 = y, when the equation reduces to y a + 3 Hy +G = 0. This 
must have a root in common with y* + H = 0.] 

9. The reader may verify that if a, ft, y, 8 are the roots of 

ax* + 4bx s + flex 3 + idx + e = 0, 
then the equation whose roots are 

-ft)(y-&)-(y-(ft - <S)5> 

and two similar expressions formed by permuting a, ft, y cyclically, is 
W-9ty-9» = 0. 

where g a = ae - 4 bd + 3c a , g, = ace + 2bcd — ad? — eb 1 - c 3 . 

It is clear that if two of a, ft, y, 8 are equal then two of the roots of this 
oubic will be equal. Using the result of Ex. 8 we deduce that g a - 21 g\ = 0. 

10. Rolle’s theorem for polynomials. If <f>(x) is any polynomial, 
then between any pair of roots of fix) = 0 lies a root of <j>'(x) = 0. 

A proof of this theorem applying to more general functions will be 
given later. The following is an algebraical proof valid for polynomials 
only. We suppose that a, ft are two successive roots, repeated respectively 
m and n times, so that 

$6(x) = (x — a) m (x — ft)"d(x), 

where 6(x) is a polynomial which has the same sign, say the positive sign, 
for agx<ft. Then 

<6'(x) = (x—a) m (x—ft) n 8'(x)+{m(z—a.) m - 1 (z—ft)’ , +n(x—a) m (x—ft) n - 1 }&(x) 
= (x - a) m ~ l (x — ft)"- 1 [(x - a) (x — ft) d'(x) + {m(x — ft) + n(x — a)} 6{x)\ 
= (x — a) m_1 (x — ft) n ~ x F{x), 

say. Now F(a) = m(a — ft) 6{a.) and F(ft) = n(ft — a)0{ft), which have 
opposite signs. Hence F(x), and so $'(x), vanishes for some value of x 
between a and ft. 
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118, B. Rational functions. If 

P(x) 


R(z) = 


Q(x)’ 


where P and Q are polynomials, it follows at once from § 114 (5) 


that 


R’(x) = 


P'(x)Q(x)- P(x)Q'(x) 

W *)} 2 


and this formula enables us to write down the derivative of any 
rational function. The form in which we obtain it, however, may 
or may not be the simplest possible. It will be the simplest pos¬ 
sible if Q{x) and Q'(x) have no common factor, i.e. if Q(x) has no 
repeated factor. But if Q(x) has a repeated factor, then the expres¬ 
sion which we obtain for R'(x) will be capable of further reduction. 


It is very often convenient, in differentiating a rational func¬ 
tion, to employ the method of partial fractions. We shall suppose 
that Q(x), as in § 117, is expressed in the form 

a a (x-ct i y n ' (x-ct 2 ) m * ... (a;-aj m v. 


Then it is proved in treatises on algebra* that £(z) can be 
expressed in the form 


I7(z) + ^±- + 


-■ 41,2 


z-a x (x — Zj) 2 


+ ... 


+ 


(Z — tX 1 ) m ‘ 


z-a 2 (x-a 2 ) 2 (x-a 2 ) m ‘ 

where IJ(x) is a polynomial; i.e. as the sum of a polynomial and 
the sum of a number of terms of the type 

A 

(x-a)p’ 

where a is a root of Q{x) = 0. We know already how to find the 
derivative of the polynomial: and it follows at once from Theorem 
(4) of § 114, or, if a is complex, from its extension indicated in 
§ 116, that the derivative of the rational function last written is 
pA(z — z) p - 1 _ pA 

\ {x-a) iv ~ (z- a) p+1 ‘ 


* See, e.g., ChiystaTs Algebra, 2nd edition, vol. i. pp. 151 ei aeq. 
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We are now able to write down the derivative of the general 
rational function R(x), in the form 

rj ' fy ] -^8,1 ^8.2 

’ (*-« i ) 2 (*-« 2 ) 2 (*- a a ) 8 

Incidentally we have proved that the derivative of x m ia K m4 , 
for all integral values of m positive or negative, except when m is 
negative and x = 0. 

The method explained in this section, is particularly useful 
when we have to differentiate a rational function several times 
(see Exs. xlv). 


Examples XLII. 1. Prove that 


( x \ 

1 —x i d 


Vl+zV 

1 ~ (1+a:*)*’ dx 

U+W 


2. Prove that 


4x 

(I + **)*' 


d_( az a + 26z + c \ 2 (a* + 6)(Ba: + 0)-(6a; + c)(-4a:+B) 

dx\Ax? + 2Bx+C) (Axt + iBx+CY 

3. If Q has a factor (x — a) m , then the denominator of It' (when R' is 
reduoed to its lowest terms) is divisible by (x — a) m+1 but by no higher 
power of x — a. 


4. In no case can the denominator of R' have a simple factor x— X. 
Hence a rational function whose denominator contains a simple factor 
cannot be the derivative of a rational function. For example, 1 jx is not 
the derivative of a rational function. 


119. C. Algebraical functions. The results of the pre¬ 
ceding sections, together with Theorem (6) of § 114, enable us to 
obtain the derivative of any explicit algebraical function. 

The most important such function is x m , where m is a rational 
number. We have seen already (§118) that the derivative of this 
function is mx™- 1 when m is an integer positive or negative; and 
we shall now prove that this result is true (provided that a; 4=0) 
for all rational values of m. Suppose that y = x m = x vlQ , where p 
and q are integers and q positive; and let z = x 1 ^, so that x = tfi 
and y = z p . Then 
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This result may also be deduced as a corollary from Ex. xxxvi. 
3. For, if cj>(x) = x m , we have 


<p'(x) = lim 
h-+ o 


(x + h) m -x m £ m -a? n 


= lim 2—-= mx m ~ 1 . 

t-*x S~* 


■ (ax + b) m = ma( ax + b) m ~ l 


It is clear that the more general formula 
d_ 
dx' 

holds also for all rational values of m. 

The differentiation of implicit algebraical functions involves 
certain theoretical difficulties to which we shall return in Ch. VII. 
But there is no practical difficulty in the actual calculation of the 
derivative of such a function: the method to be adopted will be 
illustrated sufficiently by an example. Suppose that y is given by 
the equation #3 + y 3 — Saxy = 0. 

Differentiating with respect to x, we find 

dx 

dy _ _ 

dx y l — ax' 

Examples XLIII. 1. Find the derivatives of 


and so 


xi+ y*%- a {y+* d £} = 

x 2 — ay 


0 


v/(£v yo- a 


ax * + 26x + c 
Ax> + 2Bx+C, 


)• 


{ax + b) n {cx + d)". 


2. Prove that 

X- 


) - 08 d ( x } = °* 

I (a > + x s )l’ dx — **)/ (a* —x J )l‘ 


dx lV(« a + a: 4 )i 
3. Find the differential coefficient of y when 
(i) ax , + 2hxy + by a + 2gx+2fy + c = 0, (ii) x > + y t -5ox t y a = 0. 


120. D. Transcendental functions. We have already 
proved (Ex. xxxix. 4) that 

D x sin x = cos x, D x cos x = — sin x. 

By means of Theorems (4) and (5) of §114, the reader will 
easily verify that 

' D x tan x = sec 2 *, D x oot x = - cosec* x, 

D x sec x = tan a; sec a;, D x cosec x = — cot x cosec x. 


HFll 


15 
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Anri by means of Theorem (7) we can determine the derivatives 
of the inverse trigonometrical functions. The reader should verify 
the following formulae: 


D x arc sin x = ± 


D„ arc tan x = 


vu-**)’ 

1 

1 +* 2 ’ 


D x& TCOOHX=+- J ~^ y 


Z> arc cot z = — 


I+* 2 ’ 


XL arc sec x = + 


-r x ^_ x y 

In the case of the inverse sine and cosecant the ambiguous sign 
is the same as that of cos (arc sin a;), in the case of the inverse 
cosine and secant the same as that of sin (arc cos*). 

The more general formulae 

1 d 

D x arc sin (x/a) = ± y(a t _ x i} > 4 arc tan (*/«) = x T +tt a’ 

which are easily deduced from Theorems (6) and (7) of §114, 

are also of considerable importance. In the first of them the 

ambiguous sign is the same as that of a cos (arc sin (*/«)}, since 

aj{l — (a: 2 /® 2 )} = ± y l(a 2 — x 2 ) 

according as a is positive or negative. 

Finally, by means of Theorem (6) of § 114, we can differentiate 

oomposite functions involving symbols both of algebraical and 

trigonometrical functionality, and so write down the derivative 

of any such function as occurs in the following examples. 

Examples XLIV*. 1. Find the derivatives of 

cos’"*, sin*i, cos®”*, sin x m , coa (sin x), sin (cos*), 

„ . . „ , Oosxsin* 

V a s cos 2 * + 6 2 sm s x), --— , 

■ < J(a i cos , x + b , fi\n‘x) 

x arc sin x +./(1 — x a ), (1+ x) arc tan Jx — yjx. 

2. Differentiate 

, . cos* a + bcosx 

arcsm 1—X s ) 1 , tan are sin x, arc tan—— ; —, arc tan --. 

1 + smx o + ooosx 

(Math. Trip. 1920, 1929, 1930) 


D x arc cosec x = + - 


* In these examples m is a rational number and a, b, .... a, ft, . . have such values 
that the functions which involve them are real. An ambiguous sign is sometimes 
omitted. 
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3. Differentiate 

arc sin a;+arc cos a;, arc tan x + arc cot x, arc tan 
and explain the simplicity of the results. 

4. Differentiate 
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/ a + x \ 
\1 — ax) 


1 


- arc tan 


ax + b 


1 


ac —6*) ^/(ac —6 ! >’ ■J(-a) 

5. Show that each of the functions 


ax + b 
1 V '(6 S — ae)’ 


2 arc sin 


n/G 4)* 2arctan v /C_S> 


. 2 <J{(*-x)(x-fi)} 

arcsm -—7—*- 

a-p 


has the derivative 
6. Prove that 


«* / 

< arc cos 
do l 


V((a-x) (a:-/«>}' 

yc”))V( 


»)• 


7. Show that 


cos 0 cos ‘30/ 

(Math. Trip. 1904) 


1 dr /(C(ax*+jU -I 1 

^{C(Ac — oC)}da:L a ° V lc(-4a; 2 + C)jJ (Ax 1 + C)J(ax t + c)' 

l)’ 7(«^ arctan {\/(«+S tan W 


8. Each of the functions 

/acosa: + b\ 


-arc cos 

^/(a 2 —b s ) Vo + bcos 

has the derivative l/(a + b cosx). 

9. If X = a + 6cosx + csina7, and 

1 aX — a 2 + 6 2 + c 2 

y = v ; (a ^r_ c i ) — ' 

then dyfdx = IjX. 

10. Prove that the derivative of F[f{<j>(x)Y] is 

and extend the result to still more complicated cases. 

11. If u and v are functions of x, then 

u vD m u-uD m v 

D x arc tan — = —--—. 

v u , + v i 


, 12. The derivative of y = (tan x + sec x) m is my sec x. 
13. The derivative of y = oos * + i sin x is iy. 
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14. Differentiate xeosx, (amx)fx. Show that the values of x for which 
the tangents to the curves y = xooax, y = (amx)jx are parallel to the 
axis of x are roots of cot a: = x, tan* = * respectively. 

15. It is easy to see (cf. Ex. xvn. 5) that the equation am* = ax, where 
a is positive, has no real roots except x = 0 if a £ 1, and a finite number of 
roots, which increases as a diminishes, if a< 1. Prove that the values of a 
for which the number of roots changes are the values of cos £, where £ is 
a positive root of the equation tanf = £. [The values required are the 
values of a for which y = ax touches y = sm x.] 

16. If <j>(x) = x s sm(l/x) when *4=0, and 0(0) =■ 0, then 

0'(x) - 2xsin(l/x)-cos(l/x) 

when x4=0, and 0'(O) = 0. And is discontinuous for x = 0 (cf. § 112, 
(2)). 

17. Fmd the equations of the tangent and normal at the point (x 0 , y„) 
of the circle x 1 + y i = a a , and reduce them to the forms xx u + y?/ 0 = a* 
and xy 0 — yx 0 = 0. 

18. Fmd the equations of the tangent and normal at any point of the 
ellipse (x/o) 2 + (y/b) 2 = 1 and the hyperbola (x/a) 2 — (yjb) 2 = 1. 

19. The equations of the tangent and normal to the curve * = 
y — at the point whose parameter is t, are 

} . {* - + !>(«» f’W = 0 


121. Repeated differentiation. We may form a new 
function <fi"(x) from <j)'(x) just as we formed $'(x) from <j>(x) This 
function is called the second, derivative or second differential 
coefficient of <j>(x). The second derivative of y — <p{x) may also be 
written in any of the forms 



In the same way we may define the nth derivative or nth differ¬ 
ential coefficient of y = fi(x), which may be written in any of the 
forms 


<p tn \x), D n x y, 




d n y 

dx n ' 


But it is only in a few cases that it is easy to write down a general 
formula for the nth differential coefficient of a given function. 
Some of these cases will be found in the examples which follow. 
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Examples XLV. 1. If </>(x) = x™, then 

fi n \x) = m(m — l)...(m — n+1) x m ~ n . 

This result enables us to write down the nth derivative of any polynomial. 

2. If <f>(x) = (ax + b) m , then 

<j> w (x) = m(m— 1)... (m — n+ l)a n (ox + b) m_n . 

In these two examples m may have any rational value. If m is a positive 
integer, and n>m, then <j> w (x) = 0. 

3. The formula 

/<* V* A. _ p(p+l)...(p + n-l)A 

\dx) (x — ot) p (a; — a) r+B 

enables us to write down the nth derivative of any rational function 
expressed in the standard form as a sum of partial fractions. 

4. Provo that the nth derivative of 1/(1 — x 3 ) is 

i(n!) {(1 — x)-"- 1 + (- 1)" (1 + x)-”- 1 }. 

5. Find the nth derivatives of 

x +1 x 1 4x 

x’ —4' (x—l)(x~2)’ (x-l) 3 (x + 2)' 

(Math. Trip. 1930, 1933, 1934) 

/ d \ n x 3 

6. Show that the value of ( — ) ——- 

\dx/ x»-l 

for x = 0 is 0 if n is even and — n! if n is odd and greater than 1. 

(Math. Trip. 1935) 

7. Leibniz’s theorem. If y is a product uv, and we can form the 
first n derivatives of w and v, then we can form the nth derivative of y by 
means of Leibniz’s theorem, which gives the rule 

(uv)„ = u„ v + u n _ xUl + u„_, v, +... + «V + • • • +uv„, 

where suffixes indicate differentiations, so that u „, for example, denotes 
the nth derivative of u. To prove the theorem we observe that 

(uv)i = t^tl + WVj, 

(uv) a = u,v + 2tij v 1 + uv t , 

and so on. It is obvious that by repeating this process we arrive at a 
formula of the type 

(«*)» = U n V + V x + O n , +... + a n ,,u„_ f v r +... + uv n . 

* 

Let us assume that a ny , — for r= 1,2,.... n— 1, and show that if this 
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•fa so then a„ +1<r = + ^ j for r- 1, 2, n. It will then follow by the 

principle of mathematical induction that a n , T = (^J for all values of n and 
r in question. 

When we form (ut>)„ +1 by differentiating it is clear that the 

coefficient of M n+1 _ r t> r is 

-cm,:,) <:')■ 

This establishes the theorem. 

8. The nth derivative of x m f(x) is 


m! „ . ml 

- x m - n f(x) + n - 

— n )! (m — n 


(to — n) 


x m - n+1 f'(x) 


+ 1 )! 
n(n — 1) 


to ! 


x m - n + 2 f'{x) + 


1.2 (m-n + 2)! 
the series being continued for n + 1 terms or until it terminates. 

9. Prove that D\ cos x — cos (x+ {nn), D“ sin x ~ gin(x+ inn). 

10. Find the nth derivatives of 

cos *x sin x, cos x cos 2x con 3x, X s coax. 

(Moth. Trip. 1925, 1930, 1934) 

11. If y — A cos mx + B sin mx, then D\y + m?y = 0. And if 

y = A cosmx + Bammx + P„(x), 

where P n (x) is a polynomial of degree n, then L> n z 3 y + m % D" z ‘y ~ 0. 

12. If x % Dly + xD z yPy - 0, then 

x'DV‘y + (2n + 1) xDl + 'y + (n l + 1 ) D" x y = 0. 

[Differentiate n times by Leibniz’s theorem.] 

13. If U n denotes the nth derivative of (Lx + M )/(x* — 2 Bx + C), thpn 


x‘ — 2Bx+ C 




2(x- B) . 
n+ 1 


(n+ l)(n +2) 

, (Math. Trip. 1900) 

[First obtain the equation when n — 0; then differentiate n times by 
Leibniz’s theorem.] 

14. Show that if u = arc tan x then 

d*u d/u 

< 1+ * 8) d? + Ste d5 = 0 ' 

and hence determine the values of all the derivatives of u for x = 0. 

(Math. Trip. 1931) 



231 


121, 122] DERIVATIVES AND INTEGRALS 
16. The nth derivatives of 0 /( 0 '+**) and lc/(« l +* , ). Since 


0 - 1 1 

f 1 _ 1 ) 

1 * - 

( 1 + 1 ) 

a 8 + x* 2 i 

\x — ai x + aiJ 

’ a 8 + x 8 — 2 

\x — ai x + aiJ 


we have 


( a ^ 

(— l)"ra! 

r 1 1 l 

Va 8 +xV 

1 ~ 2 i 

l(x—ai) n+1 (x + at) n+1 j 


and a similar formula for D*{xl(a l + x 2 )}. If p = ^(x* + a*), and 6 is the 
numerically smallest angle whose cosine and sine are x/p and a/p, then 
x + ai = p CiB 6 and x - at = p Cis {— 0), and so 

D', -,~ = J{-l)»- 1 n!ip--‘[Cis{(n+I)0}-Ci8{-(n+l)0}] 
a*+ x* 

= (— 1)” n \(x l + a*)~l < ' 1+1> sin {(n + 1) arc tan (a/x)}. 

Similarly 

D"—- ~ a = (— l) n n!(x 8 + a , ) - l ( ' 1+1) cos{(n+1)arctan(a/x)}. 

, 16. Prove that 
coax 

Dl -= {P„cos(x + inn) + Q n sin(* + in7r)}ar"- 1 , 

X 

-DJ — X ~ { / J „ sin (x + inrr) -Q„ cos(x + inn)} ar"-*, 
x 

where P„ and Q„ are polynomials in x of degree n and n — 1 respectively. 
17. Establish the formulae 

— = 1//—^ - x -~ _ f d *y d y //dyy 

dy / \dx)’ dy 2 dx 8 / \dx) ' dy s \dx?dx \dx) 

122. Some general theorems concerning derived func¬ 
tions. In what follows the distinction between a ‘closed’ and 
an ‘ open ’ interval will often be important. A closed interval (a, b) 
is the set of x for which a g x g b. An open interval is the set for 
which a < x < b (i.e. the closed interval minus its end points)*. 

We shall be concerned with functions continuous in the closed 
interval (a, b) and differentiable in the open interval (a, 6). In 
other words we shall assume that our function <p(x) satisfies the 
following conditions: 

(1) <f>(x) is continuous for o S x £ b, continuity at the end points 

1 

* We might define a half-closed interval by inequalities a <x 5^6, or ft Sx<b, 
but we shall not use the phrase. 
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of the interval being understood in the sense explained at the 
end of §99; 

(2) 4>'(x) exists for every x for which a<x<b. 

It may seem odd to use the closed interval in one condition and the 
open one in the other, but we shall find the distinction important. It is 
plain that, if we know nothing of 0( x) outside (o, 6), we cannot extend 
condition (2) to cover the end points without new definitions. 

We begin by a theorem concerning a particular value of x. 

Theorem A. If <j>'{x Q ) > 0 then <j>(x) < 0(x o ) for all values of x 
less than x 0 but sufficiently near to x 0 , and <f>(x) > <p{x 0 ) for all values 
of x greater than x 0 but sufficiently near to x 0 . 

For {<j>{x 0 + h) — <f>[x a )}jh converges to a positive limit <j>'(x 0 ) as 
A->0. This can only be the case if 0(x o + A)-0(x o ) and h have 
the same sign for sufficiently small values of h, and this is what 
the theorem states. Of course from a geometrical point of view 
the result is intuitive, the inequality 0'(x) > 0 expressing the fact 
that the tangent to the curve y = 0(x) makes a positive acute 
angle with the axis of x. The reader can formulate for himself 
the corresponding theorem for the case in which </>'(x) < 0. 

We shall express the conclusion of Theorem A by saying that 
0(x) is strictly increasing at x = *„.* 

The theorem which follows is generally known as Rolle’s 
theorem, and is particularly important. 

Theorem B. If <j>(x) is continuous in the closed, and differen¬ 
tiable in the open, interval, and its values at the end points a, b are 
equal, then there is a point of the open interval at which <p'{x) = 0. 

We may suppose that 

0 (a) = 0 , 0 ( 6 ) = 0 ; 

if 0(a) = 0(6) = k, and k #= 0, we consider <p(x) - k instead of 0(x). 

There are two possibilities. If <f>(x ) = 0 throughout (a, 6), then 
0'(x) = 0 for a<x<b, and there is nothing to prove. 

If on the other hand 0(x) is not always zero, there are values of 
x for which it is positive or negative. Suppose, for example, that 
* Compare Ex. 19 on p. 208. 



122] DERIVATIVES AND INTEGRALS 233 

it is sometimes positive. Then 0(x) has an upper bound M in 
(a, b), and <j>{x) = M for some £ of (a, b), by Theorem 2 of § 103; 
and it is plain that £ is not a orb. If 0' (£) were positive or negative, 
there would, by Theorem A, be values of x near £ (on one side or 
the other) at which <j>(x) > M , in contradiction to the definition 
of M. Hence 0'(£) = 0. 

Cor. 1. If <ji{x) is continuous in the closed, and differentiable in 
the open , interval, and <j)'(x) > 0 for every x of the open interval, then 
<p{x) is an increasing function of x throughout the interval, in the 
stricter sense of § 95. 

We have to prove that 0(»j)<0(x 2 ) for aSx l <x 2 Sb. We 
suppose first that a <x 1 <x 2 <b. 

If <j>{xf) = 4>{xf) then, by Theorem B, there is an x between x 1 
and x 2 for which tj>'(x) ~ 0, in contradiction to our assumptions. 

If <p{x x ) > 0(x 2 ) then, by Theorem A, there is an x 3 near to and 
greater than x x for which 0(x 3 ) > <f>(xf) > 0(x 2 ); and therefore, after 
§ 101, an x t between x 3 and x 2 for which 0(x 4 ) = 0(x 4 ); and there¬ 
fore, by Theorem B, an x between x x and x 4 for which 0'(x) = 0, 
again in contradiction to our assumptions. 

It follows that 0(x 4 ) < <f>(x 2 ). 

It remains to extend the inequality to the cases in which x x — a 
or x 2 = h. It follows from what we have proved that 

< 0(x') 

if a < x < x' < b, so that 0(x) decreases strictly as x approaches a 
from the right. Hence 

0(a) = lim 0(x) < 0(x'). 

Similarly 0(x')<0(h), 

Cor. 2. If <j>'{x) > 0 throughout the interval [a, b), and 0(a) 5:0, 
then 0(x) is positive throughout the interval (a, b). 

The reader should oompare the first of these corollaries very carefully 
with Theorem A. If, as in Theorem A, we assume only that 0'(x) is positive 
at a single point x = x 0 , then we can prove that 0(xj) < <j>(x t ) when x x and 
x y are sufficiently near to x 0 and x, < x 0 < x v For 0(xj)<0(x o ) and 
0(x 4 )>0(x o ), by Theorem A. But this does not prove that there is any 
interval including x 0 throughout which 0(x) is a steadily increasing 
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function, for the assumption that a, and x, lie on opposite Bides of x t is 
essential to our conclusion. We shall return to this point, and illustrate it 
by an actual example, in a moment (§ 125). 

123. Maxima and minima. We shall say that the value 
<f>(£) assumed by <p(x) when x = £ is a maximum if <f>(£) is greater 
than any other value assumed by <j>(x) in the immediate neigh¬ 
bourhood of x = £, i.e. if we can find an interval (£- e, £ + e) of 
values of x such that <j>(£) > rj>(x) when £—e<x<£ and when 



b 2 

Fig. 37 


£ < x < £ + e; and we define a minimum in a similar manner. Thus 
in the figure the points A correspond to maxima, the points B to 
minima of the function whose graph is there shown. It is to be 
observed that the fact that A 3 corresponds to a maximum and B 1 
to a minimum is in no way inconsistent with the fact that the 
value of the function is greater at B 1 than at A 3 . 

Theorem C. A necessary condition for a maximum or 
minimum value, of a differentiable function <p(x) at x = £ is that 

*'(£)- o. 

This follows at once from Theorem A. That the condition is not 
sufficient is evident from a glance at the point C in the figure. 
Thus if y = x 3 then <j>'{x) = 3z 2 , which vanishes when x - 0. But 
x — 0 does not give either a maximum or a minimum of x 3 , as is 
obvious from the form of the graph of x 3 (Fig. 10 , p. 47). 

But there will certainly be a maximum at x = £ if <j>'(£) = 0, 
<f>'(x) > 0 for all values of x less than but near to £, and <f>'(x) < Qfor 
all values of x greater than but near to £; and if the signs of these two 
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inequalities are reversed there will certainly be a minimum. For 
then we can (by Cor. 1 of § 122) determine an interval (£-e,£) 
throughout which <f>(x) increases with x, and an interval (£, £ + e) 
throughout which it decreases as x increases. 

This result may also be stated thus. If the sign of <j>'{x) changes 
at x = £ from positive to negative, then x = £ gives a maximum 
of <f>(x ); and if the sign of <p’(x) changes in the opposite sense, then 
x a £ gives a minimum. 

A maximum, as we have defined it, is a strict maximum; <j>(i)><j>[x) 
for all x near £. We might relax our definition, and require only that 
fj>d) g <j>(x) for all x near £. With this definition, for example, a constant 
would have a maximum (and a minimum) for every value of the variable. 
Theorem C would still be true. 

A maximum or minimum is often called an ‘extremal’ or ‘turning’ 
value. 

124. There is another way of stating conditions for a 
maximum or minimum which is often useful. Let us assume that 
</>(x) has a second derivative <f>"(x): this of course does not follow 
from the existence of <j>'(x), any more than the existence of <f>‘(x) 
follows from that of </>(x ); but in such cases as we are likely to 
meet with at present the condition is generally satisfied. 

Theorem D. If = 0 and ^"(£)=f0, then <j>(x) has a 
maximum or minimum at x = £, a maximum if < 0, a mini¬ 
mum if 0"(£) > 0. 

Suppose, e.g., that 0'(£) < 0. Then, by Theorem A, <f>'(x) is 
negative when x is less than £ but sufficiently near to £, and 
positive when x is greater than £ but sufficiently near to £. Thus 
x = £ gives a ma ximum . 

125. In what has preceded we have assumed that has a derivative 

for all values of x in the interval under consideration. If this condition is 
not fulfilled, the theorems cease to be true. Thus Theorem B fails for 
the function „ = W(*»), 

yhere the square root is to be taken positive. The graph of this function is 
shown in Fig. 38. Here <f>{ — 1) = $(1) = 0; but as is evident from 
the figure, is equal to 1 if x is negative and to - 1 if x is positive, and never 
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vanishes. There is no derivative for x = 0, and no tangent to the graph 
at P. And in this case x = 0 obviously gives a maximum of 0(x), but the 
test for a maximum fails. 

The bare existence of the derivative 
<j>'(x), however, is all that we have 
assumed. And there is one assumption 
in particular that we have not made, 
and that is that <j>'(x) itself con¬ 
tinuous function. This raises an in¬ 
teresting point. Can a function <f>(x) 
have a derivative for all values of x 
which is not itself continuous? Inother 
words, can a curve have a tangent at every point, and yet the direotion of 
the tangent not vary continuously f Common sense may incline at first to 
the answer No; but it is not difficult to show that this answer is wrong. 

Consider the function <j>(x) defined, when x =£ 0, by the equation 

0(x) = a^sinll/x); 



and suppose that 0(0) = 0. Then 0(x) is continuous for all values of x. 

If x + 0 then ,,, . - ... , ... , 

0 (x) = 2xsin(l/x)-cos(l/x); 


while 


0'(O) = lira 


A* ein (1 /ft.) 


= 0 . 




Thus 0'(x) exists for all values of x. But 0'(x) is discontinuous for x = 0; 
for 2x sin (1 jx) tends to 0 as x 0, and cos(l/x) oscillates between the 
limits of indetermination — l and 1, so that 0'(x) oscillates between the 
same limits. 


What is practically the same example enables us also to illustrate the 
point referred to at the end of § 122. Let 

0(x) = x'sintl/xj + ox, 

where 0<a< 1, when x=h0, and 0(0) = 0. Then 0'(O) = a>0. Thus the 
conditions of Theorem A of § 122 are satisfied. But if x + 0 then 
0'(x) = 2xsin(l/x)-cos(l/x) + a, 

which oscillates between the limits of indetermination a — 1 and a + 1 as 
x -*■ 0. Since a — 1 < 0, we can find values of x, as near to 0 as we like, for 
which 0'(x) < 0; and it is therefore impossible to find any interval, in¬ 
cluding x = 0, throughout which 0(x) is a steadily increasing function of x. 

It is, however, impossible that 0'(x) should have what was called in 
Ch. V (Ex. xxx vn. 18) a ‘simple’ discontinuity. If 0'(x) -*■ a when 
x-*- + 0, 0'(x) -t-b when x-+—0, and 0'(O) = c, then a = b = c, and 0'(x) 
is continuous for x = 0. For a proof see $ 120, Ex. xnvu. 5. 
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Examples XLVI. 1. Verify Theorem B when <j>(x) = (x — a) m (x —6)" 
or <fi(x) = (x — a) m (x — 6)” (x — c) ”, where m, n, p are positive integers and 
a<b<c. 


[The first function vanishes for x = a and x — b. And 

<j>'(x) = (x — a )’ n ~ 1 (x — b )’ , ~ 1 {{m + n) x — mb — na} 
vanishes for x = ( mb + na)/(m + n), which lies between a and b. In the 
second case we have to verify that the quadratic equation 

(m + n + p)x , — {m(b + c) + n(c + a)+p(a + b)}x + mbc + nca + pab = 0 
has roots between a and 6 and between 6 and c.] 

2. Show that x — sin x is an increasing function throughout any interval 
of values of x, and that tan x—x increases as x increases from — in to \n. 
For what values of a is ax - sin x a steadily increasing or decreasing func¬ 
tion of x 1 


3. Show that x/(sinx) increases steadily from x = 0 to x — in. 

(Math. Trip. 1927) 

4. Show that tan x — x increases from x = in to x = 'in, from x = in 
to x = fjjr, and so on, and deduce that there is one and only one root of the 
equation tanx = x in each of these intervals (cf. Ex. xvn. 4). 


5. Deduce from Ex. 2 that sinx —x<0 if x>0, from 
cos x — I + Jx a > 0, and from this that sin x — x + Jx* > 0. And, 
prove that if 


C, m = coax- 1 + -- ...-(- 1)” 


2 ml' 


S tm+ i = sinx —x + — — — l) m 


(2 m+ 1)!’ 


this that 
generally. 


and x > 0, then and S tm+l are positive or negative according as m is 
odd or even. 


6. If /(x) and f(x) are continuous and have the same sign at every 
point of an interval (a, b), then this interval can include at most one root 
of either of the equations f(x) = 0,/'(x) = 0, 

7. The functions u, v and their derivatives u\ v’ are continuous through¬ 
out a certain interval of values of x, and uv' — u'v never vanishes at any 
point of the interval. Show that between any two roots of u = 0 lies one 
of v = 0, and conversely. Verify the theorem when u = oosx, v = sinx. 

[If v does not vanish between two roots of u = 0, say a and /?, then the 
fraction u/v is continuous throughout the interval (<x, §) and vanishes at 
its extremities. Hence (u/t>)' = (u’v — uv')/c* must vanish between a and 
JS, which contradicts our hypotheses.] 
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8. Find the largest and smallest values of i* — 18aj 1 + 96* in the 

interval (0,9), (Math. Trip. 1931) 

9. Discuss the maxima and minima of the funotion (x — a) m (x — 6)", 
where m and n are any positive integers, considering the different cases 
which occur according as m and n are odd or even. Sketch the graph of 
the function. 


10. Show that the function (x + 5) s (x s —10) has a minimum when 
x = 1, and investigate its other turning values. (Math. Trip. 1936) 


11. Show that ^a — i —xj (4 — 3z J ) 


has just one maximum and just one minimum, and that the difference 
between them is , , , 

»(* + s) • 

What is the least value of this difference for different values of a 1 

(Math. Trip. 1933) 

12. Show that (ax + b)/(cx + d) has no maxima or minima, whatevor 
values o, b, c, d may have. Draw a graph of the function. 


13. Discuss the maxima and minima of the function 

y = (ax* + 2bx + c)/(Ax* + 2 Bx + C), 
when the denominator has complex roots. 

[We may suppose o and A positive. The derivative vanishes if 

(ax + b) (Bx + C) — (Ax + B)(bx + c) = 0 .(1). 

This equation must have real roots. For if not the derivative would 
always have the same sign, and this is impossible, since y is continuous for 
all values of x, and y -»• at A asx->+ooorx->- — co. It is easy to verify that 
the curve cuts the line y = a /A in one and only one point, and that it lies 
above this line for large positive values of x, and below it for large negative 
values, or vice versa, according as 6/a > B/A or 6/a < B/A. Thus the 
algebraically greater root of (1) gives a maximum if 6/a > B/A, a minimum 
in the contrary case.] 

14. The maximum and minimum values themselves are the values of 
A for which ax * + 26x + c — A(Ax* + 2Bx + O) is a perfect square. [This is 
the condition that y = A should touch the ourve.) 

15. If Ax* + 2Bx + 0 = 0 has real roots, then itis convenient to proceed 
as follows. We have 

a ^ 2A x+n 

V ~A ~ aU*H4Bx+GV 
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where A = bA-aB, /i = oA-aO. Writing further £ for 2A x+fi and i) for 
(A/ 4A*) (Ay —a), we obtain an equation of the form 

V = £/{(£-?) (£-?)>• 

A minimum of y, considered as a function of x, corresponds to a minimum 
of 1 / considered as a function of £, and vice versa, and similarly for a 
maximum. 


The derivative of r) with respect to £ vanishes if 

(£-f>) (£-9)-£(£-?>)-£(£-9) = 0, 

or if £ ! = pq. Thus there are two roots of the derivative ifp and q have the 
same sign, none if they have opposite signs. In the latter case the form of 
the graph of t] is as shown in Fig. 39a. 



Fig. 39a Fig. 39i> Fig. 40 


When p and q arc positive the general form of the graph is as shown in 
Fig. 396, and it is easy to see that £ = V(P?) gives a maximum and 
£ = — *J(pq) a minimum. 

The preceding discussion fails if A = 0, i.e. if a/ A = 6/S. But in this 
case we have 

y—(a/A) = fi/{A(Ax* 4-25a; + C)} = pl{A*(x-x x ) (x — x,)}, 
say, and dyfdx = 0 gives the single value x — + x % ). On drawing a 

graph it becomes clear that this value gives a maximum or minimum 
according as ft is positive or negative. The graph shown in Fig. 40 corre¬ 
sponds to the former case. 

■ 16. Show that (x —a) (x-/?)/(x —y) assumes all real values as x varies, 
if y lies between a and /?, and otherwise assumes all values except those 
included in an interval of length 4^/(| a — y || /?—y |). 


17. Show that 


x 4 + 2x + c 
x ! + 4x + 3c 


can assume any real value if 0 < c < 1, and draw a graph of the function 
in this oase. (Math. Trip. 1910) 


18. The graph of 

a 


ax + b 

(x-lHx-4) 


has a turning value at the point (2, — 1). Find a and b, and show that the 
turning value is a maximum. Sketch the ourve. (Math. Trip. 1930) 
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19. Determine the function of the form (cue* + 2£>x + c){(Ax* + 2Bx + 0) 

which has turning values 2 and 3 when x = 1 and x = — 1 respectively, 
and has the value 2-5 when * = 0. (Math. Trip. 1908) 

20. The maximum and minimum of (x + a) (x + b)/(x — a)(x — b), where 
a and b are positive, are 


a/o+v&v 



Kja + jb) 


21. The maximum value of ( x — l) a /(x + l) s is rfy. 

22. Discuss the maxima and minima of 

x(x-l) x* (x-l) 2 (3x 2 -2x-37) 

x a + 3x + 3' (x- l)(x-3) 2 ’ (x+6)*(3x 2 -14x-T)‘ 

(Math. Trip. 1898) 

[If the last function be denoted by P(x)/Q(x), it will be found that 
P'Q — PQ' = 72(x —7) (x — 3) (x — l)(x+ 1) (x + 2) (x + 5).] 


23. Find the maxima and minima of a cos x+bsm x. Verify the result 
by expressing the function in the form A cos (x—a). 

24. Show that sin (x + a)/sin(x +fc) has no maxima or minima. Draw 
a graph of the function. 

25. Show that the function 


sin 2 a: 


(0<a<b<n) 


sin (x + a) sin (x + b) 
has an infinity of minima equal to 0 and of maxima equal to 

, sin a sin 6 




sin 2 (a — b) 

26. The least value of a 2 sec* x + b* cosec 2 x is (a + f>) 2 . 

27. Show that tan 3x oot 2x cannot lie between $ and jf. 


(Math. Trip. 1909) 


28. Show that the maxima and minima of sin mx cosec x, where m is 
an integer, are given by tan mx = m tan x ; and deduce that 

sin 2 mx § m* sin 2 x. 

[Observe that 


(Math. Trip. 1926) 


8in*mx 


— m* 


1 +tan 2 x 


, l+tan 2 x 

, — = 7W m --- — 7 Ji* - 

sm*aj cos 2 a: l+tan*m» l + w 2 tan a ar 

at a maximum or minimum.] 
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29. Find the maxima and minima of the function y defined by 

ay+b 

-- = sin* a;-I-2 cos a: +1, 

cy + d 

where ad^bc. (Math. Trip. 1928) 

30. Show that, if the sum of the lengths of the hypotenuse and 
another side of a right-angled triangle is given, then the area of the triangle 
is a maximum when the angle between those sides is 60°. 

(Math. Trip. 1909) 

31. A line is drawn through a fixed point ( a,b ) to meet the axes OX, OY 
in P and Q. Show that the minimum values of PQ, OP +0Q, and OP. OQ 
are respectively (o*+ !>*)•, (Ja+Jb)*, and 4ab. 

32. A tangent to an ellipse meets the axes in P and Q. Show that the 
least value of PQ is equal to the sum of the semi-axes of the ellipse. 

33. A lane runs at a right angle out of a road 18 feet wide. How many 

feet wide is the lane if it is just possible to carry a pole 45 feet long from 
the road into the lane, keeping it horizontal! (Math. Trip. 1934) 

34. Two points A and B lie on a lino on opposite sides of and equi¬ 

distant from a fixed point 0 of the line; and P is a fixed point not on the 
line. Show that AP+ BP increases with AB. (Math. Trip. 1934) 

35. Find the lengths and directions of the axes of the conic 

ax , + 2hxy + by t = 1. 

[The length r of the semi-diameter which makes an angle 6 with the axis 
of a: is given by _ a cos i 8 + 2h cos 9 sin 6 + b sin* d. 

The condition for a maximum or minimum value of r is tan 2d = 2 h/(a — b). 
Eliminating 0 between these two equations, we find 
[a-(l/r»)}[6-<l/r>)} = h».] 

36. The greatest value of ax + by, where x and y are positive and 

x> + xy + y» = 3x*, is 2Kj(a'-ab + b'). 

[If ax + byia a maximum, then a b(dy/dx) — 0. The relation between 
x and y gives (2x + y) + (x + 2y)(dyldx) = 0. Equate the two values of 
dy/dx.] 

37. Thegreatest value of x^y”, where X and y are positive andx + y = k, 

18 m m n"k m+n /(m+n)"‘ +n . 

» 38. If 6 and 0 are acute angles connected by the relation 
osec 9+ fcseo <j> = c, 

where a, b, o are positive, then o cos 0 + b cos <j> is a minimum when $ = <f>. 

16 
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126. The mean value theorem. We can proceed now to 
the proof of another general theorem of great importance, a 
theorem commonly known as ‘the mean value theorem ’ or ‘the 
theorem of the mean ’. 

Theorem. If <f>[x) is continuous in the closed interval (a,b), and 
differentiable in the open interval, then there is a value iofx between 
a and b, such that ^ = {b _ a ) f (£). 

Before we give a strict proof of 
this theorem, which is one of 
the most important theorems in 
the differential calculus, it will 
be well to point out its obvious 
geometrical meaning. This is 
simply that, if the curve APB 
(see Fig. 41) has a tangent at all 
points of its length, then there 
must be a point, such as P, where 
the tangent is parallel to AB. For 



Fig. 41 


0'(£) is the tangent of the angle which the tangent at P makes 
with OX, and {^4(6) - <f(a)}j(b - a) the tangent of the angle which 
AB makes with OX. 

It is easy to give a strict proof. Consider the function 
<t>{b) - 4(x) - (0(6) - <£(“))> 

which vanishes when x = a and x = 6. It follows from Theorem B 


But tliis derivative is 


f>(b) — 4 >{a 
b — a 




which proves the theorem. It should be observed again that it has 
not been assumed that <j>'(x) is continuous. 

It is often convenient to express the mean value theorem in 
form 4(b) = <f>(a) + (b—a) 4'{a+0(b - a)}, 
where 8 is a number lying between 0 and 1. Of course o+6(b-a) 
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is merely another way of writing ‘some number £ between a and 
b'. If we put b = a + h, we obtain 

ij)(a + h) = + h(j>'(a + Oh ), 

which is the form in which the theorem is most often quoted. 

Examples XLVII. 1. Show that 

- <f>{x) - - 54(a)} 

b — a 

is the difference between the ordinates of a point on the curve and the 
corresponding point on the chord. 

2. Verify the theorem when <j>(x) = x 1 and when <j>{x) = X s . 

tin the latter case we have to prove that (f> 9 — a 3 )/(f> — a) = 3£\ where 
a < £ < b; i.e. that if J(6 J + ab + a a ) = £*, then £ lies betwoen a and &.] 

3. Find the £ of the mean value theorem when 

f(x) = x(x — 1) (r — 2), a = 0, 6 = J. 

(Math. Trip. 1035) 

4. Prove Cor. I of § 122 by means of the moan value theorem. Prove 
also that if <j>\x) 5:0 then <j>{x) is an increasing function in the weaker 
sense. 


6. Establish the theorem stated at the end of § 125 by means of the 
moan value theorem. 

[Since 54'(0) = c, we can find a small positive value of x such that 
— 54(0 )}/x is nearly equal to c; and therefore, by the theorem, a small 
positive value of £ such that <j>'(£) is nearly equal to c, which is inconsistent 
with lim <j>'{x) = a, unless a = c. Similarly b = c.) 
x-*+o 

6. Use the mean value theorem to prove Theorem (6) of (j 114, 
assuming that the derivatives which occur are continuous. 

[We have 

F{f{x + h)) - F{f(x)} = F{f[x) + */'(£)} - F{f(x)) 

= hJ'(£)*"W. 

where £ lies between x and x + h and q between/(x) and f(x) + hf'{£).] 


7. Prove that if 


, °i . , a n-i , „ n 

——: + — + ••■ + -=—= 0 , 

n + In 2 


than the equation o,sc"+o 1 x" _l +...+o,_ 1 x+a, = 0 has at least one 
root between 0 and 1. {Math. Trip. 1928) 

16-2 
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127. The mean value theorem gives a proof of a theorem 
fundamental in the theory of integration: if $'(x) = 0 for aU x 
of an interval, then <p(x) is constant in that interval. 

For, if a and b are any two values of x in the interval, then 
<j>(b) — <j>(a) = (6 — a) (f>'{a 4- 6{b — a)} = 0. 

An immediate corollary is that if <f'{x ) = \jr'(x) in an interval, 
then the functions <f{x) and \jr{x) differ in that interval by a 
constant. 


128. Cauchy’s mean value theorem. There is a general¬ 
isation of the mean value theorem, due to Cauchy, which is of 
considerable importance in applications*. 

If (i) <f(x) and fr{x) are continuous in the closed interval (a, b), and 
differentiable in the open interval ; (ii) fr(b) 4= fr(a ); and (iii) <p'(x) 
and never vanish for the same value of x, then there is a £, 
between a and b for which 

rj>(b)-<f>(a) = 
xjf{b)-fr(a) 


This reduces to the mean value theorem when fr(x) = x, in 
which case the subsidiary conditions are satisfied automatically. 

The proof is a straightforward generalisation of that of § 126. 
The function , ,, . 

4>(b) - t(x) - im - m) 


vanishes for x = a and for x = b. Hence its derivative vanishes 
for a £ between a and 6; i.e. 




\fr(b) - fr(a) 


ra) 


for some such £. If were zero, <?>'{£) would be so also, in 
contradiction to our assumptions. Hence ^'(£) + 0, and the 
theorem follows when we divide by ^'(£). 

The assumption that <j>' and \jr' never vanish for the same x is 
essential. Suppose for example that 

a = — 1, 6=1, <j> = x 1 , \]r = x s . 


* See § 164. 
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Then <p(b) — <p(a) = 0, \jr(b) — \]r(a) = 2, and the result can only be 
true if <f>\i) = 0, i e. if £ = 0, in which case ^'(£) also vanishes and 
the formula becomes meaningless. 

129. A theorem of Darboux. We proved m § 101 that if <j>(x) is 
continuous in (a,b) then it assumes, somewhere m (a, 6), every value 
between rj>(a) and There are other classes of functions which possess 
this property, and m particular the class of derivatives If f>'(x) is the 
derivative of a function then (whether continuous or not) it has the 
property stated 

If <j>(x) is differentiable for 0 S 1 S h, <j>’(a) = a, <j>'(b) — ft, and y lies 
between a and /?, then there is a {, between a and b for which = y. 

Suppose, for example, that a<y<fi, and let 
\jr{x) = <j>(x)-y (x-a) 

Then <f(x) is continuous, and therefore attains its lower bound in (o, 6) 
at some point £ of (a, 6) This point £ cannot be a or 6, because 
ijr\a) = a - y < 0, fr'(b) = j) - y > 0. 

Hence i/r(x) has a minimum* at a £ between a and b, and t/r'(£) = 0, i.e, 

9*'(£) = y 

130. Integration. We have seen how we can find the 
derivative of a given function <p(x) in a variety of cases, including 
those of the commonest occurrence. It is natural to consider the 
converse question, that of determining a function whose derivative 
is a given function 

Suppose that \Jr(x ) is the given function. Then we wish to deter¬ 
mine a function such that = fr(x) A httle reflection shows 
us that this question may really be analysed into three parts. 

(1) In the first place we want to know whether such a function 
as <p(x) exists This question must be distinguished carefully from 
the question whether (supposing that there is such a function) 
we can find any simple formula to express it. 

(2) We want to know whether it is possible that more than one 
such function should exist, i e. whether the solution of our pro¬ 
blem is unique ; and whether, if it is not, there is any simple relation 
between the different solutions which will enable us to express all 
oi 1 them in terms of any particular one. 

* Not necessarily a strict minimum, but see the penultimate paragraph of § 123. 
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(3) If there is a solution, we want to know how to find an actual 
expression for it. 

It will throw light on the nature of these three questions if we 
compare them with the three corresponding questions which arise 
with regard to the differentiation of functions. 

(1) A function <j>(x) may have a derivative for all values of x, 
like x m , where m is a positive integer, or sin*. It may have one 
exoept for certain special values of *, like tan x or sec x. Or it may 
never have one, like the function of Ex. xxxvix. 20, which is not 
even continuous for any *. 

The last function is discontinuous for every x, and tan * and 
sec* have derivatives except where they are discontinuous. The 
example of %Jx show's that a continuous function may have no 
derivative for special values of x, here * = 0. Whether there are 
continuous functions which never have derivatives, or con¬ 
tinuous curves which never have tangents, is a further question 
which is at present beyond us. Common sense says No: but, as 
we have already stated in § 112, this is one of the cases in which 
higher mathematics has proved common sense to be mistaken. 

But at any rate it is clear that the question ‘has <j>(x) a deri¬ 
vative <j>'(x)V is one which has to be answered differently in 
different circumstances. And we may expect that the converse 
question ‘is there a function <p(x) of which i/r[x) is the derivative! ’ 
■will have different answers too. We have already seen that there 
are cases in which the answer is No: thus if \jf(x) is the function 
which is equal to a, b, or c according as * is less than, equal to, or 
greater than 0, then the answer is No (Ex. xlvii. 5), unless 
a — b = c. 

This is a case in which the given function is discontinuous. In 
what follows, however, we shall generally suppose \jr{x) con¬ 
tinuous. And then the answer is Yes: if ijf{x) is continuous, then 
there is always a function </>(x) such that <f>'{x) = ijr(x). The proof of 
this will be given in Ch. VII. 

(2) The second question presents no difficulties. In the case of 
differentiation we have a direct definition of the derivative which 
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makes it clear from the beginning that there cannot possibly be 
more than one. In the converse problem the answer is almost 
equally simple. It is that if <j>(x) is one solution of the problem 
then <p(x) + C is another, for any value of the constant C, and 
that all possible solutions are comprised in the form <j>{x) + C. 
This follows at once from § 127. 

(3) The practical problem of finding <j>'{x) is a fairly simple one 
when <j>(x) is any function defined by some finite combination 
of the ordinary functional symbols. The converse problem is much 
more difficult. The nature of the difficulties will appear more 
clearly later on. 


Definitions. If fr(x) is the derivative of <j>(x), then we call fp(x) 
an integral or integral function of fr(x). The operation of 
forming <j>(x) from fr(x) we call integration. 

We shall use the notation 


<f>(x) = jif(z)dx. 

r d 

It is hardly necessary to point out that ...da: like ^ must, at 
present at any rate, be regarded purely as a symbol of operation: 
the j* and the dx mean no more when taken by themselves than 
do the d and dx of the other operative symbol. 


131. The practical problem of integration. The results 
of the earlier part of this chapter enable us to write down at once 
the integrals of some of the commonest functions. Thus 
f x m+1 C f . 

\x m dx =-cos xdx = sin x, sin xdx = — cos x ...(1). 

J »+l J J 

These formulae must be understood as meaning that the func¬ 
tion on the right-hand side is one integral of that under the sign 
of integration. The most general integral is of course obtained 
by adding to the former a constant C, known as the arbitrary 
constant of integration. 

There is however one case of exception to the first formula, that 
in whioh m = — 1. In this case the formula becomes meaningless, 
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as is only to be expected, sinoe we have seen already (Ex. xlii. 4) 
that 1 /x cannot be the derivative of any polynomial or rational 
fraction. 

That there really is a function F(x) such that D x F(x) = Ijx 
will be proved in the next chapter. For the present we shall be 
content to assume its existence. This function F(x) is certainly 
not a polynomial or rational function; and it can be proved that 
it is not an algebraical function. It can indeed be proved that 
F[x) is an essentially new function, independent of any of the 
classes of functions which we have considered yet, that is to say 
incapable of expression by means of any finite combination of the 
functional symbols corresponding to them. The proof of this is 
too detailed to be inserted in this book; but some further discussion 
of the subject will be found in Ch. IX, where the properties of 
F(x) are investigated systematically. 

Suppose first that x is positive. Then we shall write 
fdx , 

J — = log a- .(2), 

and we shall call the function on the right-hand side of this 
equation the logarithmic function : it is defined so far only for 
positive values of x. 

Next suppose x negative. Then — x is positive, and so log (— x) 
is defined by what precedes. Also 


d , . , -1 

E hg(-.)-— 


i 

x’ 


so that, when x is negative, 

Cdx . 

J — = log(-a>).(3). 

The formulae (2) and (3) may be united in the formula 

j~~ ~ lo g (± *) = log | * j .(4), 


where the ambiguous sign is to be chosen so that ± x is positive: 
these formulae hold for all real values of x other than x = 0. 
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The most fundamental of the properties of log* which will be proved ii 
Ch. IX are expressed by the equations 

log 1 = 0, log {1/x) = - log x, log xy = log x + log y, 
of which the second is an obvious deduction from the first and third. It is 
not really necessary, for the purposes of this chapter, to assume the truth 
of any of these formulae; but they sometimes enable us to write our for¬ 
mulae in a more compact form than would otherwise be possible. 

It follows from the last of the formulae that log x* is equal to 2 log x if 
x > 0 and to 2 log (— x) if x < 0, and in either ease to 2 log | x |. Thus (4) 
is equivalent to 

i dx 

= i log x s . 


I-. 


.( 6 ). 


The five formulae (I)—(3) are the five most fundamental 
standard forms of the integral calculus. To them should be added 
two more, viz. 


[ dx C dx 


are sin** ...(6). 


132. Polynomials. All the general theorems of § 114 may 
also be stated as theorems in integration. Thus we have, to begin 
with, the formulae 

j[f(x) + F(x)}dx = jf(x)dx + ^F(x)dx .(1), 

jkf(x)dx = k^f(x)dx .(2). 

Here it is assumed, of course, that the arbitrary constants are 
adjusted properly. Thus the formula (1) asserts that the sum of 
any integral of f(x) and any integral of F(x) is an integral of 
f{x) + F[x). 

These theorems enable us to write down at once the integral 
of any function of the form £A„f v {x), the sum of a finite number 
of constant multiples of functions whose integrals are known. In 
particular we can write down the integral of any polynomial; thus 


/' 


(a 0 x n + dj*"- 1 + ... + a n ) dx = 


a n z n + 1 a,x n 


- z® 


n +1 


+ - 


n 


- + ...+a n z. 


* See § 120 for the rule for determining the ambiguous sign. 






DERIVATIVES AND INTEGRALS 


260 DERIVATIVES AND INTEGRALS [VI 

133. Rational functions. It is natural to turn 6ur atten¬ 
tion next to rational functions. Let us suppose R(x) to be any 
rational function expressed in the standard form of § 118, viz. as 
the sum of a polynomial II{x) and a number of terms of the form 
Aj{x-a) p . 

We can at once write down the integrals of the polynomial and 
of all the other terms except those for which p = 1 , since 
A . A 1 


Jo 


-dx = — 


f (x — ac) p p — 1 (x — a)*' -1 ’ 

whether a be real or complex (§ 118). 

The terms for which p = 1 present rather more difficulty. It 
follows immediately from Theorem (6) of § 114 that 


J 


F'{f(x)}f'(x)dx = F{f(z)} .(3). 


In particular, if we take f(x) = ax + b, where a and b are real, and 
write $(x) for F(x) and ijr(x) for F'(x), so that 4>(x) is an integral 
of t/r(x), we obtain 

^\lr(ax + b)dx = ~fi(ax + b) .(4). 

Thus, for example, 




h 


dx 


_ 1 

I ax + b a 

and in particular, if a is real, 
dx 


log j ax + b | 


f dx 

Jx-a. 


= log \x — a\ 


We can therefore write down the integrals of all the terms in R{x) 
for which p - 1 and a is real. There remain the terms for which 
p = 1 and a is complex. 

In order to deal with these we shall introduce a restrictive 
hypothesis, viz. that all the coefficients in R(x) are real. Then if 
a = y + Si is a root of Q(x) = 0, of multiplicity m, so is its con¬ 
jugate 5 = y-Si\ and if a partial fraction A p j(x-a) p occurs in 
the expression of R(x), so does A p j{x — S) p , where A p is conjugate 
to A p . This follows from the nature of the algebraioal processes 
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by means of which the partial fractions can be found, and which 
are explained at length in treatises on algebra*. 

Thus, if a term (A-f fii)/(z-y-di) occurs in the expression of 
R{x) in partial fractions, so will a term (A-/*»)/(* -y + Si); and 
the sum of these two terms is 

2{A (x-y)-fiS ) 

(x - y) 2 + d 2 

This fraction is in reality the most general fraction of the form 

Ax+B 
ax 2 + 2bx + c ’ 


where b 2 < ac. The reader will easily verify the equivalence of the 
two forms, the formulae which express A, /i, y, S in terms of A,B, 
a, b, c being 


A 


A D 

2 a’ ^ 2 a A' 


y 




a 


where A ~ac- b 2 , and D ~ aB-bA. 


If in (3) we suppose F{f(x)} to be log | f(x) |, we obtain 

j f jj~jdx = l°g\f( X )\ .(5); 

and if we further suppose that/{x) = (x — A) 2 + /A, we obtain 

j(x 2 -tf+y dx = ] °g{ ( *-A) 2+ /**l. 

And, in virtue of the equations (6) of § 131 and (4) above, we have 

**»(”)• 

These two formulae enable us to integrate the sum of the two 
terms which we have been considering in the expression of R{x)\ 
and we are thus enabled to write down the integral of any real 
rational function, if all the factors of its denominator can be 
determined. The integral of any such function is composed of the 


See, for example, Chryetal’s Algebra, 2nd edition, vol. I, pp. 151-9. 
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sum of a polynomial, a number of rational functions of the type 

A 1 
p-\{x-aY~ v 

a number of logarithmic functions, and a number of inverse tangents. 

It only remains to add that if a is complex then the rational 
function just written always occurs in conjunction with another 
in which A and a are replaced by the complex numbers conjugate 
to them, and that the sum of the two functions is a real rational 
function. 


Examples XLVIII. 1. Prove that 


/; 


Ax+B , 1, lvli D 

ax* + 2bx + c dX " 2a l0g 1 X 1 + 2aV( -A) 


log 


ax + b~J{~ A) 
ax + b + J( — A) 


(where X = ax * + 2bx + c) if A < 0, and 


/. 


Ax+B A , D 

-———~dx = —log X H- 7 -arc tan 

ax a + 2 bx + c 2a a y A 


fax + b\ 

{ V<4 ) 


^ if A > 0, A and D having the same meanings as on p. 251. 

2. In the particular case in which ac = 6 s the integral is 
D A 

- . + - log \clx + b . 

o(ax + b) a 


3. Show that if the roots of Q(x) = 0 are all real and distinct, and P(x) 
is of lower degree than Q(x), then 


dx = X~Aog\x~x\, 


the summation applying to all the roots a of Q{x) = 0. 


[The form of the partial fraction corresponding to a may be deduced 
from the facts that 


Q(x) 

- > 

x—ac 


Q'(a), 


(x — a) R{x) 


P(«) 1 
Q’W 


4. If all the roots of Q{x) are real]and a is a double root, the other roots 
being simple roots, and P{x) is of lower degree than Q(x), then the integral 
is AI{x — a) + A'log [x~ot\+£ Blog where 

_2P(a) 2{3P'(a) Q’(a) — P{a) (?"'(«)} „ _ P(ft) 

Q"{a) ’ 3{Q'(a)}* ’ ~ 

and the summation applies to all roots /? of Q(x) = 0 other than a. 
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5. Calculate 


f dx 

J{(z-l)(x*+1)}** 


/{(x-l)<x a + l)} 

[The expression in partial fractions is 

lit 2 —t t 2 + i 

i(x - l) a ~ 2(x — 1) ” 8(x - i) a + 8(x - i) + 8(x + i)* + 8(x + 1 ) ’ 


and the integral is 

1 1 


4(x-l) 4(x a +l) 


— ilog | x— 11 + ilog(x 2 + 1) + £ arc tan x.] 


6. Integrate 

x xxx 

(x — a)(x — b)(x — c)’ (x — a) a (x — 6)’ (x-a) a (x —i>) ! ’ (x — a)*’ 

x x * x s — a* X s — a 2 

(x a + a a ) (x a +6*)’ (x 2 + a 1 ) (x 2 + b % ) ’ x 2 (x 2 + a a )’ x(x a + a*) a " 

7. Integrate 

x x x* 

(x — l)(x a + f)' 1+x 8 ’ (x — 1 )* (x a + 1) * 

(Math. Trip. 1924, 1926, 1934) 

8. Prove the formulae 


f dx 

Jl + x 1 


*°g( 

'l-t-x^/2 + x^ 
.1 — x^/2 + xV 

j + 2 arc tan | 

'*V2\\ 

‘1 x a /J 

{ x a dx 

J l + x‘ _ 


-log( 

'1 +x^/2 + x a ' 
vl —xV2 + x a / 

) + 2 arc tan ^ 

££)}■ 

f dx 

JL/ 

/*J lrwr / 

'l + x + x a \ 

+ 2 arc tan ^ 

'xV3\l 

j 1 + x a + X* 

4^3 l 

V ° \ 

v1 —x + x a / 

,i-xvr 


134. Note on the practical Integration of rational functions. 
The analysis of § 133 gives us a general method by which we can find the 
integral of any real rational function i?(x), provided we can solve the equation 
Q(x) = 0. In simple cases (as in Ex. 6 above) the application of the method 
is fairly easy. In more complicated cases the labour involved is some¬ 
times prohibitive, and other devices have to be used. It is not part of the 
purpose of this book to go into practical problems of integration in detail. 
The reader who desires fuller information may be referred to Goursat’s 
4lours d'analyse, 3rd edition, vol. t, pp. 246 et seq., Bertrand's Calcul 
integral, and Bromwich’s tract Elementary integrals (Bowes and Bowes, 
1911). 
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If the equation Q(x) = 0 cannot be solved algebraioally, then the method 
of partial fractions naturally fails and recourse must be had to other 
methods*. 

135. Algebraical functions. We naturally pass on next to 
the question of the integration of algebraical functions. We have 
to consider the problem of integrating y, where y is an algebraical 
function of x. It is however convenient to consider an apparently 
more general integral, viz. 

^R(x,y)dx, 

where R(x,y) is any rational function of x and y. The greater 
generality of this form is only apparent, since the function R(x, y) 
is itself an algebraical function of x. The choice of this form is 
dictated simply by motives of convenience: such a function as 

px + g + f(ax 2 + 2 bx + c) 
px + q-^J(ax i + 2 bx + c) 

is more conveniently regarded as a rational function of x and the 
simple algebraical function f(ax 2 + 2bx + c), than directly as itself 
an algebraical function of x. 

136. Integration by substitution and rationalisation. 

It follows from equation (3) of § 133 that if jV(x) dx = <p(x) then 

JV{/<*)}/'(*>* = <f>l /(<)}.(1). 

This equation supplies us with a method for determining the 
integral of i/r(x) in a large number of cases in which the form of 
the integral is not directly obvious. It may be stated as a rule as 
follows: put x = /(<), where f(t) is any function of a new variable t 
which it may be convenient to choose ; multiply byf'(t), and determine 
(if possible) the integral ofijr{f(t))f'(t ); express the result in terms of x. 
It will often be found that the function of t to which we are led by 

* See the author’s tract “The integration of functions of a single variable” 
{Cambridge Tracts in Mathematics, No. 2, 2nd edition, 1910). This does not often 
happen in practice. 
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the application of this rule is one whose integral can easily be 
calculated. This is always so, for example, if it is a rational func¬ 
tion, and it is very often possible to choose the relation between 
x and t so that this shall happen. Thus the integral of R{*Jx), 
where R denotes a rational function, is reduced by the substitu¬ 
tion x = t 2 to the integral of 2tR(t 2 ), i.e. to the integral of a rational 
function of t. This method of integration is called integration 
by rationalisation. 

Its application to the problem immediately under considera¬ 
tion is obvious. If we can find a variable t such that x and y are both 
rational functions of t, say x = Rft), y = R 2 (t), then 

\R(x,y)dx = J RiRft), R 2 {t)} R[(t) dt, 

and the latter integral, being that of a rational function of t, can be 
calculated by the methods of § 133. 

It is important to know when we can find an auxiliary variable 
t connected with x and y in this manner, but we cannot discuss the 
general problem here*. We must confine ourselves to a few simple 
special cases. 

137. Integrals connected with conics. Let us suppose 
that x and y are connected by an equation of the form 
ax 2 + 2hxy + by 2 + 2 gx + 2 fy + c = 0; 

in other words that the graph of y, considered as a function of x, 
is a conic. Suppose that (£, rj) is any point on the conic, and let 
x — E, = X,y — ri= Y. If the relation between x and y is expressed 
in terms of X and Y, it assumes the form 

aX 2 + 2hXY + bY*+2GX + 2FY = 0, 
where F = h£, + by+f, G = a£ + hy + g. In this equation put 
Y = tX. It will then be found that X and Y, and therefore x and 
y, are rational functions of t. The actual formulae are 

, c W + Ft) „ . 2 t(G + Ft) 

5 a + 2ht + bt 2 ’ y v ~ a + 2ht + bt 2 ' 


* See the tract referred to on p. 254. 
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Hence the process of rationalisation described in the preceding 
section oan be carried out. 


The reader should verify that 

dr 

hx + by+f = -i(a + 2hl + bt 2 )-^, 

C dx r dt 

so that Jhx + by+f ^J a ■\-2ht + bt i ' 

When h 2 >ab it is in some ways advantageous to proceed as 
follows. The conic is a hyperbola whose asymptotes are parallel 
to the lines 

ax 2 + 2 hxy + by 2 = 0, 
or b(y — /ix) (y — fi'x) = 0, 


say. If we put y — yx = t, we obtain 
y-yx = t, y-fi'x = - 


2 ?* + 2 /?/ + c 
bt 


and it is clear that x and y can be calculated from these equations 
as rational functions of t. We shall illustrate this process by an 
application to an important special case. 


/ dx 

138. The Integral J —. Supposo m particular that 


y % = ax' 1 + 2 bx + c, where a > 0. It will be found that, if we put y + x-Ja = l, 
we obtain 


and so 


dx (t ! + o) Ja + 26f 


2 5 = 


r • 2 2/ = 


(tja + b)* 

[dx [ dt 1 
) y ~ Jtja + b ~ Ja ° 8 


(t' l + c)Ja + ‘2bt 
l yja + b 

b 


xja + y + 


•Ja 


■(!)■ 


If in particular a = 1, b = 0, c = a*, or a = 1, 6 = 0, c = — a*. we obtain 

si= log( * + ^ a+aI,} - hiila*) “ Io sl*+V<**-**)I 

.( 2 ), 

equations whose truth may be verified immediately by differentiation. 
With these formulae should be associated the third formula 


{ dx . x 

1-n—r—- = arc am- .( 3 ) 

-**) a ' ' 

which corresponds to a case of the general integral of this section in 
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which a< 0, Ia (3) it is supposed that a>0, if a<0 then the integral is 
arosin(*/| a 1) (of. 5120). In practice we should evaluate the general 
integral by reducing it (as in the next section) to one or other of these 
standard forms. 

The formula (3) appears very different from the formulae (2): the reader 
will hardly be in a position to appreciate the connection between them 
until he has read Ch, X. 


139. The integral + c ^ ^ x - This integral can be 

integrated, in all cases by means of the results of the preceding 
sections. It is most convenient to proceed as follows. Since 

Ax + u = ^(ax + ty + u- —, 
a a 

f ax + b , . 

J J(ax 2 + 26a?+c) = ^ aX + 2bx + c >’ 

we have 


(Ax+/i)dx 

-J(ax 2 + ‘Ibx + c) 


- > /(o* 2 + 2i)ac + c) + 


/ Ab\ (■ dx 

X a ) J^/(ax a + 2{>x-l-t)' 


In the last integral a may be positive or negative. If a is 
positive we put oca} + 6o~i = t, when we obtain 


J_ f dt 

where k = (ac — b 2 )ja. If a is negative we write A for — a and put 
xAl — bA~i = t, when we obtain 


1 f dt 

It thus appears that in any case the calculation of the integral 
may be made to depend on that of the integral considered in 
§ 138, and that this integral may be reduced to one of other of 
the three forms 


f dt 

r * 

r dt 

M* a +* a )’ J 

V(< 8 -* 2 )’ J 

V(« a -i 2 ) 




17 
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140. The Integral J(hx + fi) -J(ax l + 26x+c)d*. In the same way we 


find 


ax* + 2 bx + c)dx 

= — ( ax * + 26x + c)* + — —j J<j(ax‘ + 2 bx + c)dx; 

and the last integral may be reduced to one or other of the three forms 

|V(« S + cc 3 ) dt, 1^(1* —a 2 ) dt, jj(ot*-t')dt. 

In order to obtain these integrals it is convenient to introduce at this 
point another general theorem in integration. 



141. Integration by parts. The theorem of integration by 
parts is merely another way of stating the rule for the differ¬ 
entiation of a product proved in § 114. It follows at once from 
Theorem (3) of § 114 that 


F(x) dx = f(x) F{x) - j* f(x) F'{x) dx. 


It may happen that the function which we wish to integrate is 
expressible in the form f'(x) F(x), and that f(x) F'(x ) can be 
integrated. Suppose, for example, that <p(x) = xi/r(x), where rjr(x) 
is the second derivative of a known function y(ar). Then 


j<fr(x)dz =jxx"(x)dx = xx'(x)~ Ix'(x)dz = x X ’(x)~x(x). 


We can illustrate the working of this method of integration by applyinj 
it to the integrals of the last section. Taking 


we obtain 


j(x) - ax + b, F(z) = v '(ax a + 2 bx+c) = y. 


a jydx - (ax + b)y — J dx - (ax + b)y-a Jydx + (ac-b t ) j—, 


so that 


jydx = 


_ (o x+b)y ac — b l fdx 


(dx 
J V ’ 


2a 2a 

and we have seen already (f 138) how to determine the last integral. 
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Examples XLIX. 1. Prove that if a > 0 then 

jj(x* + a a )dx = ix^/(x , + a , ) + ia s log{x + ^(x 2 + a 2 )}, 

J^(x* — a a )dx = ix j(x a -a*) — £a 8 log | x + j(x % - a*)), 

j*J (a 8 — x a )dx = \x^(a l — x t ) + £a ! arc sin —. 

2. Calculate the integrals (-——— , (jla 2 — x 2 )dx by means of the 

Jj(a 2 -x 2 ) J y 

substitution x — a sin 6, and verify that the results agree with those 
obtained in § 138 and Ex. 1. 

3. Prove, by means of the substitutions ax + 6 = 1/1 and x = 1/u, that 
(m the notation of §§ 133 and 141) 


fdx ax + b rxdx 

J »* ~ Ay ’ J y 3 

dx 


4. Calculate 


jy{(X — 


bx + c 
Ay 


, where b>a, in three ways, viz. (i) by 


/ J{(x-a){b-x)}' 
the methods of tho preceding sections, (xi) by the substitution 
(b — x)/(x—a ) = 1*, 

and (lii) by the substitution x = a cos 8 0 + bsm a 0; and verify that the 
results agree. 


5. Integrate - 


by the substitutions 


(* a +l) 3 

(a) x = ta.n0, (6) « = x a +l, 

and verify the agreoment of the results. ( Math . Trip. 1933) 

6. Integrate 

1 _1_ x l + l x 1 

x(l+a; 6 )’ (a + x) J(c + x)’ x^(4x i +l)’ + x + 1) ’ x 3 ^(x , + a t ) 

(Math. Trip. 1923, 1925, 1927, 1929) 

7. Show, by means of the substitution 2x + o + b = J(»— b) (t 8 + 1 -8 ), 

or by multiplying numerator and denominator by J(x + a) — J(x + b), that 
if a > 6 then *. / 1 \ 

J\](x + a)+j(x + b) ) \ + 3iII*/ 

8. Find a substitution which will reduce 
integral of a rational function. 


/i 


dx 


to the 


(x + a)l + (x-o)* 

(Math. Trip . 1899) 
17-2 
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9. Show that JB(x,$(ax+b)}dx is reduced, by the substitution 
ax + b = j/", to the integral of a rational function. 

10. Prove that 

Jr <*) F(x) dx = f'(x) F(x) -/(I) F’(X) + jf[x) F’(x) dx 
and generally 

jf*\x) F(x) dx = F(x) -P n -*>(x) F'(x) + ... + <- 1)» Jf(x) F^"\x)dx. 

11. The integral j{l+x) p x , dx, where p and q are rational, can be 

found in three cases, viz. (i) if p is an integer, (ii) if q is an integer, and 
(iii) if p+q is an integer. [In case (i) put x — u‘, where s is the deno¬ 
minator of q; in case (ii) put 1 + x = t‘, where s is the denominator of p; 
and in case (iii) put 1 +z = xt‘, where s is the denominator of p.) 


12. The integral jx m (ax tt + b) ,! dx can be reduced to the preceding 

integral by the substitution ax " = bt. [In practice it is often most con¬ 
venient to calculate a particular integral of this kind by a ‘formula oi 
reduction’ (cf. Misc. Ex. 55, p. 282).] 


13. The integral jlt{x, -J(ax + b), -J{cx + d)} dx can be reduced to that o 

a rational function by the substitution 

6/ 1\* d ( 1\» 

te = -<A J+ -J -cT't) • 

14. Beduce jli(x, y)dx, where y*(x-y) = x 1 , to the integral of a rations 
function. [Putting y = tx, we obtain x — !/{«*( 1 — <)}, y = l/{t( 1 — <)}.] 


15. Beduce the integral in the same way when (o) y{x — y) % = , 
(6) (x' + y*)* = a a (x* —y a ). [In case (a) put x — y = ti in case (6) pi 
x* + y' = t(x — y), when we obtain 

x = oH(t a + a a )/(i* + a*), y = o*t((’- a *)/(t 4 + <x 4 ).] 


16. If y(x-y) 1 = x, then = Jlog{(x-y) a - 1}. 

Jz-Jy 

17. If (* a + y a ) a = 2e a (x a -y a ), then I — — = - 4'°g ~ 

Jy(x t +y t +e t ) c* \»-y 
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142. The general Integral jR(x,y)dx, where y 1 = ax l +2bx + c. 

The most general integral associated, in the manner of § 137, with the 
special conic y 2 = ax 1 + 2 bx + c is 

jli(x,JX)dx .(1), 


where X = y* = ax* + 2bx + c. We suppose that R is a real function. 

The subject of integration is of the form P/Q, where P and Q are poly¬ 
nomials in x and -JX. It may therefore be reduced to the form 


= E+FjX, 


A + BJX _ (A + BJX)(C — DJX) 

C + DJX~ C*-D*X 
whore A, B, ... are rational functions of x. The only new problem which 
arises is that of the integration of a fund ion of the form P JX, or, what is 
the same thing, Q/JX, where G is a rat ional function of x. And the integral 




( 2 ) 


can always be evaluated by splitting up Q into partial fractions. When wo 
do this, integrals of three different types may arise. 

(i) In the first place thore may be integrals of the type 

fjx dx . (3> ’ 

where to is a positive integer. The cases in which m = 0 or » = 1 have 
been disposed of in § 139. In order to calculate the integrals corresponding 
to larger values of m we observe that 


dx 


(x m ~ l JX) = (to — 1 )x m ~* JX + 


(ax + b)x m 

JX 


ax m + fix"- 1 + yx n ~* 

~JX 


where a, /j 1 , y are constants whose values may be easily calculated. It is 
clear that, when we integrate tliis equation, we obtain a relation between 
three successive integrals of the type (3). Since we know the values of 
the integral form = 0 and m = 1, we can calculate in turn its values for 
all other values of to. 


(ii) In the second place there may be integrals of the type 

f dx 

)(x-prjx . (4)> 

where p is real. If we make the substitution x—p = 1 /<, then this integral 
.is reduced to an integral in t of the type (3). 

(iii) Finally, there may be integrals corresponding to complex roots of 
the denominator of 0. We shall confine ourselves to the simplest case, that 
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in which all such roots are simple roots. In this case (cf. § 133) a pair of 

conjugate complex roots of 0 gives rise to an integral of the type 

l _ Lx + M . . 

J (Ax* + 2Bx + C) *J(ax* + 2bx + c) 

In order to evaluate this integral we put 

lU+v 
x = --, 

t+ 1 

where /t and v are so chosen that 

afiv + b(fi + v) + c = 0 , Afiv + B(/i + v) + C = 0 ; 
so that ft and v are the roots of the equation 

(aB-bA)p-(cA-aC)£ + (bC-cB) = 0 . 

This equation has certainly real roots, for it is the same equation as 
equation (1) of Ex. xxvi. 13; and it is therefore certainly possible to find 
real values of fi and v fulfilling our requirements. 

It will be found, on carrying out the substitution, that the integral (5) 
assumes the form 

f tdt [ dt 

H J(at‘+/3) V(y<* + S) + K } Tea* + fi) V(y( 2 + S) . <6) ' 

The second of these integrals is rationalised by the substitution 


V(y**+«)‘ 


which gives , + ^ ///+ (a $ _ jj y] u i • 

Finally, if we put t = 1/u in the first of the integrals (6), it is transformed 
into an integral of the second type, and may therefore be calculated in 
the manner just explained, viz. by putting u/Jly+Su 1 ) = v, i.e. 
1 IJ(yt' + S) = v*. 


Examples L. 1. Evaluate 


/■ dx 

f dx 

f dx 

] x^j(x l + 2z + 3) ’ 

J(*-i)V(**+i)’ 

J {x+ l)J{l + 2x-x*) 


2. Prove that 

! _ dx _2 !/x-q\ 

J(x-p)J{(x-p)(x-q)}~ q-p \! \x-p)‘ 

* The method of integration explained here fails if a}A = bjB; but then the 
integral may be reduced by the substitution ax + b — i. For further information 
concerning the integration of algebraical functions see Stolz, Orundzilge der Differ- 
erUial-und-integralrechnung, vol. I, pp. 331 el seq., or Bromwioh’s tract quoted on p. 253. 
An alternative method of reduction has been given by Greenhill: see his A chapter 
in the integral calculus, pp. 12 et seq., and4he author’s tract quoted on p. 254. 
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3. If o^ + cA* = —v<0, then 


h 


dx 1 

.— -= — arc tan. 

(hx+g)J(ax*+c) *Jv 


L ch-agx J" 


4. Show that f ——-, where y* — ax‘ + 2bx + c f may be expressed 

J ( x ~ x o) V 

axx 0 + b(x + x 0 ) + c| 


in one or other of the forma 

I axx 0 + &(x + x 0 ) + c + yy,, 


—-log 

2/o 


1 


- arc tan 


f 




according as axjj + 2bx 0 + c is positive and equal to y\ or negative and equal 
to -z\. 

6. Show by means of the substitution y = J(ax* + 2bx + c)/(x—p) that 


h 


dx 


rh 


dy 


' (x-p)*](ax l + 2bx + c) J*](X.y*-p)’ 
where A = ap 2 + 2bp + c, fi = ac — b‘. [This method of reduction is elegant 
but less straightforward than that explained in § 142.] 

6. Show that the integral 

f dx 
J xj(3z* + 2x+l) 

is rationalised by the substitution x = (1 + y t )l(3 — y t ). 


(Math. Trip. 1911) 


7. Calculate 


8. Calculate 


k 


i (x-t-l)dx 

^(x* + 4)V(x a + 9)" 

dx 


I (5x a + 12 x + 8)V(6» s + 2x-7)* 

[Apply the method of § 142. The equation satisfied by p and v is 
£ 2 + 3£ + 2 = 0 , so that p = — 2, v = — 1, and the appropriate substitution 
is x = — (2<+ l)/(t+ 1). This reduces the integral to 


_(_*__ L 

J(4i a + l)V(9i s -4) J( 


tdt 


1 (4J a + l)V(9i’-4) J (4/ 2 + 1)V(9t* — 4)" 

The first of these integrals may be rationalised by putting t/J{ 9<* — 4) = u 
and the second by putting 1/^(9I s — 4) = v.] 

9. Calculate 


/i 


(x+ l)dx 


)’ /(2x* —1 


(x— l)dx 


(2x a -2x+l)V(3x a -2x+l) J (2x , -6x + 6)V(7x , -22x+19)' 

(Math. Trip. 1911) 
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10. Show that the integral j R(x,y)dx , where y* = ax* + 2bx + c, is 

rationalised by the substitution t = ( x—p)/(y + q ), where ( p,q ) is any 
point on the conic y* = ax * + 2bx + c. [The integral is of course also 
rationalised by the substitution t = (x-p)l(y-q): cf. § 137.] 


143. Transcendental functions. Owing to the great 
variety of the different classes of transcendental functions, the 
theory of their integration is a good deal less systematic than 
that of the integration of rational or algebraical functions. We 
shall consider in order a few classes of transcendental functions 
whose integrals can always be found. 

144. Polynomials in cosines and sines of multiples of 

x. We can always integrate any function which is the sum of a 
finite number of terms such as 

A cos '"ax sin ™'ax cos "bx sin"’ bx..., 
where m, m', n, n', ... are positive integers and a, b, ... any real 
numbers. For such a term can be expressed as the sum of a 
finite number of terms of the types 

a.cos {(pa+qb + ...)x}, /?sin {(pa + qb + ...)x}; 
and the integrals of these terms can be written down at once. 


Examples LI. 1. Integrate sin*xcos*2x. In this case we use the 
formulae 

sin*x = J(3sinx — sin 3x), cos* 2x = 1 + cos4x). 

Multiplying these two expressions and replacing sinx cos 4x, for example, 
by J(sm6x —sin3x), we obtain 

i l *J(7 sinx— 5 sin 3x+ 3 sin 5x —sin 7 x)dx 

— - 1< COB x + A COS 3x — H ; i) COS ox + , 1 r, cos 7x. 
The integral may of course be obtained in different forms by different 
methods. For example 

jein’x cos* 2xdx = j(4 cos 4 x — 4 cos* x + 1) (1 — cos*x) sinxdx, 
which reduces, on making the substitution cosx — t, to 


/< 


(41* — 8f*+ 51* — !)<& = « oos 7 x — | oos*x + $cos s x — cosx. 
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It may be verified that this expression and that obtained above differ 
only by a constant. 


2. Integrate by any method cos ax cos bx, sin ax sin bx, cosax sin bx, 
oos* x, sin’®, cos 1 *, cos x coa 2x cos 3x, cos* 2* sin* 3*, cos'* sin’*. [In 
cases of this kind it is sometimes convenient to use a formula of reduction 
(Misc. Ex. 56, p. 282).] 

145. The integrals Jx n cos x dx, jx n sin x dx and associated 

integrals. The method of integration by parts enables us to 
generalise the preceding results. For 

jx n cos xdx = x n sin x — n j*x n_1 sin xdx, 

^x n mixdx = -x ,l eoBX+n jx^coBxdx, 

and the integrals can be calculated completely by a repetition 
of this process whenever n is a positive integer. It follows that 

we can always calculate Jx" cos ax dz and jx n ainaxdx if n is a 

positive integer; and so, by a process similar to that of the 
preceding paragraph, we can calculate 


P 


| P(x, cos ax, sin ax, cos bx, sin bx ,...) dx, 
where P is any polynomial. 


Examples LII. 1. Integrate * sin x, x 1 cos x, ** cos* x, ** sin* x sin* 2x, 
x sin* * cos* x, x 3 sin 8 \x. 

2. Find polynomials P and Q such that 

^{(3* — l)coss + (1 — 2*)sin*}(Z* = P cosx+ Qsinx. 

3. Prove that Jx n cos xdx = P„ cos x + Q„ sin x, where 

P n = nx , ~ 1 — n(n— l)(n — 2)x n ~ t + ..., Q n — x H — n(n— 1)*"'* + .... 

146. Rational functions of coax and sin x. The integral 
of any rational function of cos a; and sinx may be calculated by 
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the substitution tan = t. For 

l-t 2 . 2t dx 2 

ooax ~T+p' Slnx ~l + t* , dt~l+t*‘ 

so that the integral is reduced to that of a rational function of t. 
But other substitutions are sometimes more convenient. 


Examples LIII. 1. Prove that 

Jeeoxdx - log j sec x + tan x j, Jooaeoxdx - log) tanjx |. 

[Another form of the first integral is log | tan ( J-tt + Jx) |; a third form is 
Jlog| (1 +sinx)/(l -sini) |J 

2. Jtanxdx = —log\coax\, jeotxdx = log| ainx |, j sec* x dx = tern x, 
jcoo&^xdx = — cotx, jt&nx sec xdx = sec x, |cotxcosecxdx = — eosecx. 

[These integrals are included in the general form, but there is no need 
to use a substitution, as the results follow at once from § 120 and equation 
(5) of §133.] 

3. Show that the integral of l/(o 4- 6 cos x) , where o + b is positive, may¬ 
be expressed in one or other of the forms 


V(«*-6 2 ) 


arc tan 


h/c-*»- 


i 


: log 


•J(b + a) + tJ(b-a) 


■J(b + a) — t^/(b~a) 


where t = tan jx, according as a 2 > 6* or a 2 < 6 8 . If a 2 = i> 2 , then the integral 
reduces to a constant multiple of that of sec 2 Jx or cosec 2 Jx, and its value 
may be written down at once. Deduce the forms of the integral when a + b 
is negative. 

4. Show that if y is defined in terms of x by means of the equation 
(o + 6 cos x)(a — b cos y) = a * — 6 2 , 

where a is positive and a 8 > 6 2 , then as x vanes from 0 to tt one value of y 
also varies from 0 to n. Show also that 

Jla 1 —brainy ainx dx emy 

8inx = —-r-, —r- — =- ~ ; 

o — o cos y a + o cos x ay a — b cos y 

and deduce that if 0 < x < it then 

dx 1 


h 


la + b coax J(a l — 6 s ) 

Show that this result agrees with that of Ex. 3. 


fa oos x+b\ 
Vo + bcosx/' 
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5. Show how to integrate l/(a + bcosx + csmx). [Express b cos x + c sin x 
in the form -Jib 1 + c 1 ) cos (x — a).] 

6. Integrate (a + bcosx + cainx)/(a + j )cosz + ysinz). [Determine A, 
/i, v so that 

<i + 6cosz + csmz = A + /i(a + /9cosz + y sinz) + v{ — fis mz + ycosz). 
Then the integral is 

/ dx 

—^—--■] 

a + /?co8z-t-ysmz 

7, Integrate l/(aco8*z + 26cosr smi + csm’i). [The subject of in¬ 
tegration may be expressed in the form 1 j[A + B cos 2x+C sin 2x), where 
A = £(a + c), B = i(a — c), C = b: but the mtegral may be calculated more 
simply by putting tan x = t, when we obtain 

I s ec*xdx f dt 

) a+ 26 tan z + c tan* z Ja + 2bt + cl 2 


147. Integrals involving are sin x, arc tan x, and log x. 
The integrals of the inverse sine and tangent and of the logarithm 
can easily be calculated by integration by parts. Thus 


/' 


arc sin xdx = x arc sin 


f xdx 

= * arcsuix+ V( l -* a )> 

r r xdx 

I arc tan xdx = x arc tan x — I ■— — ^ = x arc tan x—\ log (1 + x 2 ), 

Jlog xdx — x log x - jdx = a: (log x— 1). 

Generally, we can integrate the inverse function of f{x), 
if we can integrate f(x) ; for the substitution y = f(x) gives 

j<P(y)dy =jxf'(x)dx = xf(x) — jf(x) dx. 


Integrals of the form 



arc sin 



P(*,logr)(ix, 


where P is a polynomial, can always be calculated. In the first 
case, for example, we have to calculate a number of integrals of 
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the type J;r m (arc sin x) n dx. Making the substitution x = sin y, 

we obtain jy n sin m y cos ydy, whioh can be found by the method 
of § 146. In the second case we have to calculate a number of 
integrals of the type Jr m (log x) n dx. Integrating by parts we 
obtain 

jx m (logx) n dx = ^ j*”Qogx)*-*dx, 

and we can complete the calculation by repeating the argument. 

Example. Integrate a:" log*, x" log (I + x), x 8 arc tan x 8 , and x~"logx. 

(Math. Trip. 1924, 1929, 1934) 


148. Areas of plane curves. One of the most important 
applications of the processes of integration which have been ex¬ 
plained in the preceding sections is to the calculation of areas of 
plane curves. Suppose that P 0 PP' (Fig. 42) is the graph of a 
continuous curve y = <fi(x) which lies wholly above the axis of x, 
P being the point ( x,y ) and P‘ the point (x + h, y + k), and h 
being either positive or negative (positive in the figure). The 
problem is that of calculating the area ONPP 0 . 




P R 

Fig. 42a 


The notion of an ‘area’ is one which requires very careful 
mathematical analysis, and we shall return to it in Ch. VII. For 
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the present we shall take it for granted. We shall assume that 
any such region as ONPP 0 has associated with it a positive 
number (ONPP 0 ), which we call its area, and that these areas 
possess the obvious properties indicated by common sense, 
e.g. that 

(PRP') + (NN'RP) = (NN'P'P), (N^PPJ < ( ONPP 0 ), 
and so on. 

It is plain, if we take all this for granted, that the area ONPP 0 
is a function of x; we denote it by 0(x) Also 0(x) is a continuous 
function. For 

0(x + h)-0(x) = (NN'P'P) 

= (NN'RP)+ (PRP’) = h<j>(x) + (PRP’). 

As the figure is drawn, the area PRP' is less than hk. This is not 
necessarily true in general, because it is not necessarily the case 
(see for example Fig. 42 a) that the arc PP' should rise or fall 
steadily from P to P'. But the area PRP' is always less than 
| h | A(A), where A (h) is the greatest distance of any point of the 
arc PP' from PR. Moreover, since <j>(x) is a continuous function, 
A(h) -> 0 as h -»• 0. Thus 

0(x + h)-0(x) = h{<j>(x) + /i(h)}, 

where | p(h) | gA (h) and A(A)->0 as h-rO. From this it follows 
that <P(x) is continuous. Moreover 

0’(x) = lim —* = lim [<j>(x) + p (h)} = <j>(x). 

h->0 n *->• 0 

Thus the ordinate of the curve is the derivative of the area , and the 
area is the integral of the ordinate. 

We are thus able to formulate a rule for determining the area 
ONPP Q . Calculate 0(x), the integral of <fr(x). This involves an 
arbitrary constant, which we suppose so chosen that 0(0) = 0. Then 
the area required is 0(x). 

If it were the area N l NPP 1 which was wanted, we should determine 
the constant so that 0(x x ) = 0, where x x is the abscissa of P t . If the curve 
lay below the axis of x, <P(x) would be negative, and the area would be the 
absolute value of 0(x). 
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149. Lengths of plane curves. The notion of length also 
requires very careful analysis, and is rather more difficult than 
that of area. In fact the assumption that P 0 P (Fig. 42) has a 
definite length, which we may denote by S(x), doeB not suffice 
for our purposes, as did the corresponding assumption about 
areas. We cannot even prove that 8(x) is continuous, i.e. that 
lim {$(.?') — $(P)} = 0. This looks obvious enough in the larger 
figure, but less so in such a case as is shown in the smaller figure. 
Indeed it is not possible to proceed further, with any degree of 
rigour, without a careful analysis of just what is meant by the 
length of a curve. 

It is however easy to see what the formula must be. Let us 
suppose that the curve has a tangent whose direction varies 
continuously, so that <f>'(x) is continuous. Then the assumption 
that the curve has a length leads to the equation 

S(x + h)-S{x) {PP'} PP' {PP'} 

h h ~ h ’ PP r ’ 

where {PP'} is the are whose chord is PP'. Now 

PP' = J(PR* + EP' 2 ) = h J{\ +p), 

and k = <f>(x-b h) — 

where £ lies between x and x+h. Hence 

lim {PP'jh) = lim V{1 + = V( l + fi¬ 

ll also we assume that 

lim [PP'}/PP' = 1, 

we obtain the result 

«w - , v(.+m-wn. 

andso 3(z) = \J{1 + [0'(*)]*} da-. 

Examples LIV. 1. Calculate the area of the segment cut off from the 
parabola y = x*/4<x by the ordinate x = £, and the length of the aro whioh 
bounds it. 
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2. Show that the area of the ellipse (* 2 /o 8 ) + (j/ 4 /6*) = 1 is nab. 
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3. The area included between the curve x = y 1 ( 1 — x) and the line 

x = 1 is n. (Math. Trip. 1926) 

4. Sketch the curve (1 + x') y 1 = x*( 1 —x s ), and prove that the area of 

a loop is \(n — 2). (Math. Trip. 1934) 

6. Trace the curve a*y s = x‘(2a — x), and show that its area is \na % . 

(Math. Trip. 1923) 

6. Prove that the area between the curve 



and the segment (— a, a) of the axis of x is i,ab. (Math. Trip. 1930) 

7. Find the area bounded by the curve y = sin a; and the segment of 
the axis of x from x = 0 to x — 2n. [Here $(x) = — cos x, and the difference 
between the values of — cos * for x = 0 and x = 2n is zero. The explanation 
of this is of course that between x = rt and x — 2n the curve lies below the 
axis of x, and so the corresponding part of the area is counted negative m 
applying the method. The area from x = 0 to x = n is — cos n + cos 0 = 2; 
and the whole area required, when every part is counted positive, is 
twice this, i.e. is 4.] 

8. Suppose that the coordinates of any point on a curve are expressed 
as functions of a parameter t by equations of the type x = (/>(t), y = 

<j> and i/r being functions of t with continuous derivatives. Prove that if 
x steadily increases as t varies from f 0 to then the area of the region 
bounded by the corresponding portion of the curve, the axis of x , and the 
two ordinates corresponding to t 0 and /„ is, apart from sign, A(t t ) — A(t„), 
where 

-4(0 = jfr(t)<j>'(t)dt = jy —df. 


9. Suppose that C is a closed curve formed of a single loop and not 
met by any parallel to either axis in more than two points. And suppose 
that the coordinates of any point P on the curve oan be expressed as in 
Ex. 8 in terms of t, and that, as t varies from t 0 to t u P moves m the same 
direction round the curve and returns after a single circuit to its original 
position. Show that the area of the loop is equal to the difference of the 
initial and final values of any one of the integrals 




f 


d y,. 

x —at, 
dt 




dt. 


this difference being taken positively. 
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10. Apply the result of Ex, 9 to determine the areas of the curves 
given by 

y _ 2 1 

1 + 1 »’ 


... x _ l-l a 
(1) a " 1 + 1*’ a ' 


(ii) x = ooos s t, y = bsin s t. 


11. Find the area of the loop of the curve x* + y’ = 3 axy. [Putting 
y = tx, we obtain x = 3ol/( 1 +I s ), y - 3al*/(l + (*). As i varies from 0 
towards co the loop is described once. Also 

*/(»*-$*■~‘K©* =■ 5TW 

which tends to 0 as t -> oo. Thus the area of the loop is 8 <j*.] 

12. Find the area of the loop of the curve x i + y 6 — 5ax*y‘. 

13. The area of the curve 

x = ocosl + fesinl + c, y = o'cos 1+6'sin t + c', 
where ab' — a'b> 0. is n(ab' — a'b). (Math. Trip. 1927) 


14. Prove that the area of a loop of the curve x = a sin it, y = a sin t is 
Ja*. (Math. Trip. 1908) 

16. Trace the curve x = cos 2 1, y = sin 31 
and find the area of the loop. Obtain the Cartesian equation of the curve, 
and explain why the graph traced from this equation differs frqjn the 
other graph. (Math. Trip. 1928) 

[It is assumed, in the usual theory of curves defined by parametric 
equations, that x'(t) and y’(t) do not vanish simultaneously; and a value 
of t for which this happens corresponds to some sort of singularity of the 
curve. In this case x'(t) and y’(t) both vanish for 1 = ± in, when 
x = — 1, y sa T 1. If, for example, 1 increases from 0 to in, (x,y) moves 
along the first graph from (1,0) to ( — 1, — 1), but then turns back and 
retraces its course. 

The Cartesian equation is obtained by eliminating r = sin! from the 
equations x = 1 — 2t*, y = 3t — 4r a ; and only the part of the second graph 
for which | r j g 1 belongs to the first.] 

16. The arc of the ellipse given by x = a coat, y = bsinl, between the 
points t = and t = t„ is F(t t ) - Ffa), where 

F(t) = a j^( 1 - e a sin* t) dt, 

e being the eccentricity. [This integral cannot be evaluated in terms of 
such functions as are at present at our disposal.] 
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17. The coordinates of a point on a cycloid are given by 

x = a(t + Bint), y = o(l + cost); 

and the points for which t = —\ir and t = in are P and Q. Calculate the 
area between the arc PQ of the curve and the lines OP, OQ. 

(Math. Trip. 1934) 

18. Polar coordinates. Show that the area bounded by the curve 
r — f(6), where/(d) is a one-valued function of 8, and the radii 0 = 0,, 

8 = 0 V is F(8 t ) — F(6 l ), where F(6) = J jr'dO. And the length of the 

corresponding arc of the curve is d>(8 i ) — T>(8 l ), where 




Hence determine (i) the area and the perimeter of the circle r = 2a sin 6; 
(ii) the area between the parabola r = Jlsec* \0 and its latus rectum, and 
the length of the corresponding arc of the parabola; (iii) the area of the 
limagon r = a + b cos 8, distinguishing the cases in which a > b, a = b, and 
a < 6; and (iv) the areas of the ellipses 1/r* = a cos’ 0 + 2h cos 0 Bin 0 + b sin 1 8 


and- = 1+ecosd. [In the last case wo are led to the integral 


d8 


(l + ecosd)®’ 

which may be calculated (cf. Ex. im. 4) by the help of the substitution 
(l + ecosd)(l — ecos<j>) = 1 —e*.] 

19. Trace the curve 2 8 = ( a/r) + (rja), and show that the area bounded 

by the radius vector 8 = /?, and the two branches which touch at the point 
r = o. 8 = 1, is fa J (/? a — 1)1. (Math. Trip. 1900) 

20. Trace the curve whose equation is 

r , (a* + b % tan* \8) = a 1 , 

where a> b >0, and prove that its area is na , /(a+ b). (Math. Trip. 1932) 

21. A curve is given by an equation p = f(r), r being the radius vector 

and p the perpendicular from the origin on to the tangent. Show that the 

calculation of the area of the region bounded by an arc of the curve and 

... ( prdr 

two radii vectores depends upon that of the integral J j —————. 


MISCELLANEOUS EXAMPLES ON CHAPTER VI 

- 1. A function/(x) is defined as being equal to 1 + n when xgO, to x 
when 0<x< 1, to 2 — x when 1 gxg 2, and to 3x —x‘ when x> 2. Discuss 
the continuity of f(x) and the existence and continuity of/'(x) for x = 0, 
x = 1, and x = 2. (Math. Trip. 1908) 

i« 


HPM 
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2. Denoting a, ax + b, ax'* + 2bx + e, by «j, u,, . , show that 
ujj tt, - 3w 0 Wj u a + 2 u\ and n 0 u, —4uj u, + 3u? are independent of x. 

3. If a 0 , Oj, , o ln are constants and U T = (a 0 ,o,, , a r Jx, l)', then 

f/ 0 t/ 3 „ - SnE/. +- H( ^ 1) £/ s + U tn U 0 

is independent of x. (Math. Tnp. 1896) 

[Differentiate and use the relation U', = rt/ r _,.] 

4. The first three derivatives of the function arc sin (fi sin x)—x, where 
ft>l, are positive when OSiS \it. 

6. The constituents of a determinant are functions of x. Show that its 
differential coefficient is the sum of the determinants formed by differ¬ 
entiating the constituents of one row only, leaving the rest unaltered. 


6. If f lt /, are polynomials of degree not greater than 4, then 

/i fi f» fi 
/; /; /; 
r. n n /: 

/: ft ft /: 

is also a polynomial of degree not greater than 4 [Differentiate five times, 
using the result of Ex. 5, and rejecting vanishing determinants.] 


7. If yz = 1 and y r = (1 /r’)Dly, z, = (l/s')D[z, then 
1 z z x z a _ _1| y t y s 

2 s Zj Zj z, J/ 2 | y s j/ 4 

Zj z 3 z 4 (Math. Trip. 1905) 


8. If W(y,z,u) = 


respect to x, then 


y z u 

y' z' u' 

3 /" z' u" 


, dashes denotmg differentiations with 


W(y,z,u) ~ y’W'fl,-,-'). 

\ y y) 


9. If 
then 


ax 1 + 2 hxy + by* + 2 gx + 2/y + c = 0, 
dy _ ax + hy+g d*y _ abc + 2 Jgh — of* — bg‘ — ch 1 
d® hx + by+f’ dx* (hx + by+f )’ 


10. If y , + 3yx + 2x > — 0, then ®*(1 +x , )y" — %xy' + y = 0, 

(Math. Tnp. 1903) 
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11. Verify that the differential equation y = + ${*— 

where y t is the derivative of y, and \jr is the function inverse to 0', is 
satisfied by y = <j>(c) + <j>(x — c) or by y = 2<f>(\x). 

12. Verify that the differential equation y = {xjfr(y 1 )} <j>{<jr(yf)}, where 
the notation is the same as that of Ex. 11, is satisfied by y — c$(x/c) or by 
y = fix, where ji — <f>(a)ja and a is any root of the equation 

<f>(a) — a<j>'(a.) = 0. 

13. If ax + by + c = 0, then y t = 0 (suffixes denoting differentiations 
with respect to x). We may express this by saying that the general differ¬ 
ential equation of all straight lines is y, = 0. Find the general differential 
equations of (i) all circles with their centres on the axis of x, (ii) all para¬ 
bolas with their axes along the axis of x, (iii) all parabolas with their axes 
parallel to the axis of y, (iv) all circles, (v) all parabolas, (vi) all conies. 

[The equations are (i) l + y] + yy 1 = 0, (ii) y] + yy. £ = 0, (iii) y, = Q, 
(iv) (1 +y\)y, = (v) 5 y] = &y % y„ (vi) 9^y 6 -45y 2 y s y 1 + 40yJ = 0. 

In each case we have only to write down the general equation of the curves 
in question, and differentiate until we have enough equations to eliminate 
all the arbitrary constants.] 


14. Show that the general differential equations of all parabolas and 
of all conics are respectively 

Dl(y,-*) = 0, Dl(y t -i) = 0 . 

[The equation of a conic may be put in the form 
y = ax + b ± -Jipx 1 + 2 qx + r). 

From this we deduce 

Vi = ±(pr-q 2 ) (px 2 + 2qx + r)-i. 

If the conic is a parabola, then p — 0.] 


15. Denoting 


dy 1 d 2 y 1 d 3 y 1 d*y 
dx’ 2 \dx 2 ’ 3!<£r 3 ’ 4!dr*’ 


by t, a, b, c, ... and 


dx 1 d % x 1 d 3 x 1 d*x 

—,-,-:, — —:, ... by r, a, n, y, 

dy 2\dy* 3\dy* V.dy* H ’ 


show that 


4oc — 56 2 = (4ay — 5/?*)/w®, bt — a 3 = — (fir — a 3 )/r®. 


Establish similar formulae for the functions o s d — 3o6c — 26*, (1 +1*) 6 — 2 a l t, 
2ct—bab. 


16. If y — cos (m aro sin x), and y n is the nth derivative of y, then 
(1 — s’) — (2n + 1) xy n+i + (m* — n , )y K = 0. 

(Math. Trip. 1930) 

[Prove first when n = 0, and differentiate n times by Leibniz’s theorem.] 

18-3 
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17. Prove the formula 

vD> = m™>) ~ nDT'iuD.v) + D'-\uD\v) 

where n is any positive integer. [Use the method of induction.] 


18. Show that 

' d \’"sinx 


\dx! 


2 n! 


{S,n-i[x)coax- C lH (x) sinx}, 


where 0 w (x) and are defined as in Ex. xlvi. 5. 


19. Prove that 

(± 

\dx. 


(Math. Trip. 1930) 


^V”cos^ = ( - 1) "- 1 ^ , ' 


\n v-i /2y\ 

2ll ,_r 2 ( r J(2i'-2r)”‘co8 2(><-r)x. 

(Math. Trip. 1928) 

20. If y = (1 — x’)~l arc sin x, where — 1 < x < 1 and — < arc Bin x < \ir, 


then 


(l-* , )2/«+i-(2n+ ljxyn-^o-i = 0 , 


suffixes denoting differentiations with respect to x. (Math. Trip. 1933) 


21. If y = (arc sin x)’, then 

(1 —**)W~(2«—l)*y« —(«—l^Vs-i = o. 

Hence find the values of all the derivatives of y for x = 0. 

(Math. Trip. 1930) 

22. A curve is given by 

x = o(2cost + cos2t), y = o(2sint — sin2(). 

Prove (i) that the equations of the tangent and normal, at the point P 
whose parameter is t, are 

xsinjt + ycos Jt = osin.lt, x cos —y sin = 3a cos It; 

(ii) that the tangent at P meets the curve in the points Q, R whose para¬ 
meters are — it and n— (iii) that QR = 4 a; (iv) that the tangents at Q 
and R are at right angles and intersect on the circle x’ + y* = o’; (v) that 
the normals at P, Q, and R are concurrent and intersect on the circle 
x’+y’ = 9a’; (vi) that the equation of the curve is 

(x* + y* 4- 12ax + 9a’)’ = 4a(2x + 3a)*. 

Sketch the form of the curve. 


23. Show that the equations which define the curve of Ex. 22 may be 
replaced by £/a = 2 m + m - ’, 7/a = 2m- 1 + u*, where £ = x + yi, ij = x — yi, 
u = Cist. Show that the tangent and normal, at the point defined by u, are 
u’f-wi) = a(u’-1 ), m’J + «7 = Saiu’-h 1 ), 
and deduce the properties (ii)-(v) of Ex. 22. 
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24. Show that the condition that x 4 + 4 px* — 4 qx —1 = 0 should have 
equal roots may be expressed in the form (? + ?)* — (?> — ?)* = 1. 

(Math. Trip. 1898) 

25. The roots of a cubic f(x) = 0 ate a, ft, y in ascending order of magni¬ 

tude. Show that if (a,fi) and {/?, y) are each divided into six equal sub¬ 
intervals, then a root of J'(x) = 0 will fall in the fourth interval from ft on 
each side. What will be the nature of the cubic in the two caeeB when a root 
of f'(x) = 0 falls at a point of division? (Math. Trip. 1907) 

26. If is a polynomial, and A is real, then there is a root of 

<j>’(x) + \<j>(x) = 0 

between any pair of roots of tj>(x) = 0. 

[Argue as in Ex. xli. 10.] 

27. If a and /? are successive roots of <j> = 0, then the number of roots of 
<j>' + \tj> = 0 between a and § (each counted according to its multiplicity) 
is odd. 

If the roots of <j> = 0 are all real, then those of <p' + \<j> = 0 are all real; 
and if the former are also all simple, so also are the latter. 

(Math. Trip. 1933) 

28. Deduce from Ex. 27 that 



has n real simple zeros, all lying between — 1 and 1. (Math. Trip. 1933) 

29. Investigate the maxima and minima of f(x), and the real roots of 
f(x) = 0,f(x) being either of the functions 

x — sin x — tan a( 1 — cosx), x — sinx — (a — sina) — tanjodcosa — cosx), 
and a an angle between 0 and n. Show that in the first case the condition 
for a double root is that tan a —a should be a multiple of rr. 

30. Show that by choice of the ratio A: ft we can make the roots of 

A(ox a + br. + c)+ ft(a’x} + h'x + c') = 0 real and having a difference of any 
magnitude, unless the roots of the two quadratics are all real and interlace; 
and that in the excepted case the roots are always real, but there is a lower 
limit for the magnitude of their difference. (Math. Trip. 1895) 

[Consider the form of the graph of the function 
(ax* + bx + c)l(a'x* + b'x + c') ; 
pf. Exs. xlvi. 13 et seg,] 

„, ^ , sin 7 TX 

31. Prove that n <-S 4 

x{l — x) 

when 0 <x< 1, and draw the graph of the function. 
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32. Draw the graph of the funotion 

1 1 

V cot 7TX -. 

X X— 1 

33. Sketch the general form of the graph of y, given that 

(Math. Trip. 1908, 

dx x* 

34. A sheet of paper is folded over so that one comer just reaches the 
opposite side. Show how the paper must be folded to make the length of 
the crease a maximum. 

35. The greatest acute angle at which the ellipse (x a /a a ) + (j/ a /6 a ) = 1 
can be cut by a concentric circle is arc tan {(o a — 6*)/2a6}. 

{Math. Trip. 1900) 

36. In a triangle the area A and the semi-perimeter s are fixed. Show 
that any maximum or minimum of one of the sides is a root of the equation 
a(x —s)x a + 4d a = 0. Discuss the reality of the roots of this equation, and 
whether they correspond to maxima or minima. 

[The equations o + b + c = 2«, *(s-o) (s —6) (s — c) — A 2 determine a 
and b as functions of c. Differentiate with respeot to c, and suppose that 
da/dc = 0. It will be found that b = c, s — b — s — c= jo, from which we 
deduce that s(a — s) o a + 4A l = 0. 

This equation has three real roots if s i >27A z , and one if «*<27d a . 
In an equilateral triangle (the triangle of minimum perimeter for a 
given area) s* = 27d a ; thus it is impossible that »‘<27d a . Hence the 
equation in a has three real roots, and, since their sum is positive and their 
product negative, two roots are positive and the third negative. Of the 
two positive roots one corresponds to a maximum and one to a minimum.] 

37. The area of the greatest equilateral triangle which can be drawn 
with its sides passing through three given points A, B, C is 

a* + b* + c l 
2A + " 2 ~ 73 _ ' 

a, 6, c being the sides and A the area of ABC. {Math. Trip. 1899) 

38. If A, A' are the areas of the two maximum isosceles triangles which 
can be described with their vertices at the origin and their base angles on 
the cardioid r = a{ 1+coaff), then 256AA' = 25a 4 ^5, (Math. Trip. 1907) 

39. Find the limiting values which (x a — iy + 8) /(j/ a — 6x + 3) approaches 

as the point (x,y) on the curve x'y — ix % — ixy + y , + ldx — 2y—7 = 0 
approaches the position (2,3). {Math. Trip. 1903) 
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[If we take (2,3) as a new origin, the equation of the curve becomes 
— £*+ 9 * = 0, and the function given becomes 

(£*+4S-4?)/(?*+0?-6£). 

If we put 1 1 = tf, we obtain g = (1 — t*)/t, rj = 1 — t a . The curve has a loop 
branching at the origin, which corresponds to the two values t = — 1 and 
t = 1. Expressing the given function in terms of i, and making t tend to 
— 1 or 1, we obtain the limiting values — i, — §.] 


40. If 
then 


/(*) = 


1 

sin x — sin a 


1 

(x — a) cos a’ 


— {lim f(x)} — lim /'(*) = £ see* a — sec a. 

0° x-f-a x-+a 

(Math. Trip. 1896) 


41. Show that if <j>(x) = 1/(1 + £*) then 0< n >(x) = Q n (x)/(1+x , ) n+l , 
where Q„(x) is a polynomial of degree n. Show also that 

(i) «.+i = (!+*') e:-2(n+l)*« B , 

(ii) Qn+, + 2(n + 2)xQ„ +1 + (n+2)(n+l)(l + x t )Q„ = 0, 

(iii) (l+x 1 )Q’,-2nxQ'. + n(n+l)Q n - 0, 

(iv) (-l)”ni|(n+l)a:"--"t^y^—— *•-* + ...|, 

(v) all the roots of Q„ = 0 are real and separated by those of Q n -i — 0. 


42. If f(x), <p(x), and }fr(x) satisfy the conditions of §§ 126-8 concerning 
continuity and differentiability, then there is a value of g, lying between 
o and b, such that 


f(a) <j> (a) fr(a) 
f(b) <j>(b ) \jr(b) 

f’d) </>w ni) 


= 0 . 


[Consider the function formed by replacing the constituents of the third 
row by/(x), <f>(x), rfr(x). This theorem reduces to the mean value theorem 
(§ 126) when <p(x) = x and xjr(x) = 1.] 


43. Deduce the theorem of § 128 from Ex. 42. [Take >fr(x) — a:.] 

44. If <j>(x) and ft(x) satisfy the conditions of § 128, and <j>'(x) never 

vanishes, then , 

4>(g)-<p(a) </>’(£) 


for some | of (a,b). 


ir(b)-f(g) f(g) 


(Math. Trip. 1928) 


[Apply Rolle’s theorem to {<j>(x) — <j>(a)} (tfr(b) — y^(x)}.] 
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46. If 4>(x) is continuous for agxch, fi'(x) exists, and <f>’(x)> 0 for 
a<x<b, then <j>(x) - <t>(a) 


increases steadily and strictly for a<x<b. 


(Math. Trip. 193.&) 


46. The functions }(x) and g(x) are continuous for 0£x:Sa and 
differentiable for 0<x<a; /(0) = 0, gr(0) — 0; and /'(*) and g'(x) are 
positive. Prove that 

(i) if f'{x) increases with x, then f(x)/x increases with x, 

(ii) if/'(x) /g'(x) increases with x, then f(x)/g(x) increases with x. 
Prove that the functions 

x ix* Jx* 

sin x ’ I — cos x x — sin x ’ 

increase steadily in the interval 0 < x < tyr. (Math. Trip. 1934) 

[See Hardy, Littlewood, and Pdlya, Inequalities, p. 106.] 


47. A function f(x) possesses a differential coefficient /'(f) at x = f. 


Prove that 




f(i+h)-J(i-k) 


h + k 


-/'(£> 


tends to zero if h and k tend to zero simultaneously in any way through 
positive values. 

Prove also that, if f'(x) is continuous in an interval including £, then we 
can omit the word ‘positive ’, and suppose only that h + k 0. 

Finally prove, by considering the function 

/(0) = 0, /(x)=,/[i] (*4=0), 


that we cannot remove the restriction in the general case. 

(Math. Trip. 1923) 

[For the first part, use the identity 


and the inequalities h<h + k, k<h + k. For the second, use the mean 
value theorem. For the third, take 

£ = 0, h = (n — —^ , k = —n~t, 
where n is a positive integer.] 

48. If <j>’(x)-*a as x-»-qo, and a 40, then <j>(x)~ax. If a = 0, then 
<j>(x) = o(x). If cf)'(x) -► oo, then <p(x) -> co. [Use the mean value theorem.] 

49. If <j>(x) -*■ a as x -> oo, then $6'(x) cannot tend to any limit other than 
zero. 
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50. If <p(x) + <j>'(x) -raesx-r-co, then <f(x) ->a and <f>'(x) h-0. 

[Let tf>(x) = a + i/r(x), so that i/r(x) + tfr'(x) -* 0. If \jr'(x) is of constant 
sign, say positive, for all sufficiently large values of x, then ijr(x) steadily 
increases and must tend to a limit l or to oo. If \jr(x) -*■ oo then i/r'(x) ->■ — co, 
which contradicts our hypothesis. If fr(x)-*l then t/r'(x)-r — l, and this 
is impossible (Ex. 49) unless l = 0. Similarly we may dispose of the case 
in which $’(x ) is ultimately negative. If \Jr'(x) changes sign for values of x 
which surpass all limit, then these are the maxima and minima of ijf(x). 
If * has a large value corresponding to a maximum or minimum of \jr(x), 
then \jr(x) + \jf'(x) is small and <Jr'(x) = 0, so that ^f(x) is small. A fortiori 
the other values of >Jr(x) are small when x is large.] 

61. Show how to reduce fn{x, . /(—-iAV j( ^ + ^ Vl dx to the 

./ ( V \mx + n/ \/ \mx + n/l 

integral of a rational function. [Put mx + n = 1/t and use Ex. xux. 13.] 


62. Calculate the integrals: 

/y(si)?• LiXwr* k/i 

f. 5 cos 1 + 6 t dx f 

j2cosx + smx + 3 J (2 —suPx) (2-f sinx —sin’x) J ’ 

j-rrrr 7 ~ ‘ vrar ; —r,, fr~~ -dx, faresec xdx, /(aresinx)»(ix, 
j^{(l+smt)(2 + euix)) ./1 + cosx J J 

f , /"scarcsinx , (arctanx , rlogta’ + lSV) 

J J VIl-* 1 ) J (l+x»)l J x* 


dx. 


63. Calculate 


rx-1 

Jx+1 


dx 


l V{x(x J + x + 1)} 
by means of the substitution u J = x+ 1 +x _1 . 
64. Prove that 


(Math. Trip. 1931) 


h 


dx 


1.3...(2n-l)f l l-V(l-x») 


x* n+1 V(l—x a ) 2.4...2n 


[log- 


[1 2 1 2.4... (2n —2) 1 1 1 


h 


dx 


2.4 ... 2n 


x** + V(l-x*) 3.6... (2n + 1) 


fl 1 1 1.3... (2n— 1) 1 

x - + 

lx 2x* 


-Jvd-**). 


n being a positive integer. 


2.4... 2n x’" +1 l 

(Math. Trip. 1931) 
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66. Formulae of reduction, (i) Show that 
dx 


2(n-l)(q-lp') j- 


{x?+px+q) n 

x+ip 


_ x+tP . , 2n Z) I 
{x'+px + q)”- 1 j (x‘ + px + g) n_1 ‘ 

[Put x + \p = t, q — lp‘ = A: then we obtain 
f dt _lf dt If t'di 
J (t* + A)“ _ A j (t* + A) n_1 ~ A i 0 


■i/s 


dt 


' (< 8 +A)" 
1 


-1 )j t dt\(t' + \)’‘~ l } dt ’ 


(« S + A)"- 1 2A(n- 
and the result follows on integrating by parts. 

A formula such as this is called a formula of reduction. It is most useful 

r dx 

when n is a positive integer. We can then express J - + — in terms of 

dx 

( >+ — y — j . and so evaluate the integral for every value of n in turn.] 
(ii) Show that if 1 Vt „ = jx^{ 1 + x)" dx then 


h 


(P + 1) Ip .» = * ,+1 ( 1 + xY - qlp+i, „_i, 
and obtain a similar formula connecting , with , +1 . Show also, by 
means of the substitution x = — y/(l + y), that 


\)* +1 jy^l+yr^-'dy. 

f dx 

(iii) If «„ = , then 

(2n~2)u„ —(2n—3) «„_! = x(x 8 +1)~ ( " _1> . 

(Moth. Trip. 1936) 

/ VS //o’ 

(r«TIr’ then 

2(n-l)I„, n = -x"- 1 (a; s + 1 )-<"-« + («»— 1) 


(v) If I„ = jx n cos fixdx and J„ = jx n ain flxdx, then 

fll n — x “ sin /ffx — /?J n = — x" cos /?x + 

(vi) If I n = Jcos’ , xdx and = Jam n xdx, then 

nl„ = ain x cos" -1 x + (n -1) nJ„ = -cosx sin”- I x + (n— 1) 

(vii) If I n = jtexL n xdx, then (n— 1) (I n + = tan B_1 x. 
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(viii) If I m , H — jcos m x Bin" xdx, then 

(m + n)I m ,„ = - cos m +J * sin'- 1 * + (n - 1) 7 m , n _ s 
- cos m-t x sin“ +1 x + (m— 1) I m _,, 

[We have 

l d 

(ra + 1)— /sin” -1 ®—(cos m+1 x)dx 
J ax 

= — cos m+l x sin" -1 x + (n — 1) jcos m+ *x Bm' , '' , xdx 

- _ cos™+ 1 x sin” -1 a: + (n - 1) ( l m , „_ 2 - I mi „), 

■which leads to the first reduction formula.] 

(ix) Connect I m , n - Jain. m x sin nxdx with I m _[Math. Trip. 1897) 

(x) If I„, n - j*" 1 cosec "xdx, then 

(n - 1) (n - 2) „ = (n - 2) 8 - 1) 

— X ” 1-1 cosec" -1 x {m sin x + (n — 2) x cos x}. 

(Math. Trip. 1896) 

(xi) If /„ = j(fl + h cos*)-” dz. then 

(n— 1)(a 2 — 6 s ) /„= — &8in®(a + 6cosx)- ,n-1, + (2n —3)ajT„_j — (n — 2)I B _,. 

(xii) If !„ = I (a cos* x + 2h cos x sin x + b sm'i)'" dx, then 
4n(n + l)(o6-A 8 ) I n+ ,-2n(2n + l) (a+b) I„ +l +4n*I n = 

ax* 

(Math. Trip. 1898) 

(xiii) If = Jx m (lo%x) n dx, then (m+ l)Z m ,„ = x"’+ 1 (logx)"-nI m , fl _ 1 . 

66. If n is a positive integer, then the value of Jx m ( log®)" (to is 

j., l' (iogx)" n(logx)"- 1 [ w(n- I)(Iogx)”~ 8 (- l)"n! 1 

* \ m + 1 (m+1) 8 (to+ 1) 8 + (m+ l) n+1 J ’ 

67. The area of the ourve given by 

sin a sin <b . sin a cos $ 

g = cosy-t-- — 7 . y = sm0—■ 


1—cos 8 a sin 8 1 — cos 8 a sin 8 
where a is a positive acute angle, is |7r( 1 + sin a) 8 /sin a. 

(Math. Trip. 1904) 
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58. The projection of a chord of a circle of radius a on a diameter is of 
constant length 2ocos/J; show that the locus of the middle point of the 
chord consists of two loops, and that the area of either is o*(/? — cos /J sin /?). 

(Math. Trip. 1903) 

69. Show that the length of a quadrant of the curve (x/a)l + (y/6)l = 1 
(a i + ab + b t )/(a + b). (Math. Trip. 1911) 


60. A point A is inside a circle of radius a, at a distance 6 from the 
centre. Show that the locus of the foot of the perpendicular drawn from 
A to a tangent to the circle encloses an area n(a 1 + j5 2 ). 

(Math. Trip. 1909) 


61. Prove that, if (a,b,c,f,g,K$x,y, 1) ! = 0 is the equation of a conic, 

then , . 

dx PT 

= al °e pyi+P' 


h 


(lx + my + n) (hx + by+f) 


where PT, PT' are the perpendiculars from the point P of the conic 
whose coordinates are x and y on to the tangents at the ends of the chord 
lx + my + n = 0, and a, ji are constants. (Math. Trip. 1902) 


62. Show that 


h 


ax 1 + 2bx + c 
(.Ax' + ZBx+C )* 


dx 


will be a rational function of x if and only if one or other of AO — B* and 
aC + cA — 2bB is zero*. 


63. Show that a necessary and sufficient condition that 


rm 

{F(x)}* 


dx, 


where/and F are polynomials of which the latter has no repeated factor, 
should be a rational function of x, is that f’F'—fF" should be divisible 
by F. (Math. Trip. 1910) 


64. Show that 


/■ixcosz + lsinr+y , 

I — -———-—— d.r 

J (I — ecosxp 


is a rational function of cos x and sin a: if and only if ae + y = 0; and 
determine the integral when this condition is satisfied. 

(Math. Trip. 1910) 


* See the author’s tract quoted on p. 254. 



CHAPTER VII 


ADDITIONAL THEOREMS IN THE DIFFER¬ 
ENTIAL AND INTEGRAL CALCULUS 

150. Higher mean value theorems. We proved in § 126 
that if f(x) is continuous for a g a; g 6, and has a derivative f'(x) 
for a < x < b, then 

m-m = (6-«)/m 

where a < £ < 6; or that 

f(a-\-h)—f(a) = hf'ia + Oj^h) .(1), 

where 0<d 1 < 1. 

We now impose further restrictions on f(x). We suppose that 
f'(x) is continuous for a £ x g 6, and that f"(x) exists for a<x<b; 
and we consider the function 

f(b) -/(x) - (b -x)f'(x) - J{f(b)-f(a) - (b -«)/»}. 

This function vanishes when x = a and when x = b, and its 
derivative is 

{rn -Sip) - {b- «)/'(«) - 4(6 - «)•/•<*)}; 

and this derivative must vanish for some value of x between 
a and b. Hence there is a value £ of x, between a and 6, 
and therefore representable as a + 0 t (b — a), where 0 < # 2 <1, for 
which 

m = /(a) + (6 - a)f'(a) + 4(6 - a) */'(!)• 

If we put 6 = a + h, we obtain the equation 

f(a + h) = f(a) + hf'(a) + \h*f ‘> + 6 2 h) .(2), 

which is the standard form of what may be called the mean value 
theorem of the second order. 
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We have assumed about f'(x) what we assumed about <f>(x) in §126, 
that is to say continuity in the closed and differentiability in the open 
interval ( a,b ). Incidentally we have assumed the existence of /'(a) and 
/'(ft), and this assumption is, as it stands, one involving values of /(x) 
for values of x outside (a, 6), to the left of a arid the right of 6. It may 
happen in applications that f(x) is not defined outside (a, 6). We must 
then understand that/'(a), for example, is defined with reference only to 
values of a; in (a, 6), i.e. that 


/'(a) = 


Um f(a + h)-f {a) 


This convention is parallel to that which we laid down concerning con¬ 
tinuity at the end of § 69. 

The same point arises, for higher derivatives, in the next theorem. 


The analogy suggested by (1) and (2) leads us to formulate the 
following theorem. 


Taylor’s or the general mean value theorem. If f (n ~ 1} (x) 
is continuous for agx^b, andf (n \x) exists for a <x<b, then 

m = /(«) + (b - a)f'(a) + +.. . 


+ 


(b — a) n_1 


f n ~ 1) (a) + 


(6 — a) n 
n\ 


f (n m, 


where a<£<b; and if b = a +h, then 


f(a + h) = f(a) + hf'(a) + P 8 /"(a) + ... 

+ (S)i 

where 0<6 n < 1. 

The continuity of f in ~ 1} (x) naturally involves that of f(x), 
/'(*). f n ~ 2 \x). 

The proof proceeds on the same lines as in the special cases in 
which n = 1 and n = 2. We consider the function 


where 

kw= m -fix) - (b - x)f(x) 
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This function vanishes for x = a and x = b; its derivative is 


(b-a) 71 


n\ 


and there must be some value of x between a and b for which 
the derivative vanishes This leads at once to the result. 


Examples LV. 1. Suppose that j(x) is a polynomial of degree r. 
Then f (n \x) is identically zero when n>r, and the theorem leads to the 
algebraical identity 

f(a + h) =f(a) + hf'(a) + ~~f(a) + + -f ir) (a). 

2! r 1 


2. By applying the theorem to f(x) = 1/x, and supposing x and x + h 
positive, obtam the result 


1 


[Since 


_ 1 h h 3 

x + h x x 3 x s 
l_lh h 3 

X + A X X 3 X 3 


l - l )”- 1 A "- 1 

+ ' - — -+ 

X " 

+ - - -+ 


(x + d„h) n + 1 
( —l) n fc n 


x n 1 x"(x + A) ’ 
we can verify the result by showing that x n (x + h) can be put m the form 
(x + 0„A)" +1 , or that x"(x + li) lies between x" +1 and (x + ft) B+1 .] 


3 Obtain the formula 


sin(x + A) — sin x + h cos x — 


h 3 

— sin x — 
2 ' 


h 3 

—jCOSX + . 


h 3 "- 1 h 3n 

+ (- 1) - 1 jy.cosx + (- 1)» ~ sm (x + ^ A), 


the corresponding formula for cos (x + h), and similar formulae involving 
powers of h extending up to & ,n+1 . 


4. Show that if m is a positive integer, and n a positive integer not 
greater than m, then 

(x + h) m = x" 1 + (”^jx m ~ 3 h+ +( n m _ l ) x"‘-"+ 1 A"- 1 + (x + 0„h) m -’ , h n , 

Show also that, if the interval (x,x + h) does not mclude x = 0, the formula 
holds for all rational values of m and all positive integral values of n, and 
that, even ifx<0<x + Aorx + A<0<x, the formula still holds if m — n is 
positive. 

A 5. The formula f(x + h) = f(x) + hf'(x + d x h) is not true if/(x) = 1/x and 
x<0<x + &. [For /(x + h) — f(x) > 0 and hf'(x + d^h) = — A/(x + 5 1 A)*<0; 
it is evident that the conditions for the truth of the mean value theorem 
are not satisfied.] 
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6. If x = — a, h = 2 a,f(x) = xi, then the equation 
f(x + h) =f(x) + hf'(x + 6 1 h) 

is satisfied by 0 1 = J± ]VV^ [This example shows that the result of the 
theorem may hold even if the conditions under which it was proved are 
not satisfied.] 


7. Newton’s method of approximation to the roots of equations. 

Let £ be an approximation to a root of an algebraical equation f[x) = 0, 
the actual root being £ + h. Then 


so that 


o =M+h) =M)+hfU) + lhTi£+W), 


h 


/(£) ,„/*(£+ *.*) 
TilT** ~1W~ 


provided that /'(£) 4= 0. 

If the root is a simple root, and h is sufficiently small, then there is a 
positive K such that | f'(x) | > K for all the values of x which we are 
considering; and the root is 


i + h = g ~r(f) + 0(fe!) = 11 + ° (hl) ’ 


say. Thus £ t is a better approximation to the root than £. 

We can repeat the argument, taking £ x in the place of £, and so obtain 
a series of still better approximations £,, f,.with errors 0(h l ), 0(h 6 ) . 


8. Apply this process to the equation x 1 = 2, taking [=3 as the 

first approximation. [We find £j = = 1-417..., which is quite a good 

approximation, in spite of the roughness of the first. If now we repeat 
the process, we obtain £, = Hi = 1-414215..., which is correct to 5places 
of decimals.] 

9. By considering in this way the equation ** — 1 — y = 0, where y is 

small, show that y t 

V(l+y)= l + Jy+jT^—+ 0(y‘). 


10. Show that the root of the equation in Ex. 7 is 

f f'f 

+<*,*,•) 

(the argument of every function being £). 

11. The equation sin x = ax, where a is small, has a root nearly equal 
to n. Show that (1 — a)n is a better approximation, and (1 — a + a‘)n a 
better still. [The method of Exs. 7-10 does not depend on f(x) = 0 being 
an algebraical equation, so long aa/' and/' are continuous and/'(£) + 0.] 

12. Show that if / ( " +1) (x) is continuous then the limit of the number 8 % 
which occurs in the general mean value theorem, when h -*■ 0, is l/(n + 1). 
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[For f(x + h) is equal to each of 

h n h n h n+1 

/(*>+•■■ + -/<">(* +e n h), fM +... + -/<">(*) ++ e n+1 h), 

where 8„ +1 as well as 8 n lies between 0 and 1. Hence 

hfl*+»ix + 0 n+1 h) 


f< n >ix + 0„h) = f (n> (x) + - 


n+ 1 


But if we apply the original mean value theorem to the function f (n \x), 
taking 6„h in place of h, we find 

+ 8„ h) = f (n) (x) + 8 n kf ln+1> (x + 88 n h). 


where 8 also lies between 0 and 1. Hence 

/<»+«(a ; + 8„ +l h) 


8J*+'\x + 88 n h) = J 


n+ 1 


from which the result follows, since f (n+1) ix + 86 n h) and / (n+1 '(x + 6 n+l h) 
tend to the same limit/<" +1) (x) when h -*■ 0.] 


151. Another form of Taylor’s theorem. There is 
another form of Taylor’s theorem in which we assume less than 
in § 150. 

Suppose that f(x) has to derivatives/'(a), f {n> (a) at x = a. 

The existence of f M (x) at any point involves the existence of 
/("-!>(x) in an interval including the point, and its continuity at 
the point; so that the first n — 2 derivatives are continuous in 
an interval including x = a, and the (to — l)th at x = a. But we 
do not assume even the existence of the nth derivative at any 
point except x = a. 

Suppose first that h ^ 0, and write 

hn-1 

F n (h) = f(a + h) —f(a) - hf'(a) - ... - 

Then F n (h) and its first to — 1 derivatives vanish for h = 0, and 
F%\ 0) = / <n) («). Hence, if we write 

hn 

Q{h) = F n (h) — ~{f (n) (a) - 8}, 
where 8 is positive, we have 

' 0(0) = 0, O'(0) = 0, .... G (n_1) (0) = 0, G«"’(0) = £>0. 

It follows from the last two equations, and Theorem A of § 122, that 
0 {n ~ 1] (h) is increasing at h ■= 0, and is positive for small positive h. 


HFH 


19 
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Next, GK n -*>(0) = 0, and (? <n_1) (A) > 0 for small positive h ; and 
therefore, by Cor. 1 of § 122, Q in ~ 2) (h) > 0 for small positive h* 
Repeating the argument, we find successively that O in ~*\h), 
Qf(«-4 )(^) i ' * and finally 0(h), are positive, i.e. that 

fin 

K(h)>~{r n \a)-S} 

for small positive h. 

Similarly-) - we can prove that 

F n (h)<^{f^(a) + d} 

for small positive h; and in these inequalities 8 is an arbitrary 
positive number. It follows that 

h n 

F n (h) = -{/<»)(«) + ,}, 

where rj 0 when h-+ 0 through positive values. 

We can treat negative values of h similarly, and arrive at the 
following theorem. 

If f(x) has n derivatives atx = a, then 

fin —1 fin 

(1) f(a + h) = f(a) + hf'(a) +... + ^ {f ln) (a) + rj}, 

where y-rQ with h. 

We can also write (1), in the notation of § 98, as 

(2) f(a + h) - /(a) + hf'(a) + ...+ ^, /<">(«) + o(h n ). 

We could also deduce this from the theorem of § 150, but only by 
assuming the continuity of f (n> (x) for x — a. 

Examples LVI. 1. Show that if 

a i + a 1 x+...+a„x n + o(x*) = 60 + 6,* + ... +b n x n + o(x n ) 
when x r 0, then Og — b,, — 5 ,, ..., o, — 

[Making x ->- 0 , we see that o 0 = b 0 . Now divide by x, and make x -*- 0 ; 
repeating the process as often as is necessary. 

* Or GX“ _ ®(A) = G <n_!) (A) — G<"-*i(0) = > 0 , by the mean value theorem, 

f Changing the sign before S in the definition of ( 3 (A), 
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It follows that if/(*) has n derivatives at x = a, and 
f(a+h) — c 0 + <H^+ ■■■ +o n h n +o(K*), 
then c 0 , c lt ... have the values in (2).] 

2. Prove that f(u + h)-f(a-h ) ^ y , (o) 
if the right-hand side exists. 

3. Prove that -»/-(,) 

if the right-hand side exists. {Math. Trip. 1925) 

4. Prove that ^ + r 4 -,^ 5 + 

2(2 +cos 20) 

for small 0. {Math. Trip. 1935) 

5. Prove that if sin x = xy 2 , and x and y— 1 are small, then 

y= l-, 1 s ® , + l4 , 4 rta^ + o(a 4 ), x* = - 12(j/- 1) + ?(y-l) a + o{(y- 1)*}. 

(Math. Trip. 1934) 

152. Taylor’s series. Suppose that f(x) is a function 
which has differential coefficients of all orders in an interval 
(a-t],a + Tj) surrounding the point x = a. Then, if h is numeri¬ 
cally less than y, we have 

hn —1 hn 

f(a +h) = f(a) + hf'(a)+...+ (~f)! / ( " -1, ( a ) + f (n) (a + d„ h), 
where 0 < 0 n < 1, for all values of n. Or, if 

S n = ”l £/"(«). K = ~f n) (a + 0 n h), 

0^1 71 : 

we have f{a + h)-S n = R n . 

Now let us suppose, in addition, that B n ~>0 when n -> oo. Then 

f(a + h) = lim S n = f(a) + hf(a) + -/'(«) + .... 

n—► oo * • 

This expansion of f (a+ h) is known as Taylor's series. When 
a = 0 the formula reduces to 

hi 

/W=/(0)+¥'(0)+2 T /'(0)+..., 

which is known as Maclaurin's series. The function ff n is known 
as Lagrange’s form of the. remainder. 
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The reader should be careful to guard himself against supposing that 
the existence of all the derivatives of f(x) is a sufficient condition for the 
validity of Taylor’s series. A direct discussion of the behaviour of E, is 
essential. 

(1) The cosine and sine series. Let /(x) = sinx. Then f(x) has 
derivatives of all orders for all values of x. Also | /< n) (x) | £ 1 for all values 
of x and n. Henoe in this case | R„ | £ h"/n !, which tends to zero as n -*■ oo 
(Ex. xxvii. 12) whatever the value of A. It follows that 

A 2 . A 3 A 4 . 

sin(x + A) = sinx + Acosx —— smx —— cos x + —smx +.... 


for all values of x and A. In particular 

. , A 8 A 4 

sm A = A-1-.... 

3! 5! 

for all values of A. Similarly we can prove that 

A 2 A* 

- i iC°sx + - 


. , . A 2 A s . A 2 A 4 

cos(x +A) = cosx —Asmx — —cos x + —smx +.... cos A = * ~ + —— - 


(2) The binomial series. Let/(x) = (1 +x) m , where to is any rational 
number, positive or negative. Then 

/<">(x) = tn(m— 1) ... (m — n+ l)(I + x) m_ ' , > 
and Maclaurin’s series (with x for A) takes the form 

(i+x) m = i+(7>+(;> ! +.... 

When to is a positive integer the series terminates, and we obtain the 
ordinary formula for the binomial theorem with a positive integral 
exponent. In the general case 

y fl / \ 

R n = —/<">(0„x) = x"( 1 + e n X)™-", 

n! \n/ 

and in order to show that Maclaurin’s series really represents (l + x) m 
for any range of values of x when to is not a positive integer, we must 
show that R n -+ 0 for every value of x in that range. This is in fact so if 
— 1 <x< 1, and may be proved, when 0<x< 1, by means of the expression 

given above for JS n , since (1 + 6 n x) m ~ n < 1 if n>m, and j x n ->• 0 as 

n.-* oo (Ex. xxvn. 13). But a difficulty arises if — 1 <x<0, since 1 +6„x< 1 
and (1 + #„x) m ~"> 1 if n>m; knowing only that 0<d„< 1, we cannot be 
sure that 1 + 8 n x is not quite small and (1 + 9 n x) m ~" quite large. 

In fact, in order to prove the binomial theorem by means of Taylor’s 
theorem, we need some different form for E n , such as will be given later 
(§167). 
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153. Applications of Taylor’s theorem. A. Maxima 
and minima. Taylor’s theorem may be applied to give greater 
theoretical completeness to the tests of Ch. VI, §§123, 124, 
though the results are not of much practical importance. It will 
be remembered that, assuming that <j>(x) has derivatives of the 
first two orders, we stated the following sufficient conditions 
for a maximum or minimum of <p(x) at x = £: for a maximum, 
<j)'(E) = 0, </>"(£,)< 0; for a minimum, $'(£) = 0, </>"(§)> 0. It is 
evident that these tests fail if as well as is zero. 

Let us suppose that <ji(x) has n derivatives 
4>'(x), <j>"{x), ..., ft n) (x), 

and that all save the last vanish when x = £. Then 

<t>(i + h)- m = ^<t> (n) (Z) + o(h n ), 

It i 

by (2) of § 151, and this has to be of constant sign for all small h, 
positive or negative. This evidently requires that n should be 
even; and if n is even there will be a maximum or a minimum 
according as 4> ln) {i) is negative or positive. 

Thus we obtain the test: if there is to be a maximum or minimum 
the first derivative which does not vanish must be an even derivative, 
and there mil be a maximum if it is negative, a minimum if it is 
positive. 

Examples LVII. 1. Verify the result when = (x — a) n , m being a 
positive integer, and £ = a. 

2. Test thefunction(x — o) m {x — 6}", where m and n are positive integers, 
for maxima and minima at the points x = a, x = b. Draw graphs of the 
different possible forms of the curve y = (x —o) m (x —6) n . 

3. Test the functions sinx —x, sinx —xH—, sinx —x + --, ..., 

3! 315! 

, , , x 1 x* 

coax— 1, cosx— 1 + —, coax— 1 + --, ... for maxima or minima at 

2! 214! 

, X = 0. 


154. B. The calculation of certain limits. It is often neces¬ 
sary to calculate the limiting values of ratios which assume the 
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form ‘0/0’ on substitution of particular values of a variable. 
We suppose that the value in question is x = 0. There are various 
methods. 

(a) Suppose that f(x) and <j>(x) are differentiable at x = 0, and 
that /(0) = 0(0) = 0, 0'(O) + 0. Then 

f(x) ~ xf'( 0) 4- o(x), <j>{x) = x<j>'( 0) + o(z) 

(j){x) f(0)- 


and therefore 


More generally, if the functions have n derivatives at * = 0, and 
the first n— 1 derivatives of each set vanish, while 0 <n) (O) 4= 0, 
then, by the theorem of § 151, 


and 


f(x) = ^/<«>(0) 4- o(x n ), ${x) = ~j 0<">(O) 4- o(x n ), 

M / w (0) 

j4(*) 0<">(O)' 


(6) It is often better to use the theorem of § 128. If f(x) and 
<j>(x) are continuous for OSx^k and differentiable for 0< x g h, 
f( 0) = 0 and 0(0) = 0, <j>(h) + 0, and f(x) and <j>'(x) never vanish 
for the same x, then 

m m = m 

K 1 m 4>\i) 

for some £ between 0 and h. 


Suppose now that 

( 2 ) 


/'(*) 

<j>'(x) 


+ 1 


when x->0 through positive values. Then there is an interval 
(0 ,k) inside which <f>'{x) does not vanish.* It follows, by the 
theorem of § 129, that <f>'(x) is of constant sign for 0<x<k; and 
therefore, by Cor. 2 of § 122, that <j>{x) is of constant sign for 
0<x<k. Hence (1) is true for every positive h less than k, and 


m 


* For otherwise the left-hand side of (2) would be meaningless for an infinity of 
small positive values of x. 
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That is to say 
(3) 


295 


lim M = Jim 


/'(«) 
+oi>'{x) 


x-*-+0${ x ) 

whenever the second limit exists. 

There are naturally similar theorems in which **-»■ +O’ is 
replaced by ‘x-> — 0’ or by ‘*->-0’; and the argument may be 
repeated as often as is necessary. Thus 

i- f( x ) ,• / (n, ( x) 

hm J r — = hm J , 
x +0 <j>{x) X-+0 </> (n) (x) 

for any n, whenever / M (0) = 0 and <f> M (0) = 0 for 0 <v<n and 
the limit on the right exists. 

The same process shows that //^-> + oo when fjfi'-r + oo. 

If we wish to deduce (3) from the mean value theorem of § 126, we must 
assume that f'(x) and <j>'[x) aro continuous at x = 0 (at any rate for 
approach to 0 from the right). Then 

f(x) = xj'td^x), <j>(x) = X<j)'(0 t x), 

where 0, and 0 t each he between 0 and 1. The conclusion follows because 
f(9 1 *) -*7'(0) and 

The advantage of the procedure (2) is shown by Ex. LVIII. 3 below. 
® ere /(*) = tanx — x, (f>{x ) = x — sina:, 

/(0) =/'(0) =/'(0) = 0, m = *'<0) = ?5'(0) = 0, /'"(0) = 2, f"(0) = 1, 
and (1) gives the limit — 2. This argument requires three differentiations 
of each function. But 

f'(x) see 2 1— 1 

ip'(x) 


= aec 2 x (1 + cos x) -* 2 


1 — COS X 

and we can obtain the result much more quickly by method (2). 

There are many variants of the theorems of this section. Thus x may 
tend to a or to infinity instead of to 0; and the meaningless form of fl<j> 
may be ‘oo/oo’ instead of ‘0/0’. Such variations may usually be reduced 
to the standard case by some simple substitution. 


Examples LVIII. 1. If/ = a* sin- , <f> = x, then 4 - 

x tp 

/' „ . 1 1 
i— = am — cos- 


■ 0. Here 


0 ' xx 

which osoillates when x 0. Thus fl<j> may tend to a limit when /'/$' does 
not; our condition is sufficient but not necessary. 
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2. Find the limit of 


x — (n+ 1 ) i * 141 + nx" +a 




as x-* 1. 

3. Find the limits as x -*■ 0 of 
tan x — x 
x — sin x ’ 

1 — 4 sin a \ttx 


tan nx — n tan x 


n sm x — sm nx 


4. 


l-x a 


► \n i] 3 when i->l. 


(Math. Trip. 1932) 


6 . Find the limit of x{^(x* + a 1 ) — x} as x -» oo. [Put x = l/y.] 
6 . Prove that 

v 1 I 

11 m- 1 cosec xn -— > = 

x -* n x-n l (x-n)TT) 


lim (x — n) cosec xn = 


(- 1 )" 


(-l)-TT 


it ' x -* n x — n ( (x — n)7tl 6 

n being any integer; and evaluate the corresponding limits involving 
cot X7I. 

7. Find the limits as x -*• 0 of 


1 , 

f 1 

x\ 

1 , 

( ^ 1 XN 

— 

cosec x — 


— 

ootx — + - 

X s ' 

^ * 

6J 

X s 

^ x 3/ 


8 . (sin x arc sin x — x a )/x* -*■ , (tan x aro tan x — x 2 )/x 9 -*■ 5 , when x 0 . 

155. C. The contact of plane curves. Two curves are 
said to intersect (or cut) at a point if the point lies on each of them. 
They are said to touch at the point if they have the same tangent 
at the point. 

Let us suppose now that f(x), <j>(x) are two functions which 


jV-<Hx) 

/ /y=f( x ) 


possess derivatives of all orders at x = g, 
and let us consider the curves y - f(x), 
y = <p(x). In general /(g) and 0(g) will 
not be equal. In this case the abscissa 
x = g does not correspond to a point of 
intersection of the curves. If however 
/(g) = 0(g), then the curves intersect in 
the point x = g, y = /(g) = 0(g). In order 
that the curves should touch at this point 
it is necessary and sufficient that the first 
derivatives f'(x), 0'(ar) should also have the same value when 
* = g. 
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The contact of the ourves in this case may be regarded from 
a different point of view. In the figure the two curves are drawn 
touching at P, and QR is equal to <p(E, + h )~/(£ + h), or, since 

m=m, *'(£)= m 

to 

where 6 lies between 0 and 1. Hence 
!im 

when h -> 0. In other words, when the curves touch at the point 
whose abscissa is £, the difference of their ordinates at the point 
whose abscissa is £ + h is at least of the second order of smallness in h. 

It is evident that the degree of smallness of QR may be taken 
as a kind of measure of the closeness of the contact of the curves. 
It is at once suggested that if the first n— 1 derivatives of/ and 
<f> have equal values when x = £, then QR will be of the nth. order 
of smallness; and the reader will have no difficulty in proving 
that this is so and that 

We are therefore led to frame the following definition: 

Contact of the nth order. If /(£) = /'(£) = </>'(£), 

f (n) (i) = but / (n+1> (£)4= ), then the curves y = f(x), 

y = <j>[x) will be said to have contact of the nth order at the point 
whose abscissa is £. 

The preceding discussion makes the notion of contact of the 
nth order dependent on the choice of axes, and fails entirely 
when the tangent to the curves is parallel to the axis of y. We can 
deal with this case by taking y as the independent and x as the 
dependent variable. It is better, however, to consider x and y as 
functions of a parameter t. A good account of the theory will be 
found in Fowler’s tract The elementary differential geometry of 
plane curves, or in de la Vall6e Poussin’s Gours d’analyse, 6th 
edition, vol. H, pp. 372 et seq. 
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Examples LIX. 1. Let <f>(x) = ax + 6, so that y = $(z) is a straight line. 
The'conditions for coataot at the point for which z = f are /(f) = of+ 6, 
/'(f) = a. If we determine o and 6 so as to satisfy these equations, we find 
a = /'(f), 6 =/(f) -f/'(f), and the equation of the tangent to y = /(z) at 


the point z = f is 


y = */'(£)+{/(ft - £/'(£)}. 


ory-M) = (*-£)/'(£). Cf. Ex. 


5. 


2. The fact that the line is to have simple oontaot with the curve 
determines the line completely. In order that the tangent should have 
contact of the second order with the curve we must hove/'(f) = <j>“( f), 
i.e./'(f) = 0. A point at which the tangent to a curve has contact <Jf the 
second order is called a point o/ inflexion. 


3. Find the points of inflexion on the graphs of the functions 
3x* — 6z’+l, 2z/(l+z 8 ), sinz, a cos* z+6 sin* z, tanz, arctanz. 


4. Show that the conic ax‘ + 2 hxy + by* + 2 gx + 2/y + c = 0 cannot have 
a point of inflexion unless it is degenerate. [Here 

ax+hy+g+(hx+by-i-f)y l = 0 
and a + 2hy l + by\ + (hx + by+f)y l = 0, 

suffixes denoting differentiations. Thus at a point of inflexion 
a + 2hy l + by] = 0, 

or a{hx + by+f)*-2k{ax + hy + g)(hx + by+f) + b(,ax + hy + g) t = 0, 
or ( ab-h *) (ax* + 2hxy + by 1 + 2gx + 2 fy) + af % - 2 fgh + bg* = 0. 

But this is inconsistent with the equation of the conic unless 
af t — 2fgh + bg* = c(o b — h*) 

or abc + 2fgh — aj l — bg i — ch % = 0; and this is the condition that the conic 
should degenerate into two straight lines.] 


5. The curve 


y = ; 


ox* + 2 bx + c 


ax' + 2flx + y 

has one or three points of inflexion according as the roots of 
az* + 2flx -f y = 0 

are real or complex. 

[The equation of the ourve can, by a change of origin (cf. Ex. xxvi. 15), 
be reduced to the form 

I £ 


v = 


Af’ + 2Bf+0 ~ A(f—p)(f—g)’ 


where p, q are real or conjugate. The condition for a point of inflexion will 
be found to be f*- 3pgf +pq(p + q) = 0, which has one or three real roots 
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according as {pq(p — ?)}* is positive or negative, i.e. according as p and q 
are real or conjugate.] 

6. Show that when the curve of Ex. 5 has three points of inflexion, they 
lie on a straight line. [The equation £* — Zpq£+pq(p + q) = 0 can be put 
in the form (£—p)(£ — q){£+p+q) + (p — q}*£ = 0, so that the points of 
inflexion lie on the line £+A(p — q) t i;+p+q — 0 or 

A£-4(AC-B*)ii = 2 B.] 

7. Find the inflexions of the curve 

5iy = (i+S) 3 (or*-10), 

and draw a rough sketch of the curve for — 6 < x < 3. (Math. Trip. 1930) 

[See Ex. xlvi. 10.] 

8. Contact of a circle with a curve. Curvature*. The circle 

(x-a)* + (y-b)* = r* .(1) 

will have second order contact with the curve y = f(x) at (£,q) if y, y lt 
and y, have the same values for the two curves when x — £. 

Differentiating (1) twice, and putting x = £, we obtain 

(£-a) J + (j;-6) i = r s , (£-a) + (q-b)Vi = 0, 1 + y'l + (y-b)y t = 0, 
where q, t] v , r/ t mean/(£),/'(£),/'(£). These equations give 

r 7i(l + 7!) t „,l + 7i „ (1 + 7?)' 

® = S-, b = q + -, r =-—. 

Vt V » V » 

The circle which has contact of the second order with the curve at the 
point (£, rj) is called the circle of curvature, and its radius the radius of 
curvature. The measure of curvature (or simply the curvature) is the 
reciprocal of the radius: thus the measure of curvature is 7,(1 + ?)?)"*. 

9. Verify that the curvature of a circle is constant and equal to the 
reciprocal of the radius; and show that the circle is the only curve whose 
curvature is constant. 

10. Find the centre and radius of curvature at any point of the conics 
y* = iax, ( x/a)* + (yjb >)* = 1. 

11. Show that in general one conic can be drawn to have contact of the 
fourth order with the curve y = f(x) at a given point P, 

12. An infinity of conics can be drawn having contact of the third order 
with the curve at P. Show that their centres all lie on a straight line. 

* A much fuller discussion of the theory of curvature will be found in Fowler’s 
tract referred to on p. 297. 
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[Take the tangent and norma! as axes. Then the equation of the eonio is 
of the form 2 y — ax 8 + 2 hxy + by 1 , and when x is small one value of y may 
be expressed (Ch. V, Misc. Ex. 24) in the form 
y = lax 1 + lahx‘ + o(x?). 

This expression must be the same as 

y = ir(0)x 1 + lf"(0)x 1 + o{x>); 

and so a =/"(0), h = f"'(0)/'if'(0) (Ex. lvi. 1). But the centre lies on the 
line ax + hy = 0.] 

13. The locus of the centres of conics which have contact of the third 
order with the ellipse ( x/a )* + iy/b) 1 = 1 at the point (a cos a, 6 sin a) is the 
diameter x/(a cos a) = y/(bsma). [For the ellipse itself is one such conic.] 

156. Differentiation of functions of several variables. 

So far we have been concerned exclusively with functions of a 
single variable x, but there is nothing to prevent us applying the 
notion of differentiation to functions of several variables x, y, .... 

Suppose then that f(x,y) is a function of two* real variables 
x and y, and that the limits 

li m /(z + fe,y)-/(x,y) ]im f{x,y + k)~f(x,y) 

*-► o h ’ fc _»o k 

exist for all values of x and y in question, that is to say that 
f(x,y) possesses a derivative dfjdx or D x f(x,y) with respect to x 
and a derivative df/dy or D v f(x,y) with respect to y. It is usual 
to call these derivatives the partial differential coefficients off, and 
to denote them by 

dx’ dy 

or fxfay), fv(*,y) 

or simply/^,/' or f x , f y . The reader must not suppose, however, 
that these new notations imply any essential novelty of idea: 
‘partial differentiation’ with respect to a: is exactly the same 
prooess as ordinary differentiation, the only novelty lying in the 
presence in / of a second variable y independent of x. 

* The new points which arise when we consider functions of several variables 
are illustrated sufficiently when there are two variables only. We take for granted 
the obvious generalisations of our theorems to three or more variables. 
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Our definitions presuppose the independence of x and y. If 
x and y are related, y is a function <j>(x) of x, and 

f(x,y) = f{x, ${*)} 

is a function of the single variable x. And if x = $5(t), y = f (t), 
then f(x, y) is a function of t. 

Examples LX. I. Prove that if x = rcos 6, y = r sin 6, so that 
r = ■s/Xx 1 + y 1 ), 8 = aretan(y/z), then 

dr x dr y dd y 80 _ x 

8x <J(x i + y t )’ 8y \f(x t + y t )' 8x x 2 + y 2 ’ By x* + y 2 ’ 

8x a by ■ a Sx ■ a by a 

— - cos 0, — = sin 8, — = — r sin 8, — = r cos a. 

8r ’ 8r ’ 88 '8 8 

2. Account for the fact that — 4= 1 /(—) and — 4= 1 [When 

8x / \drJ 8x / \8t >/ 

we were considering a function y of one variablo x it followed from the 
definitions that dyjdx and dxjdy were reciprocals. This is no longer so 
when we are dealing with functions of 
two variables. Let P (Fig. 44) be the 
point (x, y) or (r, 0). To find brjax we 
must increase x, say by an increment 
MM l = Sx, while keeping y oonstant. 

This brings P to P 1 . If we take OP' — OP 
along OPi, the increment of r is P'P l = Sr, 
say; and dr/dx = lim (Sr/Sx). If on the 
other hand we want to calculate dx/dr, 
x and y being now regarded as functions 
of r and 0, we must increase r by dr, say, 
keeping 6 constant. Let us suppose that 
this brings P to P t , and write PP t = dr. 

The corresponding increment of x is MMi - dx, say, and 
dx/dr = lim (dx/dr). 

Now dx = Sx*: but dr 4= Sr. Indeed it is easy to see from the figure that 
lim (Sr/Sx) = lim (P'P 1 /PP 1 ) = cos 8, 
but lim (dr/dx) = lim (PPJPPO = sec 8, 

so that lim (Srjdr) — cos* 8.] 

dz dz 

% 3. Prove that if z ~ f{ax + by) then b ■— = a—. 

dx ay 

* Of course the fact that Ax ~ dx is due merely to the particular value of Ar 
that we have chosen (viz. PP t ). Any other choioe would give us values of Ax, Ar 
proportional to those used here. 
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4. Find X„X t , ...vhenX+Y = x,Y = xy. Express x,ye* functions 
of X, Y and find x z , x T . 

6 . Find X m , ... when X+Y+Z = x, Y+Z = xy, Z - xyz-, express , 
x, y, z in terms of X, Y, Z and find x x , .... * 

[There is no diffi culty in extending the ideas of the last section to 
functions of any number of variables. But the reader must be careful to 
impress on his mind that the notion of the partial derivative of a function 
of several variables is only determinate when all the independent variables 
are specified. Thus if u = x + y + z, x, y, and z being the independent 
variables, then u„ = 1. But if we regard u as a function of the variables 
x, x + y = v, and x + y + * = f, so that u = £, then u x = 0.] 

157. Differentiation of a function of two functions. 

There is a theorem concerning the differentiation of a function 
of one variable, known generally as the theorem of the total 
differential coefficient, which is very important and depends 
on the notions explained in the preceding section regarding 
functions of two variables. This theorem gives us a rule for 
differentiating f{<p(t), \jr{t )}, with respect to t. 

Let us suppose, in the first instance, that f(x, y ) is a function 
of the two variables x and y, and that /', /' are continuous 
functions of both variables (§108) for all of their values which 
come in question. And now let us suppose that the variation of 
x and y is restricted in that (x, y) lies on a curve 
x = <f>(t), y = fr(t), 

where <j> and fr are functions of t with continuous differential 
coefficients (j>'{t), Then f(x,y) reduces to a function of the 

single variable t, say F(t). The problem is to determine F'(t). 

Suppose that, when t changes to t + r, x and y change to x + £ 
and y + 7j. Then by definition 

= Km ~ [f{<j>{t + r), jr(t + r)} -f{<j>(t), f{t)}] 

=* I™ \ {/(*+£, y + v) -/(*> y)} 

-Um[ f {X + ^ y + v) ~f {x ’ , f{x ’ y + r/) -/(*» y ) ?] 

L i r y t J ’ 
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But, by the mean value theorem, 

te+e.»+<>)-to jL ti) , />+9{ , #+ „, 

where 6 and O' each lie between 0 and 1. When t-> 0, £->0 and 
T/-+0, and £/r->-0'(i), also 

f' x {x +8£, y +5?) y), /;(*, y+0>)y). 

Hence 

F'(t) = DJ{<t>(t), = /'(x,«/) $5'(«) +/;(x, y) ^'(<)> 

where we are to put x = y = ^(1) after carrying out the 
differentiations with respect to x and y. This result may also be 
expressed in the form 

df __ df dx df dy 
dt dx dt ^ dydt ' 

Examples LXI. 1. Suppose 

l-t‘ 2t 

^ = hT*’ ^ (t>= i+7>’ 

so that the locus of (x, y) is the circle x , + y , = 1. Then 

4 1 . 2(1 —t’) ,, 

f(i) “ "(TT^ / * + (IW / ” 

where * and y are to be put equal to (1 —!’)/(1 + <*) and 2</( 1 + <*) after 
carrying out the differentiations. 

It is instructive to verify this formula in particular cases. Suppose, e.g., 
that f(x,y) = x‘ + y l . Then f' x - 2a;,/' = 2 y, and 
F'(t) = 2x<f>'(t) + 2yft'(t) = 0, 
whioh is oorreot because F(t) = 1. 

2. Verify the theorem in the same way when ta) a; = F", y = 1 — P\ 
f(x,y) = x + y; (6) x = ocost, y = osint, f(x,y) = x , + y % . 

3. One of the most important oases is that in which t is x itself. We 
then obtain D j {x> ^ (x)) = £„/(*, y) + D,f(x, y) fr'( x ), 

where y is to be replaced by ft(x) after differentiation. 

It was this case which led to the introduction of the notation dfjdx, 
8f/8y. For it would seem natural to use the notation dfjdx for either of the 



304 ADDITIONAL THEOREMS IN THE CALCULUS [VH 

functions D x f{x, ijr(x)} and D m f(x, y). in one of whioh y is put equal to 
before and in the other after differentiation. Suppose for example 
that y = \ — x and f(x,y) = x + y. Then D x f(x, l — x) = D x l = 0, but 
D.f(x,y) = 1. 

The distinction between the two functions is adequately shown by 
denoting the first by df/dx and the second by 8f/8x, in which case the 
theorem takes the form 

df_ + 

dx dx dydx' 

though this notation is also open to objection, in that it is a little mis¬ 
leading to denote the functions/{x, and/(x, y), whose forms as func¬ 

tions of x are quite different from one another, by the same letter / in 
dfjdx and dfjdx. 

4. If the result of eli min ating t between x = <p(t), y = r/r(t) is/(x, y) = 0, 
of dx 8f dy 
dx dt + dy dt 


5. If x and y are functions of f, and r and 6 are the polar coordinates of 
(x,y), then r' = (xx' + yy')jr, 0' = (xy'-yx')/r 2 , dashes denoting differ¬ 
entiations with respect to t. 


158. We have assumed that f' and f' aro continuous functions of the 
two variables x and y in the sense of § 108. It is not sufficient to assume 
merely that they exist for all x and y. 


In fact we can infer very little from the mere existence of/' and/'; we 
cannot even infer that/is continuous. Consider, for instance, the function 
used as an example in § 108, and defined by 


f(x,y) = 


2 xy 
x l + y’ i 


when x + 0, v 4= 0, and by / = 0 when one at least of x and y is zero. Then 

U ’ y) (*‘ + y J ) ! ’ ( x' + y »)« 

at all points except the origin. Also 




0; 


and similarly/'(0,0) = 0. Thus /' and /' exist for all x, y- but (as we i 
in § 108)/ is discontinuous at the origin. 


The function defined by 


2xy 
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when i+ 0,5/4=0, and by / = 0 when x = 0 or y = 0, is continuous every¬ 
where, including the origin; and in this case also 
/«< 0 . 0 ) =/;< 0 , 0 ) = 0 . 

Suppose now that x = y = t. Then F(t) = f(t, t) = 2 1, and F'(0) = 2; but 

,dx ,dv 

% +/ 'J = 01 + °- 1 = 0 


when i — 0 , so that the result of the last section is false. 

In what follows we shall assume the continuity of all derivatives which 
occur. 


159. The mean value theorem for functions of two 
variables. Many of the results of the last chapter depended 
upon the mean value theorem 

f(x + h)-f(x) = hf(x + Oh). 

We may write this as 

8y = f(x + d8x)8x, 

where y = f(x). We shall now suppose that z = f(x,y) is a function 
of the two independent variables x and y, and that x and y receive 
increments h, k or 8x, 8y respectively; and express the corre¬ 
sponding increment of z, viz. 

8z = f(x + h,y + k)-f(x,y), 

in terms of h, k and the derivatives of z with respect to x and y. 
Let f(x + ht,y + kl) = F(t). Then 

f(x + h,y + k)-f(x,y) = F(1)-F(0) = F'(0), 
where 0 < 6 < 1. But, by § 157, 

F'(t) = DJ{x + ht,y + kt) 

= hf x {x + lit, y + kt) + kf’ y {x + ht,y + Id). 

Hence finally 

8z=f(x + h,y + k) -f(x, y) = hf x (x + Oh, y + 0k) + kf y (x + 0h,y + 6k), 

which is the formula desired. Sine ef x ,f v are continuous functions 
•f x and y, we have 

fx {x + 0h,y + 0k)= fx(x, y) + e h,k> 
f v (x + 6h,y+0k) = f y (x, y) + y Kk , 


HP U 


20 
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where and rj^ tend to zero as h and k tend to zero. Hence 
the theorem may be written in the form 

8z = {f' x + e)8x+{f' v + y)8y .( 1 ). 

where e and rj are small when 8x and 8y are small. 

The result embodied in (1) may be expressed by saying that 
the equation <fe = /' 8x +f' v 8y 

is approximately true; i.e. that the difference between the two 
sides of the equation is small in comparison with the larger of 8x 
and 8y*. We must say ‘the larger of $x and 8y’ because one of 
them might be small in comparison with the other; we might 
indeed have 8x = 0 or 8y = 0. 

If any equation of the form 8z = A 8x+pSy is ‘approximately true’, 
then A =/,'• For 

8z—f' x 8x—f' t 8y = eSx+ySy, 8z — X8x—/iSy = e'Sx + y’Sy, 
where €, i), ij' all tend to zero aa fix and Sy tend to zero; and so 

(A -/') fix + (/i -/') 8y = p8x + aSy, 

where p and a tend to zero. Hence, if {is any assigned positive number, we 
oan choose (<> so that 

\(X-f' x )8x + (p-f',)8y\<^(\8x\ + \8y\) 
for all values of 8x and 8y numerically less than w. Taking Sy = 0 wo 
obtain | (A— }‘ z )8x | <{ | 8x |, or j A —j’ x | < {, and this can be true, for 
arbitrary {, only if A = f' x . Similarly p = /'. 

We have proved that (I) is true if }’ t and /' are continuous, but this 
condition is not at all necessary. Suppose, for example, that <f>(x,y) is 
any continuous function of x and y, and that 

* =f(x,y) = (x + y)<f>(x,y). 

Then /'(0,0) = lim — * —^ = 0(0, 0), 

h 

and similarly/'(0,0) = 0(0,0); and plainly 

2 = {0(0,0) + e} a; + {0(0, 0) + y}y, 

where e and t\ tend to zero with x and y. This is equivalent to (1), with 
x = y = 0. But we have not assumed that (f>(x, y) is differentiable with 
respect to x or y t and f' x and /' need not exist anywhere except at the 
origin. 

The equation (1) is sometimes taken as the definition of a ‘ differentiable 
* Or with |fe| + |ty| or y/(6z* + Sy*). 
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function of two variables f(x, y) is said to be differentiable at the point 
[x,y) if f(x + h,y + k)-f(x,y) = (A + e)h + (B + y)k , 

where A and B depend only on x and y, and e and tj tend to zero when 
h and k tend to zero; and to be differenliable in a region if it is differentiable 
at all points of that region. In this case /' and /' exist and are equal to 
A and B, but need not be continuous. The hypothesis is intermediate 
between the weaker hypothesis ‘/] and /' exist ’ and the stronger hypo¬ 
thesis and/' are continuous’. The definition has many advantages, but 

the hypothesis of continuity is sufficiently general for our purposes here. 
See W. H. Young, “The fundamental theorems of the differential 
calculus”, Cambridge Math. Tracts, No. 11, and de la Valine Poussin, 
Cours d'analyse, 6th edition, vol. ii, Ch. III. 

160. Differentials. In the applications of the calculus, 
especially in geometry, it is usually most convenient to work with 
equations expressed not, like equation (1) of §159, in terms of 
the increments Sx, Sy, Sz of the functions x, y, z, but in terms of 
what are called their differentials dx , dy, dz. 

Let us return for a moment to a function y = f(x) of a single 
variable x. If / is differentiable then 

8y = {f(x) + e}8x .(1), 

where e tends to zero with 8x. The equation 

8y=f(x)8x (2) 

is ‘approximately’ true. 

We have up to the present attributed no meaning to the 
isolated symbol dy. We now agree to define dy by the equation 

dy =f(x)8x . (3). 

If we choose for y the particular function x, we obtain 

dx = 8x .(4), 

so that dy ~ f(x)dx .(5); 

and if we divide both sides of (5) by dx we obtain 

• !-/'<*>.<«). 

where dyjdx denotes not, as heretofore, the differential coefficient 
of y, but the quotient of the differentials dy, dx. The symbol 
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dyjdx thus acquires a double meaning; but there is no incon¬ 
venience in this, since (6) is true whichever meaning we choose. 

We pass now to the corresponding definitions connected with 
a function z of two independent variables x and y. We define the 


differential dz by the equation 

dz=f'Jx+f' y 8y .(7). 

Putting z — x and z = y in turn, we obtain 

dx = dx, dy — 8y .(8), 

so that dz = f' x dx+f y dy .(9), 


which is the exact equation corresponding to the approximate 
equation (1) of § 159. 


One property of the equation (9) deserves special remark. We 
saw in § 157 that if z = f(x, y), x and y being not independent but 
functions of a single variable t, so that z is also a function of i 
alone, then dz JfJ ± cfdy 

dt ox dt + dy dt' 


Multiplying this equation by dt and observing that 

dx = ~dt, dy = ~-dt, dz = ^dt, 
dt dt dt 


we obtain dz = f' T dx + f y dy, 

which is the same in form as (9). Thus the formula which expresses 
dz in terms of dx and dy is the same whether the variables x and y are 
independent or not. This remark is of great importance in applica¬ 
tions. 


It should also be observed that if z is a function of the two 
independent variables x and y, and 

dz = Adx+ ydy, 

then A = f' x , y = f' y . This follows at once from § 159. 

It is obvious that the theorems and definitions of the last three 
sections are capable of immediate extension to functions of any 
number of variables. The differential notation has great technical 
advantages, particularly in geometry. 
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Examples LXII. 1. The area of an ellipse is A, and a, b are the 
semi-axes. Prove that 

dA da db 
A a + b ‘ 

2. Express A , the area of a triangle ABC, as a function of (i) o, B, C, 
(ii) A, b, c, and (iii) a, 6, c, and establish the formulae 

dA „da cdB bdC dA , , db dc 

— — 2-1— - — 4-- , —- — cot A dA + — 4—, 

A a asm B asm (J A b c 

dA = R(cos Ada + cob Bdb +cob Cdc), 
where Ii is the radius of tho circum-circle. 

3. The sides of a triangle vary in such a way that the area remains 
constant, so that a may be regarded as a function of b and c. Prove that 

8a cos B da cos C 

8b cos A 8c cos A 

[This follows from the equations 
da da 

da = ,db+ dc, cobAcUi + cob Bdb + cos Cdc = 0.1 
8b 8c J 

4. If a, b, c vary so that It remains constant, then 

da db dc 


and so 


oa 
8b '' 




= o. 

cos B 

C08 C 


cos A 

8a 

cos A 

cos B’ 

dc 

cos C 


[Use the formulae a = 2R sin -4, ..., and the facts that B and A + B + C 
aro constant.] 

5. If z is a function of u and v, which are functions of x and y, then 

8z 


8z 8z 8u 8z 8v 
8x 8u 8x dvdx’ 


[Wo have 


8z 8u dzdv 
8y 8u8y + 8v8y' 


8z dz du 8u dv 8v 

dz = —duH dv, du = —-or 4- dy, dv = — dx-i - dy. 

8u dv 8x dy 8x dy 

Substitute for du and dv in the first equation and compare the result with 
the equation ^ g z 

dz = —dx + — dy.] 

, dx dy 


6. If ur cos 6 = 1, tan 0 = v, and F(r,6) = Q(u,v), then 
rF r = — uO u , F e = uvG„ + (l+v , )Q e . 

(Math. Trip. 1932) 
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7. Let z be a funotion of % and y, and let X, Y t Z be defined by the 
equations 

* = o,X + 6,r + c l Z, y = a,X + b a Y + c i Z, z = a,X + b„Y + c.,Z. 
Then Z may be expressed as a function of X and y. Express Z x , Z r in 
terms of z y . [Let these differential coefficients be denoted by P, Q and 
p, g. Then dz—pdx — qdy = 0 , or 

(cjp + c, 5 — c a ) dZ + (Ojp+ 0 |g —a s ) dX+(6jp + 6 a g —6 a ) ciF = 0. 
Comparing this equation with dZ— PdX— QdY ~ 0 we see that 
p _ aiP + a t q-a, ^ _ b^ + b^q-b, 

~ c 3 p + c t q-c 3’ CjP + CjJ-c, 

8. If (a 1 * + 6 1 y + c 1 z)p + (o s x+6 > y + c,r)g = a,x + 6,y + c, 2 , 

then (tqX + b l Y + Cj Z) P + (UjX 4- b a Y + c t Z) Q = a 3 X -i- b 8 Y -i~ c 8 Z. 

(Math. Trip. 1899) 


9. Differentiation of implicit functions. Suppose that f(x, y) and 
its derivatives/' and f' y are continuous in the neighbourhood of tho point 
(a, b), and that /(a, b) _ 0 , /[(a, b) * 0 . 

Then we can find a neighbourhood of (a, 6 ) throughout which /'(*, y) has 
always the same sign. Let us suppose, for example, that/'(or, y) is positive 
near (a, 6 ). Then f(x, y) is, for any value of x sufficiently near to a, and for 
values of y sufficiently near to b, an increasing function of y in the stricter 
sense of §95. It follows, by the theorem of § 109, that there is a unique 
continuous function y which is equal to b when x = a and which satisfies 
the equation/(x, y) — 0 for all values of x sufficiently near to o. 

If f(z,y) = 0, x — a + h, y = b + k, then 

0 = /(*. y) -/(“■ b) = (f' + e)h+ (/[ + y)k, 

■where e and 17 tend to zero with h and k. Thus 

k + e 

h f:+v r; 



10. The equation of the tangent to the curve f(x,y) = 
(Z °’ 2/0)1 18 (s ~ Zo)/»(Zo> y») + (y- Vo)fy(x*, Vo) = 0 . 




11. The result of eliminating u between the equations y = f(x,u) and 
z = <f>(x,u) is expressed as z = F(x,y). Prove that 


_ /tf^g /g^u 


/ /TT— 
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12. Maxima and minima. We can define maximum and minimum 
values of a function of two variables by making the obvious changes in 
the definition of § 123. It is plain that if (a, 6) gives a maximum of f(x, y) 
then a gives a maximum of f(x,b), so that/' vanishes at (a,b). Similarly 
/' vanishes, and / = 0 /' = 0 

or (what is the same thing) df — 0 

are necessary conditions for a maximum or a minimum. The problem of 
finding sufficient conditions is more complex and we shall not consider 
it here. 


13. If y is defined as a function of x by g(x,y ) = 0, aaAf(x,y) has a 
maximum at a point, then (since the formulae for differentials are the 
same whether the variables are independent or not) df — 0 at the maxi¬ 
mum, while dg = 0 for all x, y. In other words, f x dx + f'dy — 0 provided 
g x dx -f- g,dy = 0 ; and so 

g', g. 

If g' or g' vanishes, then (1) is to be interpreted as meaning that the 
corresponding one of f' t or f vanishes. 

Similarly, if z is defined by g(x, y,z) = 0, and f(x,y,z) has a maximum, 
then 


.( 1 ). 


(with a similar gloss). 


g, g, g'. 


14. If a, /?, y are positive, .4, B, C are the angles of a triangle, and 
sin® A sin# B sin? C is a maximum, then 

a(a + fi+y) ft(a + ft + y) y(a + /}+y) 

tanM = —.— -, tan* B = - —-——, tan* C = - 

fly ya afi 

(Math. Trip. 1935) 

^161. Definite integrals and areas. It will be remembered 
that in Ch. VI, § 148, we assumed that if f(x) is a continuous 
function of x, and P X P is an arc of the graph of y = f(x), then the 
region bounded by P 1 P, the ordinates P 1 N 1 and PN, and the 
segment N t N of the axis of x, has associated with it a number 
wj^ich we call its area. It is plain that, if ON = x, and we allow 
x to vary, this area is a function of x, which we denote by F(x). 

Making this assumption, we proved in § 148 that F’(x) = /(*), 
and we showed how this result might be used in the calculation 
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of the areas of particular curves. But we have still to justify the 
fundamental assumption that there is such a number as the area 
F(x). 

We know what is meant by the area of a rectangle, and that 
it is measured by the product of its sides. Also the properties of 
triangles, parallelograms, and polygons proved by Euclid enable 
us to attach a definite meaning to the areas of such figures. But 
nothing which we know so far provides us with a direct definition 
of the area of a figure bounded by curved lines. We shall now show 
how to give a definition of F(x) which will enable us to prove its 
existence. 

We suppose f(x) continuous throughout the interval (a, b), and 
divide up the interval into a number of sub-intervals by means of 
the points of division x 0 , x lf x 2 , x n , where 

a = x 0 <x 1 <...<x n _ 1 <x n = b. 

We denote by 8 y the interval (x y , * H1 ), and by m„ the lower bound 
(§ 103) of f(x) in <S V , and write 

s = m a 8 0 + m l d 1 +... +w „_!<?„_! = £m,S„, 
say. It is evident that, if M is the upper bound of f(x) in (a, b). 
then a 5 M(b — a). The aggregate of values of s is therefore, in the 
language of § 103, bounded above, and has an upper bound which 
we will denote by j. No value of s exceeds j, but there are values 
of 8 which exceed any number less than j. 

In the same way, if M v is the upper bound of/(.r) in 8 y , we can 
define the sum 

S = ZM V 8 V . 

It is evident that, if m is the lower bound of f(x) in (a, b), then 
S^m(b — a). The aggregate of values of S is therefore bounded 
below, and has a lower bound which we will denote by J. No 
value of 8 is less than J, but there are values of S less than any 
number greater than J. 

It will help to make clear the significance of the sums s and S if we 
observe that, in the simple case in which f(x) increases steadily from x = a 
to * = 6, m v inf(x v ) and M y ia/(x r+l ). In this oase s is the total area of the 
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rectangles shaded in Fig. 45, and S is the area bounded by a thick line. 
In the general case a and S will still 
be areas composed of rectangles, 
respectively included in and in¬ 
cluding the curvilinear region whose 
area we are trying to define. 

We shall now show that 
no sum such as s can exceed 
any sum such as S. Let s, S be 
the sums corresponding to one 
mode of sub-division, and s', S' 
those corresponding to another. 

We have to show that s g S' and s' ^ S. 

We can form a third mode of sub-division by taking as dividing 
points all points which are such for either s, S or s', S'. Let s, S 
be the sums corresponding to this third mode of sub-division. 
Then it is easy to see that 

S2s, sis', SsS. SsS' .(1). 

For example, s differs from s in that at least one interval S v which 
occurs in s is divided into a number of smaller intervals 

<?„. 2 , •• , S v p , 

so that a term rn^S,, of s is replaced in s by a sum 

m v 1 <^,1 + w,, 2 8 ,,3 + • • • + S f p , 

where m, x , m,, 2 , ... are the lower bounds of f(x) in S^ 2 , _ 

But evidently m „, > m,„ m v 2 = ..., so that the sum just written 
is not less than m v S v . Hence s gs, and the other inequalities (1) 
can be established in the same way. But, since s g S, it follows 

that s g s S S < S', 

which is what we wanted to prove. 

It also follows that j S J. For we can find an s as near to j as 
we please and an S as near to J as we please*, and so j > J would 
involve the existence of an s and an S for which s > S. 



The s and the S do not in general correspond to the same mode of sub-division. 
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So far we have made no use of the fact that f(x) is continuous. 
We shall now show that j = J, and that the sums s, S tend to the 
limit J when the points of division x v are multiplied indefinitely 
in such a way that all the intervals 8„ tend to zero. More precisely, 
we shall show that, given any positive number e, it is possible to 
find S so that 

0 < J — a < e, 0 ^S — J<e 
whenever 8„ < 8 for all values of v. 

There is, by Theorem II of § 107, a number 8 such that 
M„-m y <e/{b-a), 

whenever every 8 y is less than 8. Hence 

S—s = Z(M v -m v )S v <e. 

But S-8 = (S-J) + (J-j) + {j-s); 

and all the three terms on the right-hand side are positive (or 
zero), and therefore all less than e. Since J —j is a constant, it 
must be zero. Hence j = J and 0 t£j - s < e, 0 < S - J < e, as was 
to be proved. 

We define the area of N 1 NPP l as being the common limit of s 
and S, that is to say J. It is easy to give a more general form to 
this definition. Consider the sum 

= £/A> 

where f v denotes the value of f(x) at any point in 8 V . Then a 
plainly lies between s and S, and so tends to the limit J when the 
intervals 8 y tend to zero. We may therefore define the area as 
the limit of a. 

162. The definite integral. Let us now suppose that f(x) 
is a continuous function, bo that the region bounded by the curve 
y = f(x), the ordinates x = a and x = b, and the axis of x, has a 
definite area. We proved in Ch. VI, §148, that if F(x) is an 
‘integral function’ oif(x), i.e. if 

F’(x)=f(x), F(x)=jf(x)dx, 
then the area in question is F(b) — F(a). 
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Since it is not always practicable to determine the form of 
F(x ), it is convenient to have a formula which represents the 
area N l NPP l and contains no explicit reference to F(x). We 
shall write b 

(NiNPPi) =j f(x)dx. 

t 

The expression on the right-hand side of this equation may 
then be regarded as being defined in either of two ways. We 
may regard it as simply an abbreviation for F(b) — F(a), where 
F(x) is some integral function of f(x), whether an actual formula 
expressing it is known or not; or we may regard it as the value of 
the area N^NPP^ defined directly in § 161 . 

The number J f(x)dx 


is called a definite integral ; a and b are called its lower and upper 
limits ; f(x) is called the subject of integration or integrand; and 
the interval (a, b) the range of integration. The definite integral 
depends on a and b and the form of the function f(x) only, 
and is not a function of x. On the other hand, the integral 
function 

F(x) = jf(x)dx 

is sometimes called the indefinite integral of f(x). 


The distinction between the definite and the indefinite integral is merely 

one of point of view. The definite integral ( f{x)dx = F(b) — F(a) is a 

■ a 

function of b, and may be regarded as a particular integral function of 
/(b). On the other hand the indefinite integral F[x) can always be expressed 
by means of a definite integral, since 

F(x) = F(a)+ \*f(t)dt. 


I^ut when we are considering ‘ indefinite integrals ’ or ‘ integral functions ’ 
we are usually thinking of a relation between two functions , in virtue of 
which one is the derivative of the other; and when we are considering a 
’definite integral ’ we are not as a rule concerned with any possible varia¬ 
tion of the limits. 
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It should be observed that the integral / f(t) dt, having a differential 

Ja 

coefficient f(x), is a fortiori a continuous function of x. 

Since 1 jx is continuous for all positive values of x, the investigations of 
the preceding paragraphs supply us with a proof of the existence of the 
function logx, which we agreed to assume provisionally in § 131. 


163. Area of a sector of a circle. The circular functions. 

The theory of the trigonometrical functions cos as, sin a:, etc., as 
usually presented in text-books of elementary trigonometry, rests 
on an unproved assumption. An angle is the configuration formed 
by two straight lines OA, OP; and there is no difficulty in trans¬ 
lating this ‘geometrical’ definition into purely analytical terms. 
The assumption comes at the next stage, when it is assumed that 
angles are capable of numerical measurement . that is to say that 
there is a real number x associated with 
the configuration, just as there is a real 
number associated with the region of 
§148. This point once admitted, cos a: 
and sin x may be defined in the ordinary 
way, and there is no further difficulty of 
principle in the elaboration of the theory. 

The whole difficulty lies in the question, 
what is the x which occurs in cosx and 



sinxl To answer this question, we must define the measure of an 
angle, and we are now in a position to do so. The most natural 
definition would be this; suppose that AP is an arc of a circle 
whose centre is 0 and whose radius is unity, so that OA = OP = 1. 
Then x, the measure of the angle, is the length of the arc AP. 
This is, in substance, the definition adopted in the text-books, 
in the accounts which they give of the theory of ‘circular 
measure’. It has however, for our present purpose, a fatal defect; 
for we have not proved that the arc of a curve, even of a circle, 
possesses a length. The notion of the length of a curve is capable 
of precise mathematical analysis just as much as that of an area; 
but the analysis, although of the same general character as that 
of the preceding sections, is decidedly more difficult, and it is 
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impossible that we should give any general treatment of the 
subject here. 

We must therefore found our definition on the notion not of 
length but of area. We define the measure of the angle AOP as 
twice the area of the sector AOP of the unit circle. 

Suppose, in particular, that OA is y = 0 and that OP is y = mx, 
where m> 0. The area is a function of m, which we may denote 
by The point P is where 

1 i,i 2s m ijO-p 2 ) 

* j(l + m 2 )' fl) V( 1 +® 2 )’ m ~ P ’ 


<f[m) = \m}P+ f ,J{1 -x 2 )dx - f J(1 -x 2 )dx. 

J fl J fl 

Hence 

d/t = ~P % ) — 2^/(1 —/**) ‘ > /( 1 = “2^(1—/»■)’ 

df> dfi 1 m 1 

dm d/idm ~ 2^(1 — /t 2 )(l+ m 2 ) s — 2(l + m 2 )’ 

, . ,, , , dt 


and so 


0(m) = ^ 


Thus the analytical equivalent of our definition would be to 
define arc tan m by the equation 

f- dt 

arctanm=j o 

The theory of the circular functions will be worked out from 
this starting point in Ch. IX. 

Examples LXI1I. Calculation of the definite from file indefinite 
integral. 1. Show that, if b;» a £ 0 and n > — 1, then 

rb b n+1 — o" + l 

I x n dx = --—. 

J a n+1 


b . sin mb — sin ma 

cos mxdx - —- 

a rn 


\ rb 

2. / cos mx di 

J a 

a. r^L= 
J a l+x* 


6 cos ma — cos mb 

sin mxdx =-. 

a m 


arc tan b — arc tan 


; / sin mxdx = - 

j a 

f 1 dx 

a; = 
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[There is an apparent difficulty here owing to the fact that aro tana is 
a many valued function. The difficulty may he avoided by observing that, 
in the equation 

r* dt 

I - -- = arc tan x, 

Jol + fi 

arc tans must denote an angle lying between - and iff. For the in¬ 
tegral vanishes when * = 0 and increases steadily and continuously as x 
increases. Thus the same is true of arc tan x, which therefore tends to iff 
as x -*■ co. In the same way we can show that are tan x-+ — iff as * -* — oo. 
Similarly, in the equation 

/* dt 

io^r arcsmx> 

where - l<z< 1, arc sin* denotes an angle lying between — iff and iff. 
Thus, if a and b are both numerically less than unity, we have 

[ b dx 

I —r-- -rr = arc sin o — arc Bin a.l 


. ( l dx ct 

Jo l + 2*cos<x + x* ~ 2 sirTa -”<*<». except when a = 0, when 
the value of the integral is i, which is the limit of ia cosec a as a ->- 0. 

6 - —x^dx = }ff; j^(a 3 — x*)dx = Jffa* if o>0. 

f * dx 

6 ' J_lVa :: 2^^+^ ^ ) i8eqUaU<, 2 ' f - 1 <*< Iandt °2/aif|a|>l. 

(Math. Trip. 1933) 

/ff dx ff 

7 ' Jo = if ° > 1 6 I ■ f For the form of the indefinite 

integral see Fxs. mi, 3, 4. If | o | < | 61 then the subject of integration has 
an infinity between 0 and ff. What is the value of the integral when a is 
negative and - a > 161J] 


(in 

8. I — 

Jo <**c 


dx 


1 cos* * + 6* sin* * _ Sh if a and b are positive. What is the 

value of the integral when a and 6 have opposite signs, or when both are 
negative? 


9. Fourier’s integrals. Prove that ifm and n sure positive integers then 

j oosffix Binnada; 

JO 
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ia always equal to zero, and 


fix 


cos mx oos nxdx, 


. /"si 

JO 


Binmx sin nxdx 


are equal to zero unless m = n, when each is equal to tt. 
rw 

10. Prove that I oos mx coa nzAz and / sinmx einnxiiz: are each 
JO 


I sir 

Jo 


equal to zero except when m = n, when each ia equal to ^77; and that 

2 n 

n 2 —m 2 ’ 

according as n — m is odd or even. 


r 

/o 


cosma; sin n:c dx = 


f 

Jo 


costox sin nxdx = 0, 


11. Prove that ( cos m/J(caa 6) n d6 = 0 

Jo 

if m and n are positive integers and m > n. (Math. Trip. 1928) 


12. Evaluate 
f' 4a: 2 -4- 3 


ft 4x 2 + 3 ^ f c xdx fx dx fix 

J 0 8.r a + 4x+5 ’ Jo\J(x + cj’ J 0 5 + 3cosi’ J 0 I 


ix dx 
0 


+ 2 cos x 


r“ dx 
Jo cos2<x-< 


(0<a< 


in). ft 

Jo 


arc tan xdx. 


(Math. Trip. 1927, 1928, 1929, 1930, 1936) 


164. Calculation of the definite integral from its defini¬ 
tion as the limit of a sum. In a few cases we can evaluate a 
definite integral by direct calculation, starting from the defini¬ 
tions of §§ 161 and 162. As a rule it is much simpler to use the 
indefinite integral, but the reader will find it instructive to work 
through a few examples. 

Examples LXIV. 1. Evaluate [ xdx by dividing (a,b) into n equal 

J a 

parts by the points of division a = x a , x,, x t , .... x n = b, and calculating 
the limit as n -*■ oo of 

(*! - x 0 )J(x 0 ) + (x, - x, )/(x, > + ... + (x„ - x n _ 1 )/(x,_ 1 ). 

[This sum is 

^r[ 0+ ( a+ ^r) + ( a+2 ^) + - + { 0+(w ~ 1, ^r}] 

= ^~[no + 6 -^{l + 2+... + (n-l)}J = (6-o)|a + (6-o)^~^|, 
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[vn 


which tends to the limit J(6® — a a ) as n -*■ ao. Verify the result by graphical 
reasoning.] 


1° 

2. Calculate / xdx, where 0 < a < b, by dividing (a, b) into n parts by 

J a 

e points of division a, ar, ar a , .... ar' 1-1 , ar", where r n = 6/a. Apply the 

(t> 

me method to the more general integral I x m dx. 

J a 

3. Calculate ( x 2 dx, I cosmxdx and j sin midi by the method of 

J a J a ■'a 

\n when n -*■ oo. 


Ex. 1. 


n -1 j 

4. Prove that n Y. — - 

r=0 n‘ + r L 

[This follows from the fact that 


« 2 ’ >r n 1 + l 2 n 2 + (n 


1/n 

-l) 2 r-ol +(r/n)*’ 


r 1 dx 


when n-* oo, in virtue of the direct 


which tends to the limit I — 

Io 1 + z’ 

definition of the integral.] 

j n-1 j 1 

5. Prove that — 2 J(n* — r 1 ) -> \n. [The limit is | J( 1 — x l ) dx.] 
n r-0 JO 

165. General properties of the definite integral. The 

definition of the definite integral as the limit of a sum presupposed 
(i) that / is continuous and (ii) that a < h. We define its value, 
when a > b, by 

(1) 

and when a = b by 

( 2 ) 


f f(x)dx = - f f(x)dx, 
J a J b 

J f(x)dx = 0. 


These definitions become theorems if we define the integrals by means 
of the function F(x); for F(b) - F(a) = - {F[a) — F{b)}, F(a)-F(a) = 0. 

We have then, for any a and b, 


(3) 

(4) 


f f(x) dx + f f(x)dx = f f(x)dx. 

J a Jb J a 

J kf(x) dx = k J fix) dx. 
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(5) f {/(*) + <!>(x)}dx = f f(x)dx+ f <ft(x)dx. 

J a J a J a 

The reader will find it an instructive exercise to write out formal proofs 
of these properties, in each case giving a proof starting from (a) the defini¬ 
tion by means of the integral function and (ft) the direct definition. 


The following theorems are also important. 

(6) If f(x) g 0 when a g £ g 6, then J f(x) dx ^ 0. 

We have only to observe that the sum s of § 156 cannot be 
negative. It will be shown later (Misc. Ex. 43, p. 340) that the 
value of the integral cannot be zero unless/(x) is always equal to 
zero: this may also be inferred from the first corollary of § 122. 

(7) IfHgf(x)< K when a gx then 

H(b — a ) = J f(x)dx^K(b—a). 

This follows at once if we apply (6) to f(x) — H and K —f(x). 
r b 


( 8 ) 


J f(x)dx = ( b-a)f(i), 


where £ lies between a and b. 

This follows from (7). For we can take H to be the least and 
K the greatest value of f(x) in (a, b). Then the integral is equal to 
i](b — a), where t] lies between H and K. But, since f(x) is con¬ 
tinuous, there must be a value of f for which/(£) = 77 (§ 101 ). 

If F(x) is the integral function, we can write the result of ( 8 ) 

in the form , n , , „ . 

F(b)-F(a) = (b-a)F’(g), 

so that ( 8 ) appears now to be a special case of the mean value 
theorem of § 126. We may call ( 8 ) the first mean value theorem for 
integrals. 

(9) The generalised mean value theorem for integrals. 

i} <fi(x) is positive, and H and K are defined as in (7), then 

H f <ft(x) dx 5 f f(x) <}>{x) dx g K f <ft{x) dx ; 

J a J a J a 


HP M 


21 
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and f f(x)<f>(x)dx =/(£)[ <f>(x)dx, 

J a J a 

where £ lies between a and b. 

This follows at once by applying theorem (6) to the integrals 

f {/(*)- H}<p(x)dx, f {K —f(x)} <j>(x) dx. 

J a J a 

(10) The fundamental theorem of the integral calculus. 

The function . 

F {*) =J f(t)dt 

has a derivative equal to f(x). 

This has been proved already in § 148, but it is convenient to 
restate the result here as a formal theorem. It follows as a 
corollary, as was pointed out in § 162, that F(x) is a continuous 
function of x. 


Examples LXV. 1. Show, by means of the direct definition of the 
definite integral, and equations (l)-(6) above, that 

(i) I <j>(x l )dx = 2 I <j>(x a )dx, [ x0(x 2 )dx = O; 

J —a j 0 J —a 

fin fin _ fn 

(ii) I $(cosx)dx = I <j){s\nx)dx = J I <j>(&mx)dx’, 

Jo J 0 Jo 


fmn fir 

(iii) / <f>(cos 2 x)dx = m I 0{eos *x)dx, 

Jo Jo 


m being an integer. [The truth of these equations will appear geometrically 
intuitive if the graphs of the functions under the sign of integration are 
sketched.] 

(”Bin(n+$')0 . 


2. Prove that 


r 

J 0 


-dd — it 


sin ^0 

if n is a positive integer or zero. What is the value of the integral for 
negative integral n? 

fn sinna; 

3. Prove that / — : - dx is equal to n or to 0 according as n is odd or 

Jo suit 

even. (Math. Trip. 1833) 

. , f n /sinnaA* . 

4. Prove that / ( —- dx — nit 

J 0 \ smx / 

for all positive integral values of n. (Math. Trip. 1933) 
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[For Ex. 2 use the identity 
sin {n + k)x 

-—=— = 1 + 2 cos x + 2 cos 2x + . . + 2 cos nx, 

sin \x 

and for Ex. 3 the identity 
sin nx 

-= 2cos(n— l)a; + 2co8(n— 3) 

sin a; 

where the Jast term is 2 or 2 cos x. To prove Ex. 4, square the last identity 
and use Ex. tjtttt . 10.] 

5. If <f)(x) = lao + aiCOsar + hiSinrc + agCos 2x + + a„cosna;+ b n Bmnx, 

and k is a positive integer not greater than n, then 

/ 2 n r27i ,27f 

dx = tto 0 , I cos kx <J>{x) dx = 7Ta kt I srnfcr <f){x)dx — 7rb k . 

0 'o JO 

If k>n then the value of each of the last two integrals is zero. [Use 

Ex. lxiii. 9.] 

rb , b 


fb ,b 

6. If/(x) ^<j>(x) when agxgh, then ! fdx£ I <j>dx. 

J a a 

7. Prove that 

fin fin fin f in 

0< I sm’ ,+1 xdx< / am "xdx, 0< / tan" +1 xdx< I tan" xdx. 
Jo Jo Jo Jo 


8*. If n > I then 5 < 


dx 

.1 o7(l^ 


< 524. [The first inequality follows 


i VO-* 2 ") 

from the fact that yj(l — x a ") < 1, the second from the fact that 
• 1 dx 


/ ax 

9. Prove that i< I ---<i7r. 

Jo V(4-x z + x s ) 


10 . 


[2 dx 

9. Prove that -573< / - - - -< 595. [Put x= 1+u: 

J iy J(4:-3X + X 3 ) 

replace 2 + 3w a + u 3 by 2 + 4u a and by 2 + 3u 2 .] 

11. If a and <j> are positive acute angles then 

/■? dx <p 

™ Iq ^/(l — sin*a sin *$)' 

If a = <f> = Jjr, then the mtegral lies between -523 and -541. 


then 


12. Prove that 


( f(x)dx £ I | f(x) | dx. 
J a J a 


* Exb. 8-11 are taken from Gibson’s Elementary treatise on the calculus. 


21-2 
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[If a is the sum considered at the end of § 161, and cr' the corresponding 
sum formed from the function | f(x) |, then | tr | g < 7 '.] 


13. If | f(x) | <M, then 


/ f(x)<j>{x)dx 

J a 


S M / | <j>{x) | dx. 


166. Integration by parts and by substitution. It 

follows from § 141 that, if/'(a:) and <j>'{x) are continuous, 

f f(x)<f>'(x)dx =f(b)<p(b)-f(a)<j>{a)- f f'(x)<j>(x)dx. 

J a J a 

This formula is known as the formula for integration of a definite 
integral by parts. 

Again, we know (§ 136) that if F(t) is the integral function of 
f(t) then 

jf{<f>(x)}<f>’(x)dx = F{<f>(x)}. 

Hence, if <f>(a) = c, fi{b) = d, we have 

(* f(t)dt = F(d) — F(c) = F{<f>(b)} - F{tj>{a)} = f f{<j>(z)} <j>'{x)dx\ 

J c J a 

which is the formula for the transformation of a definite integral 
by substitution. 

These formulae often enable us to determine the value of a 
definite integral without knowledge of the form of the integral 
function F(x). The definite integral depends only upon the 
difference between two particular values of F(x), which may often 
be found by some special device when the form of F(x) is unknown. 


Examples LXVI. 1. Prove that 
/f> 


( xf"{x) dx = {bf'{b) —/(!>)} - {af'(a) -/(o)}. 

J a 

! b 

2. More generally, / x m f lm+1 \x) dx = F(b) — F(a), where 

J a 

F( x) = x m f {m) (x) — mi*- 1 / 1 *' 11 !!) + m{m — l)x m -*/< m -*>(x) —... + ( — 1 ) m m!f(x). 

3. Prove that 

I arcsinxdx = In— 1, f xarctanxdx = — i- 

Jo Jo 
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4. Prove that if a and b are positive then 

/"Iff i cos a: sin a :dx n 


I 


I o (a 2 cos 3 z + b* am 2 x) 2 4ab a (a + b) 

[Integrate by parts and use Ex. inn. 8.] 

6. Evaluate 


f s dx | 1 

Jix(l+x‘)’ Js 


dx 


l x(l +x a ) ’ Jb (x-3)V(: 
/■* IT dx 


p_ 

J- l*S + 7 c 


fcosai + sina; 
by appropriate substitutions. 


j * xdx 1 riff 
—, I , / sec* xdx, / ^(Uinx)dx, 

x+l) Jo l+v* / 0 /o 

/■*» 1 + 2 cos a* f i 

Jo (2 + cosa;) ! *’ / () 


„ „ , suit icon 3 xdx 

(2 + 0083 ;)' 

(Math. Trip. 1924, 1925,1926, 1931) 


then 


6. If f k (x) = / J(t) dt, fjjx) = I fi(t) dt . f k (x) = [ /*-!(«) dt, 

Ml i o ' o 

/*(*) = 77T 1 ,Ti f/W ^-t) k ~ l dt. (Math. Trip. 1933) 
(*- 1)V0 


[Integrate repeatedly by parts.] 

7. Prove by integration by parts that if u m „ = ( x m ( 1 — x) n di , where 

/o 

m and n are positive integers, then (m + n + 1) u„,„ = nu„, n _ l> and deduce 

m!n! 


that 


^m.n — 


(m + M+1)!’ 


; iff 1 

8. Prove that if u„= tan" xdx then u„ + u„_, =-Hence 

Jo n-1 

evaluate the integral for all positive integral values of n. 

[Put tan" a; = tan"~ 2 a: (sec 2 a; — 1) and integrate by parts.] 

/•iff n— 1 

9. Prove that if u„= am n xdx then u„ =-[Write 

Jo n 

sin" -1 x sin a: for sin" a; and integrate by parts.] 


10. Deduce from Ex. 9 that u„ is equal to 

2.4.6...(n— 1) 1.3.5...(n-1) 

3.5.7...n ’ ** 2.4.6 ...n ' 

according as n is odd or even. (Math. Trip. 1935) 

11. The second mean value theorem. If f(x) is a function of a which 
l^as a continuous differential coefficient of constant sign for all values of 
x from x = a to x = b, then there is a number § between a and b such that 

j f(x)<f>(x)dx - f(a)j^<jt(x)dx+J(b)j <j>(x)dx. 
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[Let f <j>(t) dx = 0(x). Then 
J a 

[ b f(x)<f>(x)dx= [ b f(x)0'(x)dx =f(b)<P(b)~ f" f(x)0(x)dx 
J a J a la 

fb 

= j(b)0(b)~0(g) / f'(x)dx, 
J a 


by theorem (9) of § 165: i.e. 

rb 


r 


f(x) <fi(x) dx =m 0(b) + {/(a) —f(b)} 0(Z), 

a 

which is equivalent to the result stated.] 

12. Bonnet’s form of the second mean value theorem. If j'(x) is 
continuous and of constant sign, and f(b) and f(a)—f(b) have the same 
sign, then rb ( x 

f(x)0(x)dx =/(o) / <j>(x)dx, 

J a ■'a 

where X lies between a and 6. For 

f(b) 0(b) + {f (a) -/(b)} 0(i) = Hf (a), 

where /i lies between 0(£) and 0(b), and so is the value of 0(x) for a value 
of x such as X. The important case is that in which 0 g/(b) </(x) g/(a). 

Prove similarly that if /(a) and f(b) — f(a) have the same sign, then 


rb rb 

J f(x)<j>(x)dx =f(b) j <j>(x)dx. 


where X lies between a and b. 

j*' 


(•*■ 8111 X I 2 

13. Prove that | / - dx <~ if X'>X> 0. [Apply the first 

\Jx x I X 

formula of Ex. 12, and note that the integral of sinx ovor any interval 
is numerically less than 2.] 

14. Establish the results of Ex. lxv. I by means of the rule for sub¬ 

stitution. [For example, in (iii), divide the range into m equal parts and 
use the substitutions x = n + y, x = 2n + y, _ ] 

rb (b 

15. Prove that I F(x)dx = F(a + b — x)dx. 

J a J a 

tin ri n 

16. Prove that / cos m x sm m xdx = 2 _m / cos m xdx. 

Jo Jo 

(n rn 

17. Prove that I x0(sinx) dx = \it / $4(sinx)dx. [Putx = 7 T-y.] 

Jo Jo 
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tr xein x f n 

18. Prove that - —dx = ln 1 , / xsir&x ooetxdx = ^jr 1 . 

Jo 1 + cos' x Jo 

(Math. Trip. 1927) 

19. Show by means of the transformation x = a cos a 6 + b sin* 6 that 
ft 

I •J(i x — a)(b — x)}dx= \n(b — a) 1 . 

J a 

20. Show by means of the substitution (a + b cos x) (a — 6 cos y ) = o* — 6’ 
that 

fjr I'IT 

I (a + bco&x)~"dx = (a 2 — I (a — 6cos y)"~ l dy 

Jo Jo 

when n is a positive integer and a> | 6 |, and evaluate the integral when 
n = 1, 2, 3. 


21. If m and n are positive integers then 
rb 

(x — a) m (b — x) n dx = (b — a ) m + n+1 


/ 
J a 


ml n ! 


(m + n+ 1)! 


[Put x = a + (b — a) y> and use Ex. 7.] 


167. Proof of Taylor’s theorem by integration by parts. 

We can use the method of partial integration to obtain another 
proof of Taylor’s theorem. 

Let j(x) be a function whose first n derivatives are continuous, 
and let 

F n (x) = f(b) -/(*) - (b - x)f(x) - ... - !>(*)• 

Then F ;\x) = - { ±0~p*\x), 

and so 

F n (a) = F n (b)~\y»dx = ( —J* (6 - x^f^x) dx. 

If now we write a + h for b, and transform the integral by putting 
x — a + th, we obtain 

hn-l 

% f(a + h)=f(a) + hf\a) + ...+jj^ l P”-»(a) + R n ...( 1 ), 


where 


( 2 ). 
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Now, if p is any positive integer not greater than n, we have, 
by theorem (9) of § 165, 

JV t ) n -V (,l) (o + th)dt = J X (1 -t)”-P(l -+ th)dt 
= (1 - + 6h) JV - 1)*- 1 dt, 

where 0 <6< 1. Hence 


(1 - 0) n -PfW(a + 6h) h n 
Kn ~ p(n- 1)! 


(3). 


If we take p = n we obtain Lagrange’s form of R n (§ 152). If on 
the other hand we take p = 1 we obtain Cauchy’s form, viz. 

(1 - d) n ~ l f M {a + 6h) h n 




(n-1)! 


•(4). 


This proof of Taylor’s theorem has the advantage of leading to an 
exact formula for R„, viz. (2), which does not involve an undetermined 
number 6. It is (considered simply as a proof of Lagrange’s form of the 
theorem) less general than that of § 160, since we have assumed the con¬ 
tinuity of/ (B) (x). The argument of § 160 can be modified so as to give the 
formulae (3) and (4). 


168. Application of Cauchy’s form to the binomial series. If 

f(x ) = (1+ X)™, where m is not a positive integer, then Cauchy’s form of 
the remainder is 

_ m(m— 1)... (m — n+ 1) (1 — ^) n_1 x" 

" — 1 . 2 ... (n— 1 ) (1 +6x) n - m ’ 

Now (1 — 6)/(l + 6x) is less than unity, so long as - 1 <x< 1, whether 
x is positive or negative; and (I + 8x) m ~ l is less than (1 +1 x I)”'- 1 if to> 1 
and than (1 — | x |) m_1 if m< 1. Hence 

I I < I m | (1 ± | x I )”- 1 j Djlxl^ p n , 

say. But p n -+ 0 as n -+ co, by Ex. xxvn. 13, and so R„ ->■ 0. The truth of 
the binomial theorem is thus established for all rational values of m and 
all values of x between — 1 and 1. It will be remembered that the difficulty 
in using Lagrange’s form, in § 152 (2), arose in connection with negative 
values of x. 


169. Approximate formulae for definite integrals. 
Simpson’s rule. There are a number of approximations to 
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x 

the value of a definite integral which are important in numerical 
work. The simplest is 

j 'J(x)dx = Mb-a){f(a)+f(b)} .(1). 

Here we replace the area A\ NP of § 148 by the polygon 
P 1 N 1 NP, and the formula is exact when f(x) is linear. It may be 
shown (see Ex. lxvh. 2, p. 330) that, if f(x) has two derivatives 
f'(x ) and/"(a;) 1 then the error in (1) is 

-Mb-affM 

for a value of £ between a and b. In practice, of course, we should 
divide up the range of integration into a number of smaller pieces 
and apply the formula to each of them separately. 

A much better formula is 

jj{x) dx = \(b - a) |/{a) + 4+/(&)} .(2), 

which is generally known as Simpson’s rule. We shall prove that, 
if f(x) has four derivatives f'(x),f(x),f"(x), and f lv (x), then the 
error in (2) is 

— i ts o<b — ®) 5 / lv (£) 

for a £ between a and b. Incidentally this proves that Simpson’s 
rule is exact for polynomials of the third or lower degree. 

We write c — h, c + h for a, b, and consider the function 
#) = ifr(h), 

rc+t 

where \jr(t) = f(x) dx-\t {/(c + 1) + 4 f(c) +f(c -1 )}. 

J C—t 

Differentiating three times, we find 

<*'(*)■=! {/(c + 1) - 2/(c) +/(c - <)} - it {/'(c + 1) -f’(c - 1)} - ^ ir{h), 

60t 8 
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Hence, by the mean value theorem, 

= + .(3), 

where f lies in (c — t, c +1). 

Now 0(0) = <j>(h) = 0, and therefore, by Rolle’s theorem, 
0 '(< 1 ) = 0 for a t x between 0 and h. Also 0'(O) = 0, and therefore 
<f>"(t 2 ) — 0 for a t 2 between 0 and t x , and a fortiori between 0 and h. 
Finally 0"(O) = 0, and therefore <j>"'(t 3 ) = 0 for a t 3 between 0 
and h. Hence, by (3) 

/**«) = 

for a E, between c — t 3 and c + t 3< and therefore between c — h and 
c + h. But this is 

rc+h /,5 

j c _J(x) dx -lh{f(c + h) + if(c)+f(c~h)} = -^/ Iv d) 
or 

jj( x ) dx = 1(6 - a) | f(a) + 4- j +/(6)| - 

In practice again we divide the range of integration into pieces 
and apply the rule to each, 

Examples LXVII. 1. Prove that, if f(x) has two derivatives, 
f(x + h)-2f{x)+f(x-h) = 6»/"(£), 

where £ lies between x — h and x + h. {Math. Trip. 1926) 

[Use the auxiliary function 

0(0 = /(*+<)-2/(*)+/(*-0-(£) [f{x+ h)-2f(x)+f(x-h)}.] 

2. Prove that the error in (I) above is — A (6 — a) 3 f"(£), where a< £< 6. 
[Use the auxiliary functions 

1 'C+t /1\3 

0(0 = J f(x)te-t{J(c + t)+f(c-t)}, = 

3. Prove that 

jj(x)dx = (b - a)f + '((■), 

where a<£<&. 
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4. Apply Simpson’s rule to the calculation of n from the formula 

in = f . [The result is -7833.... If we divide the integral into two, 

Jo l+* a 

from 0 to J and from J to 1, and apply the rule to each part, we obtain 
•7863916.... The correct value is '7853921_] 

rS 

5. Show that 8-9 <j ^/(4 + x , )dx<9. 


(Math. Trip. 1903) 


6. Apply Simpson's rule, with five ordinates, to calculate 


to two decimal places. 

r* 




x — j dx 
X 1 


{Math. Trip . 1934) 


7. Show that f x 3 J{ix — x 2 ) dx = 88 approximately. 
.'0 


{Math. Trip . 1933) 


170. Integrals of complex functions of a real variable. 

So far we have always supposed that the subject of integration in 
a definite integral is real. We define the integral of a complex 
function f(x) — <j>(x) + ii/r(x) of the real variable x, between the 
limits a and b, by the equations 

rb rb rb rb 

/(z)<fa= {<f>(x) + i\Jr(x)}dx = <j>(x)dx + i\ \{r(x)dx\ 

J a J a J a J a 

and it is evident that the properties of such integrals may be 
deduced from those of the real integrals already considered. 

There is one of these properties that we shall make use of 
later on. It is expressed by the inequality 

| f f(x)dx j ^ f | f(x) | dx .(1)*. 

| J a I J a 

This inequality may be deduced without difficulty from the 
definitions of §§161 and 162. If 3 V has the same meaning as in 
§ 161, <j> v and \jr v are the values of <p and fata point of 3 V , and 
/„ = <}>„ + iir„, then we have 

' f fdx = f <j>dx + i[ tjrdx = MmZ<j> v 3 v + iYtm.Z^r > ,8 t , 

* The corresponding inequality for a real integral was proved in Ex. lxv. 12. 
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and so I f fdx = | lim Sf v &„} = lim | Zf v $ v |; 

J J a | 

while J |/|<fce = ]im2;|/„ \S r 

The result now follows from the inequality 

It is evident that the formulae (1) and (2) of § 167 remain true 
when / is a complex function <f) + i\jr. 


MISCELLANEOUS EXAMPLES ON CHAPTER VII 


1. Verify the terms given of the following Taylor's senes: 

(1) tan x = x + lx 2 + i'jx 6 + . , 

(2) secx = 1+ix 2 +j^x 4 -!-..., 

(3) xeosecx = 1 + Jx 2 + ,Jn** +.... 

(4) xcotx = 1 — Jx 2 —/ s x 4 —.. . 


2. Show that if f(x) and its first n + 2 derivatives are continuous, and 
/<"+«(0)%0, (j n the value of 9 which occurs in Lagrange’s form 
of the remainder after n terms of Taylor’s senes, then 

„ 1 n /'"+ 2 >(0) , , 

" n+1 2(n+l) 2 (n + 2)/<"+«(0) 

[Follow the method of Ex. lv. 12.] 

3. Estabhsh the formulae 

m f(fi) 

9(a) g'(P) 


where /? Ues between a and 6, and 



/(“) 

f(b) 

m 


/(“) 

/'(/?) 

f"(y) 

(ii) 

9(a) 

9(b) 

9(c) 

= i(b — c) (c — as) (a — 6) 

9(a) 

9'(P) 

g"(y) 


h{a) 

h(b ) 

h(c) 


h(a) 

h’(P) 

h‘(y) 


where ft and y lie between the least and greatest of o, 6, c. [To prove (ii) 
consider the function 


(i) 


/(<*> m 

9(a) g(b) 


= (b-a) 


f(a) f(b) fix) 
9(a) g(b) g(x) 
h(a) h(b) h(x) 


(x — a) (x — b) 
(c-a) (o-b) 


f(a) m /(c) 
9(a) 9(b) g(c) 
h(a) h(b) h(o) 


4>{x) = 



170] ADDITIONAL THEOREMS IN THE CALCULUS 333 

which vanishes when x — a, x = b, and x = c. Its first derivative must 
vanish for two distinct values of x lying between the least and greatest of 
a, b, c, by Theorem B of § 122; and therefore its second derivative must 
vanish for a value y of x satisfying the same condition. We thus obtain 
the formula 


/(<*) 

fib) 

/(«) 


fia) 

fib) 

f’iy) 

9i a ) 

gib) 

(7(c) 

= i(fl-o)(c-6) 

9(a) 

gib) 

eTiy) 

h(a) 

m 

He) 


h{(i) 

m 

h’iy) 


The reader will now complete the proof without difficulty.] 

4. If F(x) is a function which has continuous derivatives of the first 
n orders, of which the first n — 1 vanish when x = 0, and A g F (n) (x) £ B 
when 0 5 x g h, then 

n! »! 

when OSriB. Apply this result to 

m -m ~^-/ < ”- i> (°), 

and deduce Taylor’s theorem. 

5. If A h 4>{x) = f>(x) — f>(x + h), A\<j>(x) = A h {A k <j>(x)}, and so on, and 
0(x) has derivatives of the first n orders, then 

A' h <j>ix) = 2 i-l) r ( n )<f>ix + rh) = (-&)"0<*>(£), 

r-0 'T' 

where £ lies between x and x + nh. [Use the auxiliary function 
0(<) = A J <j>(x) - Al <j>ix). 

Ex. lx vn. 1 is substantially the case n = 2.] 

6. Deduce from Ex. 5 that x n ~ m AJx m -*rn(m— 1)... (m — n+ l)h n 
when x-kx), m being any rational number and n any positive integer. In 
particular prove that 

x<jx{*jx — 2j{x+ l) + V(a: + 2)}-»--i. 

7. Suppose that y = is a function of x with continuous derivatives 
of the first four orders, and that 0(0) = 0, 0'(O) = 1, so that 

y = <t>{x) = x + a,x s + a,x*+ a 4 x 4 + o(x 4 ). 

Prove that 

% x = \jr(y) = y-a,y i + {2a^-a,)y > -{5al-5a,a, + a i )y* + o(y*), 
0(x)0-(x)-x> 


and that 
when x ■* 0 . 


x 4 
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8 . The coordinates (£, y) of the centre of curvature of the curve x = f(t), 
y = F(t), at the point (x, y), are given by 

l-x _ ij — y _ x' 3 + y' 3 
y‘ x' x'y' — x’y’’ 

and the radius of curvature of the curve is (x' ! + y' 3 )i/(x'y" — x"y'), dashes 
denoting differentiations with respect to t. 

9. The coordinates (£,»/) of the centre of curvature of the curve 
21 ay' 1 = 4x‘, at the point ( x, y), are given by 

3a(f + z) + 2z a = 0, i] - iy+(Qay)lx. 

(Math. Trip. 1899) 

10. Prove that the circle of curvature at a point ( x , y) will have contact 
of the third order with the curve if (1 + y\ ) y, = 3 y y y\ at that point. Prove 
also that the circle is the only curve which possesses this property at every 
point; and that the only points on a conic which possess the property are 
the extremities of the axes. [Cf. Ch. VI, Misc. Ex. 13 (iv).] 


11. The conic of closest contact with the curve 
y — ax 2 + bx 3 + ex* + ... + fa" 
at the origin is a 3 y ~ a l x 1 + a l bxy + (ac — b 3 ) y 2 . 

Deduce that the conic of closest contact at the point (£, rj) of the curve 
y =f(x) is 

18 ylT = 9yl(x-£) 2 + 6 yly 3 (x-i)T + (Ztitft - 4y]) T 2 , 
where T = (y — ri) — 'i] 1 (x—£,). (Math. Trip. 1907) 


12. Homogeneous functions*, If u = x n f(ylx.zjx ,...) then u is un¬ 
altered, save for a factor A", when x,y, z, ... are all increased in the ratio 
A: 1. In these circumstances u is called a homogeneous function of degree n 
in the variables x, y,z, _ Prove that if u is homogeneous and of degree 

n then = a a 

8u ou 8u 

x-— + y —i -z —(-... — nu. 
dx v 8y 8z 

This result is known as Eider's theorem on homogeneous functions. 


13. If u is homogeneous and of degree n then u x , u v , ... are homo 
. geneous and of degree n — 1. 


14. Let f(x,y) = 0 be an equation in x and y (e.g. x n + y n — x = 0), and 
let F(x,y,z ) = 0 be the form it assumes when made homogeneous by the 
introduction of a third variable z in place of unity (e.g. x n + y n — xz” -1 — 0). 

* In this and the following examples the reader is to assume the continuity of 
all the derivatives which ocour. 
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Show that the equation of the tangent at the point (£,)/) of the curve 

f(x.y) = o is 

xF t +yF v + F : = 0, 

where Fj, F^, Fj denote the values of F„ F v , F, when x = £, y = i), 
z = (=l. 


15. Dependent and independent functions. Jacobians or func¬ 
tional determinants. Suppose that u and v are functions of x and y 
connected by an identical relation 

<j>(u,v) = 0 . (1). 


Differentiating (1) with respect to x and y, we obtain 
dtp du dtp &v ^ dtpdu dtp dv 
du dx^~ dv dx ’ dudy^ dv by 
and, eliminating the derivatives of <p. 


u x u , 
V, V, 


= U x V y —U v V x = 0 


( 2 ), 

(3), 


where u„ u v , v z , v v are the derivatives of u and v with respect to x and y. 
This condition is therefore necessary for the existence of a relation such 
as (1). It can be proved that the condition is also sufficient , for this we 
may refer to Goursat’s Oours d'analyse, 3rd edition, vol I, pp. 126 et seq. 


Two functions u and v are said to be dependent or independent according 
as they are or are not connected by such a relation as (1) It is usual to 
call J the Jacobian or functional determinant of u and v with respect 
to x and y, and to write 

j _ r d(n,v) 

Similar results hold for functions of any number of variables. Thus three 
functions u, v, w of three vanablos x, y, z are or are not connected by a 
relation j4 (u, v, w) = 0 according as 


u x 

“v 


V, 



w. 

Wy 

W, 


d{u,v,w) 
d(x, y, z) 


does or does not vanish for all values of x, y, z. 


16. Show that ox 8 + by 2 + cz 8 + 2fyz + 2gzx + 2hxy can be expressed as 
a product of two linear functions of x, y, and z if and only if 
abc+Zfgh — aji — bg^ — ch* — 0. 

[Write down the condition that px + qy+rz and p'x + q'y + r'z should be 
connected with the given function by a functional relation.] 
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17. If u and v are functions of £ and ?), which are themselves functions 
of x and y, then 8(u,e) _ g(u, c) g(£, i?) 

8(x,y) ~ S(£,n) 8{x,y)' 

Extend the result to any number of variables. 


18. Let/(*) be a function of x whose derivative is 1 jx and which vanishes 
when* = 1. Show that ifn = f(x)+f{y),v = xy, then v, = 0,and 

hence that u and v are connected by a functional relation. By putting 
y = 1, show that this relation must be/(*)+/(y) = f(xy). Prove in a similar 
manner that if the derivative of f(x) is 1/(1+ x 2 ), and /(0) = 0, then f(x) - 
must satisfy the equation 


19. Prove that if/(*) 


/<*)+/(*) =/(£j) 
- r~ * 

~ Jo vH - -**) 


then 


/(*)+/(?/) =/ 


— a/*)-hj/V(1 — m*) 

l i + * v 


20. Show that if a functional relation exists between 

u =f(x) +/(y)+/( 2 ), v ~f(y)f(z) + f(z)f(x) +f(x)f(y), w - f(x)f(y)f(z), 
then/must be a constant. [The condition for a functional relation will be 
found to he 

f'W(y)f'(z){f{y)-f(z)}{f{z)-f(x)}{f(x)-f{y)} = 0.] 

21. If f(y, z), f(z, x), and /(*, y) are connected by a functional relation 

then f(x,x) is independent of x. {Math. Trip. 1909) 


22. If u = 0, v = 0, w = 0 are the equations of threo circles, rendered 
homogeneous as in Ex. 14, then the equation 

g(u, V, w) _ 

8(x, y, z) 

represents the circle which cuts them all orthogonally. 

{Math. Trip. 1900) 

23. Calculate - when 

S(x,y) 

x * y* y ® 

a* + A"^6* + A a*+/t'^b , +/i 


24. If A, B, C are three functions of * such that 
A A' A’ 

B B‘ B" 

C C C’ 


(Math. Trip. 1936) 
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vanishes identically, then we can find constants A, p, v suoh that 

Ad. ■+■ fiB -f- vC 

vanishes identically; and conversely. [The converse is almost obvious. To 

prove the direct theorem let a = BC'—B'C .Then a.' = BC’ — B"C,.... 

and it follows from the vanishing of the determinant that fty' — ji'y = 0,...; 
and so that the ratios x: ft: y are constant. But aA + + yC = 0.] 

25. Suppose that three variables x, y, z are connected by a relation 
in virtue of which (i) z is a function of x and y, with derivatives z„, z v , and 
(ii) a; is a function of y and z, with derivatives x v , x,. Prove that 

x y = z y jz xt x M = f/z x . 

[We have dz = z x dx + z v dy, dx = x v dy + x,dz. 

The result of substituting for dx in the first equation is 
dz = (z x Xy + Zy)dy + z x x t dz, 
which can be true only if z x x t + z v = 0, z x x t =1.] 

26. Four variables x, y, z, u are connected by two relations in virtue of 
which any two can be expressed as functions of the others. Show that 

= 0, y"z“x“ = —y\z\x\ — 1, x“z J + = 1, 

where y“ denotes the derivative of y, when expressed as a function of z 
and «, with respect to z. (Math. Trip. 1897, 1928) 


27. The variables x, y, z are connected by 

x 2 + y 2 + z‘ — 3 xyz = 0, 

and <p(x,y,z) = x 3 y 2 z. Determine the value of <j> x at (1,1,1) when the 
independent variables are (i) x and y, (ii) x and z; and explain geometrically 
the difference between the meanings of rj> x in the two cases. 

(Math. Trip. 1936) 


28. If x® = vw, y‘ = vm, z 2 = uv and f(x.y,z) = <p(u,v,w), then 

+ yfv + zf, = U<j> u + V0„ + W0„. 

(Math. Trip. 1933) 

29. Find the value of 0,(0,0) when 

x , , (x: + y) i (x~y) 

= y , +y ;~ 

unless x and y are both zero, and 0(0,0) = 0; and explain why 0(x, y) — 0 
jloea not define y as a single-valued function of x near the origin. 

(Math. Trip. 1928) 


30. The function 0(u, v, x, y) is homogeneous, of the second degree, in 
u, v; 0 U = p, 0, = q; and 0(u, v, x, y), when expressed in terms of p,q, x, y. 


HFk 


22 
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iB r/r(p,q,x,y). Prove that 

ft = u, f„ = v, f.~- <f> x , f x = - ft- 

(Math. Trip. 1936) 

[By Euler’s theorem (Ex. 12), uf u + vt/> t = 2<f>, or pu + qv = 2 f, when 
ti and v are expressed as functions of p, q, x, y. Hence 

u+pu v + qv„ = 2 f v . 

But f v = f„u, + favt=pu v + qv v , 

and so f v = u. The other results may be proved similarly.] 

31. If o>0, oc —6 S >0, and x^x,,, then 

l x ' dx 1 f (^-* 0 )v'(°°-6 s ) ) 

J Xt ax a + 2bx + e J(ac-b a ) loxiXo + bfXi + XoHcl 

the inverse tangent lying between 0 and n*. 


I * 

32. Evaluate the integral -- 

J — l 1 — 2 

is the integral a discontinuous function of a. ? 


sinadx 

- -„ ■ r or what values of a 

2x cos a + x 2 


(Math. Trip. 1904) 
[The value of the integral is \n if 2nn<a<(2n + })n, and — \ir if 
(2n — 1) n<a< 2nrt, n being any integer; and 0 if a is a multiple of w.J 

33. If ax* + 2 bx + c> 0 when x„ S x£ x„ f(x) = J(ax z + 26x + c), and 

y =/(*). 2/o =/(*o). yi=f(*i). x = (xi-*t)l(yi + yt), 

, f x >dx 1 , 1+X Ja 2 ,^ , 

^ i,7 = ^° g lW»' ^arotan { X«-a)), 

according as a is positive or negative. In the latter case the inverse 
tangent lies between 0 and in. [It will be found that the substitution 
x-x„ 


t = 


: o f x dt 

- reduces the integral to the form 2 / ---.] 

o Jq 1 — at* 


y+y<> 

34. Prove that 

36. If a > 1 then 


J 0 : 


dx 


i x + J(a , — x t ) 

f 1 


= i 77 - 


(Math. Trip. 1913) 


( vii; 

J-l <*- 


dx = n(a — yj(a l — 1)}. 


36. If p> 1, 0<g< 1, then 
dx 


/: 


V[(1 + (P*--(i-5*)*>] 


2t> 

(p + g)sin£i»’ 


where w is the positive acute angle whose cosine is (1 +pq)/(p+q). 


* In connection with Exs. 31, 33, 36, 38 see a paper by Bromwich in vol. xxxv 
of the Messenger of mathematics. 
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sin 2 Odd 2n 

37. Ifo>6>0,then / ---- =-—{a-^/(o*-6 4 )}. 

/o a — bcosd b 2 

(Math. Trip. 1904) 

38. Prove that if a > ^(b 1 -f c ! ) then 


f v '(g 4 -6 a -c»)) 


Jo a + b cos 0 + csind ^(a^ — b^ — c 1 ) 
the inverse tangent lying between 0 and n. 


39. Prove that if m > 1 and 


n.n = / SI 

JO 


sin m x cos nxdx, J, 


,„= sin” 1 x si 

J 0 


sin nxdx, 


then (m + n) = sin %nn — 

and express I m , n in terms of I m _when m£2. (Math. Trip. 1933) 

40. Prove, by integrating the inequalities 

1 —8in 4, ‘~ 1 a; 1—sm 2n x 1 —sin 2n+1 x 

2n — 1 > 2 n > 2n +1 

from 0 to i it, and using Ex. lxvi. 10, that 
/ 2n -1 \ 4n 


3.5... (2n+ 1) 

2.4... 2n ‘ 


41. Find a formula of reduction for 


/ sin 4 "- 1 

Jo 


(Math. Trip. 1924) 


9d8, and doduce that 


, . 1.3... (2n-3) . „ . 

1 = cos x + 4cos x sin 8 x +... -(-cos x sur " -2 x + r„, 

2.4... (2a— 2) 

lsin 3 a 1.3 ... (2n— 3)sin sn_1 a 

a = sm a + - --- +... + g 4 ( ^ — ? ) + *»’ 

where r„ = ~~ jf*~ fsin "-'BdO, 

2.4... (2n-2)J 0 

fa 3.5 ... (2n — 1) fa 

and R n = r nd x = —- -—-— / (a-x) sin 2 "- 1 stir. 

Jo 2.4... (2n— 2) Jo 

Prove that x + a cos xgxifOgxgag ^7T, and hence that 

R n = ~~‘—■——1; —— a sin 2 " a. (Math. Trip. 1924) 
2.4 ... 2n 

42. Prove, by the substitution ^(1 + x 4 ) = (1 + x 2 ) cosor otherwise, 

that M-x* dx 7T 

/-- —-— - — r . (Math. Trip. 1923) 

; 0 l+xV(l + ^) 4^/2 ' y ) 


22-2 
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43. If f(x) is continuous and never negative, and / f(x)dx = 0, then 

J a 

f(x) — 0 for all values of x between a and b. [If f[x) were equal to a positive 
number k when x = £, say, then we could, in virtue of the continuity of 
}{x), find an interval (£ — £,£ + £) throughout which/(a:) > and then the 
value of the integral would be greater than £fc.] 

44. Schwarz's inequality. Prove that 


fiijrdx'j g j (fr'dx j * xjf , dx. 


[Observe that 

rb rb rb rb 

/ (A0 +fu/r)*dx = A* / 0 a dz+2A^il dx + P* \ dx 
J a J a 'a J a 

cannot be negative. The inequality can also be deduced as a limiting case 
from Cauchy’s inequality (Ch. I, Misc. Ex. 10).] 

45. If P n [x) = - — - (~ ) {(x-a) {P-X)} n , then P„[x) is a poly- 


(/J-a)«nl \dxJ 
nomial of degree n, which possesses the property that 

tfi. 


i: 


P„(x)0(x)dx = 0 


if 6{x) is any polynomial of degree less than n. [Integrate by parts m + 1 
times, where m is the degree of d(x), and observe that 0 {m+1 >(x) = 0.] 
rp 

46. Prove that / P m (x) P„(x)dx = 0 if m=t=n, but that, if to = n then 

■'a 

the value of the integral is (/? —oc)/(2n+ 1). 

47. If Q„(x) is a polynomial of degree n, which possesses the property 
rfi 

that / Q„(x) 0(x) dx = 0 if 6{x) is any polynomial of degree less than n, 
a 

then Q„(x) is a constant multiple of P„[x). 

[We can choose k so that Q„ — KP n is of degree n — 1: then 

j^Qn(Qn-KP„)dx = 0, j^P „(Q„ — kP „)dx = 0, 

' n J et. 


ip 

/ (Qn-tPn 
J a 


Ydx = 0. 


and so 

Now apply Ex. 43.] 

48. If <p(x) is a polynomial of the fifth degree, then 


/ 


<f>(x)dx = ,VW(*1 + H(i) + 50{ft)}, 


a. and /3 being the roots of the equation x* — x+-fo = 0. 

[Math. Trip. 1909) 



CHAPTER VIII 


THE CONVERGENCE OF INFINITE SERIES 
AND INFINITE INTEGRALS 

171. In Ch. IV we explained what was meant by saying 
that an infinite series is convergent, divergent, or oscillatory, and 
illustrated our definitions by a few simple examples, mainly 
derived from the geometrical series 

1 + x + x 2 + ... 

and other series connected with it. In this chapter we shall 
pursue the subject in a more systematic manner, and prove a 
number of theorems which enable us to determine when the 
simplest series which occur commonly in analysis are convergent. 

We shall often use the notation 

n 

+ + —+«„ = 3 >„ 

m 

cc 

and write 2 u„, or simply Hu n , for the infinite series 

«„ + «i + «*+...*. 

172. Series of positive terms. The theory of the con¬ 
vergence of series is comparatively simple when all the terms of 
the series considered are positivet- We shall consider such series 
first, not only because they are the easiest to deal with, but also 

* It is immaterial whether we denote our series by u L +u t +... {as in Ch. IV) or 
by + + ... (as here). Later in this chapter we shall be concerned with series of 

the type a 0 +a x x + a^z* + ...: for these the latter notation is clearly more convenient. 
We shall therefore adopt this as our standard notation. But we shall not adhere to 
it systematically, and we shall suppose that u r is the first term whenever this course 
ib more convenient. It is more convenient, for example, when dealing with the 
series to suppose that u n = 1/n and that the series begins with u lf 

than to suppose that u n ~ l/(n +1) and that the series begins with This remark 
applies, e.g., to Ex. Lxvm. 4. 

f Here and in what follows ‘positive’ is to be regarded as including zero. 
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because the discussion of the convergence of a series containing 
negative or complex terms can often be made to depend upon 
a similar discussion of a series of positive terms only. 

When we are discussing the convergence or divergence of a 
series we may disregard any finite number of terms. Thus, when 
a series contains a finite number only of negative or complex 
terms, we may omit them and apply the theorems which follow 
to the remainder. 

173. It will be well to recall the following fundamental 
theorems established in §77. 

A. A series of positive terms must be convergent or diverge to oo, 
and cannot oscillate. 

B. A necessary and sufficient condition that Eu n should be 
convergent is that there should be a number K such that 

«(, + «!+. ..+u n <K 

for all values of n. 

C. The comparison theorem. If Eu n is convergent , and 
v n g u n for all values of n, then Ev n is convergent, and Ev n g Eu n . 
More generally, if v n g Ku n , where K is a constant, then Ev n is 
convergent and Ev n g KEu n . And if Eu n is divergent , and v n g Ku n , 
with a positive K, then Ev n is divergent. 

Moreover, in inferring the convergence or divergence of Ev n 
by means of one of these tests, it is sufficient to know that the 
test is satisfied for sufficiently large values of n, i.e. for all values 
of n greater than a definite value n 0 . But of course the con¬ 
clusion that Ev n g KEu n does not necessarily hold in this case. 

A particularly useful case of this theorem is 

D. If Eu n is convergent (divergent) and ujv n tends to a limit 
other than zero as w->oo, then Ev n is convergent ( divergent). 

174. First applications of these tests. The most im¬ 
portant theorem we have proved about the convergence of any 
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particular series is that Er n is convergent if r < 1 and divergent 
if r g 1*, and it is natural to take u n = r n in Theorem C. We find 

1. The series Ev n is convergent if v n g Kr n , where r < 1, for all 
sufficiently large values of n. 

When K — 1, this condition may be written in the form v][ n g r. 
Hence we obtain what is known as Cauchy’s test for the conver¬ 
gence of a series of positive terms; viz. 

2. The series Ev n is convergent if v]l n g r, where r< l, for all 
sufficiently large values of n. 

On the other hand 

3. The series Ev n is divergent if v\[ n ^ 1 for an infinity of values 
of n. 

This is obvious because v)[ n 5 1 involves v n g 1. 


Q 175. Ratio tests. There are also very useful tests involving 
the ratio v n+ Jv n of two successive terms of a series. In these we 
must suppose u n and v n strictly positive. 

Suppose that u n > 0, v n > 0, and that 


‘Ol+l 


^ u n+l 
~ U„ 


(1) 


for sufficiently large n, say for n g n 0 . Then 


n o+l ^0+2 


-V — 
</ n 0 = 


*n„+l “«.+2 


V„ - 


so that v n g Ku n , where K is independent of n. Similarly 


V n+1 u n+l ^ 

»n = “» . V 

for n g n 0 implies v n g Ku n , with a positive K. Hence 

4. If (1) is true for sufficiently large n, and Eu n is convergent, 
then Ev n is convergent. 

5. If (2) is true for sufficiently large n, and Eu n is divergent , then 
Ev n is divergent. 


Throughout this chapter r is positive, in the wider sense whioh includes zero. 
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Taking u n = r n in Theorem 4 we find 

6. The aeries Zv n is convergent if v n+1 /v n g r, where r < 1, for all 
sufficiently large n. 

This test is known as d’Alembert’s test. The corresponding 
divergence test, that Zv n is divergent if v n+1 /v n 2: r, where r g 1, 
for all sufficiently large n, is trivial. 

We shall see later that d’Alembert’s test is theoretically less 
general than Cauchy’s, in that Cauchy’s test can always be 
applied when d’Alembert’s test can, and often when it cannot: 
see, for example, Ex. lxviii. 9 below. Ratio tests are useless for 
‘irregular’ series, such as 0 + 1 + 0+1 + 0+1 + .... None the less 
d’Alembert’s test is very useful in practice, because when v n is 
a complicated function v n+1 [v n is often much less complicated 
and so easier to work with. 

It often happens that v n+1 /v n or v]( n tends to a limit as co*. 
When this limit is less than 1, it is evident that the conditions of 
Theorems 2 or 6 above are satisfied. Thus 

7. If v][ n or v n+1 /v n tends to a limit less than unity when n -> oo, 
then Zv n is convergent. 

It is almost obvious that if either function tends to a limit 
greater than unity, then Ev n is divergent. We leave the formal 
proof of this as an exercise to the reader. But when v)[ n or 
v n+il v n tends to 1 these tests fail. They fail also when v)[ n or 
v n+il v n oscillates in such a way that, while always less than 1, it 
assumes for an infinity of values of n values approaching in¬ 
definitely near to 1; and the tests which involve v n+ fv n fail also 
when that ratio oscillates so as to be sometimes less than and 
sometimes greater than 1. When v\l n behaves in this way Theorem 
3 is sufficient to prove the divergence of the series. But it is clear 
that there is a wide margin of cases in which more subtle tests 
will be needed. 

* It will be proved in Ch. IX (Ex. i.xxxvii 30 ) that vjj"-*l whenever v n+l /v n ->-l. 
That the converse is not true may be seen by supposing that t'„ = 1 when n is odd 
and v„ = 2 when n is even. 
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Examples LXVIII. 1. Apply Cauchy’s and d’Alembert’s teste (as 
specialised in 7 above) to the series En*r n , where k is a positive integer. 


v. \ n J 


and d’Alembert’s test shows that the series is convergent if r<l and 
divergent if r> 1. The test fails if r = 1; but the series is then obviously 
divergent. Since limn 1 '" = 1 (Ex. xxvn. 11), Cauchy’s test leads to the 
same conclusions.] 

2. Consider the series Z (An k + Bn k ~ 1 + ... + K) r". [We rnay suppose 
A positive. If the coefficient of r n is denoted by P(n), then P(n) ~ An k and, 
by D of § 173, the series behaves like Zn k r".] 

An k +Bn k ~ l + ... + K 

3. Consider Z - - — - -r" (A>0,cc>0). 

an , + /3n‘~ 1 + ... + K 

[The series behaves like Zn k ~ l r". The case in which r = l, k<l requires 
further consideration.] 

4. We have seen (Ch. IV, Mise. Ex. 25) that the series 

„ 1 1 
n(«+l)’ ~n.(n+ 1)... (n+p) 

are convergent. Show that Cauchy’s and d’Alembert’s tests both fail 
when applied to them. [For lim u l J n = lim («„ +1 /u„) = 1.] 

5. Show that the series Zn~ v , where p is an integer not less than 2, is 
convergent. [Since n(n + 1)... (n+p— 1 )~n r , this follows from the con¬ 
vergence of the series considered in Ex. 4. We proved in §77 (7) that 
the series is divergent if p = 1, and it is obviously divergent if p £ 0.] 

6. Show that the series of Ex. 3 is convergent if r = 1, J> fc+ 1, and 
divergent if r — 1, is=fc + 1. 

7. If m„ is a positive integer, and m n+1 >m„, then the series Zr m « is 
convergent if r<l and divergent if rSl. For example the series 
l+r + r 4 + r*+... is convergent if r< 1 and divergent if r 5 1. 

8. Sum the series 1 + 2r + 2r* + ... to 24 places of decimals when r = -1 
and to 2 places when r = -9. [If r = • 1, then the first 6 terms give the sum 

»1'2002000020000002, and the error is 

2r“ + 2r M +... <2r“ 5 + 2r»« + 2r* 7 + ... = 2r“/(l -r 11 )<3.10-“. 

If r = -9, then the first 8 terms give the sum 5'458..., and the error is less 
than 2r“/(l-r”)<-003.] 
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9. If 0 <a<b< 1, then the series a + 6 + a 8 + 6 s + o s +... is convergent. 

Show that Cauchy’s test may be applied to this series, but that d’Alem¬ 
bert'a test fails. [For = (&/a)“ +1 -r oo, v s „ +> /v an+ i = 6(a/6)’ 1+2 ->-0.] 

10. The series JS7— and S — are convergent for all r, and Sn! r* and 

n ! n" 


Sn n r n for no r except r = 0. 


(Math. Trip. 1935, 1936) 


„/ nr \" „{(n + l)r) n 

11. The senes 171-) , S- -——• 

\n +1/ n n+1 


are convergent if r< 1 and divergent ifrg 1. (Math. Trip. 1927, 1928) 
[Use § 73 and § 77 (7) when r = 1.] 

u n 

12. If Su- is convergent then so are Sul and 17— 

l+«„ 

13. If Sul is convergent then so is Sn~ 1 u„. [For 2n~ 1 u„ g u\ + n~ a and 
Sn~‘ is convergent.] 

H. Show that l+f s +g- i +- = jfl + } 1 +§- a + ---)and 

1 L i. i i 1 1 -111 1 1 s 

+ 2^ + 3 a + 5 a + 6~ a+ 7 a + '9 a + ''' ~ 16V 1 + 2 2 + 3 a+ "'j' 

[To prove the first result we note that 

1+ i + i + - = ( 1+ ^) + (i + i) + - 

, ii l/ii \ 

= 1 + 3i + ^ + - + 2«( 1 + 2i + 3' a+ -)’ 

by Theorems (8), (6) and (4) of § 77.] 


15. Prove by a reductio ad abeurdum that Sn- 1 is divergent. [If the 
series were convergent we should have, by the argument used in Ex. 14, 

l + i +J + = (l + J + s + -..) + i(l + i + 4 + ...), 

or 4 + l + 4+ ... = l + i + i + ... 

which is absurd, since every term of the first series is less than the corre¬ 
sponding term of the second.] 


176. Before proceeding further in the investigation of tests 
of convergence and divergence, we shall prove an important 
general theorem concerning series of positive terms. 
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Dirichlet’s theorem*. The sum of a series of positive terms 
is the same in whatever order the terms are taken. 

This theorem asserts that if we have a convergent series of 
positive terms, u 0 + % + u 2 4 - ... say, and form any other series 

v 0 + v 1 + v i +... 

out of the same terms, by taking them in any new order, then the 
second series is convergent and has the same sum as the first. 
Of course no terms must be omitted: every u must come some¬ 
where among the v's, and vice versa. 

The proof is extremely simple. Let s be the sum of the series 
of m’s. Then the sum of any number of terms, selected from the 
u’b, is not greater than s. But every v is a w, and therefore the 
sum of any number of terms selected from the v’s is not greater 
than s. Hence Ev n is convergent, and its sum t is not greater 
than 8. But we can show in exactly the same way that sgf. 
Thus s - t. 


y- 177. Multiplication of series of positive terms. An 

immediate corollary from Dirichlet’s theorem is the following 
theorem: ifu 0 + u l + u 2 +... and v 0 + + v 2 +... are two convergent 
series of positive terms, and s and t are their respective sums, then 
the series 

Mq» 0 + ( U 1 W 0 + M 0* ; l) + (“2^0 + M D’i + u * v z) + • • ■ 
is convergent and has the sum st. 

Arrange all the possible products of pairs u m v n in the form of 
a doubly infinite array 



* This theorem seems to have first been stated explicitly by Diriohlet in 1837. 
It was no doubt known to earlier writers* and in particular to Cauchy. 
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We can rearrange these terms in the form of a simply infinite 
series in a variety of ways. Among these are the following. 

(1) We begin with the single term u 0 v 0 for which m + n = 0; 
then we take the two terms u x v 0 , u 0 v 1 for which m + n = 1; then 
the three terms u 2 v 0 , u x v lt u 0 v 2 for which m + n = 2; and so on. 
We thus obtain the series 

«o»o + («i«o + u 0 v x ) + (u 2 v B + u 1 v 1 + u 0 v 2 ) +... 
of the theorem. 

(2) We begin with the single term u 0 v 0 for which both suffixes 
are zero; then we take the terms u x v 0 , u I v v u 0 v l which involve 
a suffix 1 but no higher suffix; then the terms u 2 v 0 , u 2 v v u 2 v 2 , 
u x v 2 , u 0 v 2 which involve a suffix 2 but no higher suffix; and so on. 
The sums of these groups of terms are respectively equal to 

Vo- ( M o + w i)K + t ’i)-Vo- 

(u„ + u x + u 2 ) (v 0 + tq + v 2 ) - (u 0 + u 1 )(v B + v i), ... 

and the sum of the first n + 1 groups is 

(«„ + %+. ..+« n )(v 0 + r 1 +...+t n ), 

and tends to st as n -» oo. When the sum of the series is formed in 
this manner the sum of the first one, two, three, ... groups com¬ 
prises all the terms in the first, second, third, ... rectangles 
indicated in the diagram on p. 347. 

The sum of the series formed in the second manner is st. But 
the first series is (when the brackets are removed) a rearrangement 
of the second; and therefore, by Dirichlet’s theorem, it converges 
to the sum st. Thus the theorem is proved. 

Examples LXIX. 1. Verify that if r < 1 then 
i. + r , + r + r* + r* + r s +... - l + r + r* + r l + r , + r , + ... = 1/(1 — r). 

2*. If either of the series u„ + u 1 +..., v 0 + v x +... is divergent, then so 
is the series u<,v 0 + (« l w 0 + u 0 v 1 ) + (ujV 0 + u I t>i-(-M 0 v,) +.... except in the 
trivial case in which every term of one series is zero. 


* In Exa. 2—4 the aeries considered are of course series of positive terms. 
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3. If the series u i + u l + ..., t) 0 + v, +..., u> 9 + w 1 + ... converge to sums 
r, a, t, then the series SX k , where A* = Xu„v n w T , the summation being 
extended to all sets of values of m, n, p such that m + n+p = k, converges 
to the sum rat. 

4. If Xu„ and Xi>„ converge to sums a and t, then the series Xw„, where 
w n = Xu t v m , the summation extending to all pairs l, m for which Im = n, 
converges to the sum at. 

1 78. Further tests for convergence and divergence. 

The examples on pp. 345-6 suffice to show that there are simple 
and interesting types of series of positive terms which cannot be 
dealt with by the general tests of §§ 174r-5. In fact, if we consider 
the simple typeof series in which u n+ Ju n tends to a limit as n-> oo, 
the tests of §§174-5 generally fail when this limit is 1. Thus in 
Ex. lxviii. 5 these tests failed, and we had to fall back upon 
a special device, which was in essence that of using the series of 
Ex. Lxvm. 4 as our comparison series, instead of the geometric 
series. 

The fact is that the geometric series, by comparison with which the 
tests of §§ 174-5 were obtained, is not only convergent but very rapidly 
convergent. The tests derived from comparison with it are therefore 
naturally very crude, and much more delicate tests are often wanted. 

We proved in Ex. xxvn. 7 that n*r" ->0 when n -+oo, provided r< 1, 
whatever the value of k; and in Ex. lxviii. 1 we proved more than this, 
viz. that the series £n k r " is convergent. It follows that the sequence 
r , r', r*, ..., r", ..., where r < 1, diminishes more rapidly than the sequence 

l - *, 2 - *, 3-*, .... n~ k .This seems at first paradoxical if r is not much 

less than unity and k is large. Thus of the two sequences 

3> ft, iV> •••; 1. raWt!i'iii> 

whose general terms are (f)" and n~ ls , the second seems at first sight to 
decrease much more rapidly. But if only we go far enough into the 
sequences we shall find the terms of the first sequence very much the 
smaller. For example, 

» (i ) 4 = (I) 1S <(?.)»<(*)*. (tr K, <(*) 1M . 

while 1000- 11 = 10'”; 

so that the 1000th term of the first sequence is less than the I0 180 th part of 
the corresponding term of the second sequence. Thus the series 17(f )" is 
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very much more rapidly convergent than the series Z’n -1 *, and even this 
series is very much more rapidly convergent than 27n-**. 

There are two tests, Maclaurin’s (or Cauchy’s) integral test 
and Cauchy's condensation test, which are particularly useful 
when those of §§ 174-5 fail. In these we make an additional 
assumption about u n , viz. that it decreases steadily with n. This 
condition is satisfied by the most important series. 

But before we proceed to these two tests, we prove a simple 
and useful theorem which we shall call Abel's theorem f. It states 
a necessary condition for the convergence of series of this par¬ 
ticular type. 

179. Abel’s (or Pringshelm’s) theorem. 7/ Su n is a convergent 
series of positive and decreasing terms , then lim nu n = 0. 

For it„ +1 + u„ +l +... -» 0, and a fortiori 

U n +1 + «„+ 2 + ■ • ■ + «2„ -* 0, 

and the left-hand side is at least nu 2 „. Hence 2 nu t „ = 2(nu,„) -* 0. Also 

2n+ 1 

(2n + 1) m,„ +1 S — 2nu t „-r 0; 
and therefore nu n -r0. 


Examples LXX. 1. Use Abel’s theorem to show that L'rr 1 and 
£(an + b)~ l are divergent. [Here nu„-r 1 or nu„ 1/a.) 


2.’ Show that Abel’s theorem is not true if we omit the condition that 
M„ decreases as n increases. [The series 

, 111111111 

1 A — q— A — -I - — A — H— -— A — A ■- 

2 2 3 2 4 5 2 6 2 7 2 8 2 9 10 2 


in which u„ = 1 jn or 1/n 2 , according as n is or is not a perfect square, is 
convergent, since it may be rearranged in the form 


i i i i 2 
2 2 + 3 2 + 6 2 + B 2 + 7* + 8* + 10 2 + " ’ 



1 1 \ 
'i + 9 + 


and each of these series is convergent. But, since nu„ = 1 whenever n is 
a perfect square, it is not true that nu„-r 0.] 


* Five terms suffice to give the sum of £n~ n correctly to 7 places of decimals, 
whereas some 10,000,000 are needed to give an equally good approximation to Zrr 1 . 
A large number of numerical results of this character will be found in the appendix 
(compiled by Mr J. Jackson) to the author’s tract “Orders of infinity” (Cambridge 
nd. tracts. No. 12). 

t The theorem was discovered by Abel but forgotten, and rediscovered by 
Pringsheiln, 
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3. The converse of Abel’s theorem is not true, i.e. it is not true that, if u„ 
decreases with n and lim nu„ — 0, then Su n is convergent. 


[Take the series Znr 1 and multiply the first term by 1, the second by 4, 
the next two by 4, and next four by J, the next eight by 4. and so on. On 
grouping in brackets the terms of the new series thus formed we obtain 

1 + 4-4+4(4 + 1) + 4(4 + 4+t +J) + ---; 

and this series is divergent, since its terms are greater than those of 

1 + 4-4 + 4-4 + i-4+ -•» 


which is divergent. But it is easy to see that the terms of the series 


i + 4-4 + 4-4+4-i + i-4 + i-4 + --- 


satisfy the condition that nu„-+0. In fact nu„ = l[v if 2 v ~ a < n 2’’ -1 , 
and v -r 00 as n -> 00 .] 


180. Maclaurin’s (or Cauchy’s) integral test*. If u n 

'decreases steadily as n increases, we can write u n = <fi(n) and 
suppose that 0 (w) is the value assumed, when x = n, by a con¬ 
tinuous and steadily decreasing function of the continuous 
variable x. Then, if v is any positive integer, we have 

<f>(v- 1 )>ip(x)^<j>(v) 
when v—1 £ x£v. Let 

= <P(v- 1 ) — f <j>{x)dx = f \)~<p(x)}dx, 

Jy-l Jp-l * . 

so that 0 gv v g^(v-l)-[S(v). 

Then Uv u is a series of positive terms, and 

v 2 + v 3 + ...+v n S<f>(\)-(j>(n) 5 0 ( 1 ). 

Hence Sv, is convergent, and so v 2 + v 3 +... + v n or 

2 $(v)~ f <j>(x)dx 
1 J 1 

tends to a positive limit, not exceeding 96 ( 1 ), when 00 . 

'Let us write 0(f) = J <j>(x)dx, 

* The test was discovered by Maclaurin and rediscovered by Cauchy, to whom 
it is often attributed. 
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so that 0(i) is a continuous and steadily increasing function of £. 
Thon w 1 + « 2 + &(n) 

tends to a positive limit, not greater than <f>( 1 ), when n oo. Henoe 
Eu„ is convergent or divergent according as &(n) tends to a limit 
or to infinity as «.-> oo, and therefore, since &(n) increases 
steadily, according as <P(£) tends to a limit or to infinity as £ -» oo. 
Hence if <f>(x) is a function of x which is positive and continuous for 
aU values of x greater than unity, and decreases steadily as x increases , 
then the series <f(i) + (5(2)-f-... 

does or does not converge according as 

&(£) — j ^4>{x)dx 

does or does not tend to a limit l as £ -*■ oo; and, in the first case, the 
sum of the series is not greater than <f(\) + 1. 

The sum must in fact be less than (6(1) -)-Z. For it follows from (6) of 
§ 105, and Ch. VII, Misc. Ex. 43, that w„< </>(v~ 1) - rj>(v) unless <f>{x) — <j>(v) 
throughout the interval (v — 1, v); and this cannot be true for all values of v. 


181. The series En~“. Much the most important applica¬ 
tion of the integral test is to the series 

1 -* + 2~» + 3~* +... + n~‘ +..., 

where s is any rational number. We have seen already (§ 77 and 
Exs. lxvih. 16, lxx. 1) that the series is divergent when s — 1. 

If s £0 then it is obvious that the series is divergent. If s>0 
then u n decreases as n increases, and we can apply the test. Here 



P --1 

l-« ’ 


unless s = 1 . If 8 > 1 then £ 1-8 -*■ 0 as £ -> oo, and 


«(£)■ 


8 — 1 


= l, 


say. And if s< 1 then Ef-’-tco as £ ->oo, and so <P(£)-*oo. Thus 
the series Zn~‘ is convergent if s > 1 , divergent if s < 1 , and in the 
first case its sum is less than sj{s - 1 ). 
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We could of course prove that the series is divergent when «< 1 by 
comparing it with the divergent series Err*. 

It is however interesting to see how the integral test may be applied to 
the series En' 1 , when the preceding analysis fails. In this case 

_ _ dx 

®(£) = / 

J l * 

and it is easy to see that d>(£) -v co when £ -*■ oo. For if £> 2" then 
/%*dx ( 2 dx f i dx 1 2 " dx 

< &{i)> I - = / — + / -+ •••+/ -■ 

J\ x Ji x J 2 x x 

But by putting x = 2 'u we obtain 

f^'dx _ f 2 du 
Jr X J l u 


, f‘du 
’#(£)>«/ —, 
J 1 U 


which shows that &(£) -» oo when £-*cc. 


Examples LXXI. 1. Prove by an argument similar to that used above, 

(^ dx 

and without integration, that <P(£) = / —, where s < 1, tends to infinity 

J \ x a 

with £. 

2. The series X»“ a , En~’, En I« are convergent, and their sums are not 
greater than 2, 3, 11 respectively. The series En~i, En~ 1? are divergent. 

n' 

3. The series E — -, where o>0, is convergent or divergent 
according as J > l+aorigl+a. [Compare with En‘~ t .] 

4. Discuss the convergence or divergence of the series 

^a l n‘i + a t nh + ... +a k n’i 
b l n’i + b > n‘s +... +b l n t i ’ 

where all the letters denote positive numbers and the s' s and t’s are 
rational and arranged in descending order of magnitude. 

5. Prove that if to > 0 then 

11 1 m +1 

to* "*"(to+ l) a "*"(m + 2) 8 "*'' m s 


6. Prove that 


y —— 

l n’+l 




7. Prove that 


■i 7r< 2-;- i<t Tr - 

i o> + »' 


(Math. Trip. 1909) 


HPM 
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8. Prove that 


2Vn_ 2 < 7T + 72 + - + ^ <2> — 1( 


(Math. Trip. 1911) 


9. If <f>(n) -*l> 1 then the series is convergent. If <f>(n) -*■ l < 1 

then it is divergent. 

10. Prove that if a > 0, 6 > 0, and 0 < s < 1, then 

(a + nb) l ~‘ 

ijr(n) - (a+ &)"'+(a+26)-'+...+(a+ n&)-' -rr;-— 

0(1 — 8 } 

tends to a limit A when n -v cc. Prove also that 0(n) — 0(n — 1) = 0(n _ *- 1 ), 
and deduce that *jr(ri) = A + 0(n~‘). (Math. Trip. 1926) 


182. Cauchy’s condensation test. The second of the two 
tests mentioned in § 178 is as follows: if u n = 0(n) is a de¬ 
creasing function of n, then the series Ef>(n) is convergent or divergent 
according as 22”0(2”) is convergent or divergent. 

We can prove this by an argument which we have used already 
(§ 77) for the special series En- 1 . In the first place 

0(3)+ 0(4) £20(4), 

0(5) + 0(6) + 0(7) + 0(8) £ 40(8), 


0(2" + 1) + 0(2” + 2) + ... + 0(2”+‘) & 2”0(2”+ 1 ). 

If 2'2”0(2 n ) diverges then so do Z'2”+ 1 0(2” +1 ) and 2'2”0(2" +1 ), 
and then the inequalities just obtained show that 20(a) diverges. 

On the other hand 

0(2) + 0(3) S 20(2), 0(4) + 0(5) + 0(6) + 0(7) < 40(4), 

and so on; and from this set of inequalities it follows that if 
22”0(2”) converges then so does E<f>{n). Thus the theorem is 
established. 

For our present purposes the field of application of this test is 
practically the same as that of the integral test. It enables us 
to discuss the series En~‘ with equal ease. For En~ e will converge 
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or diverge according as Z2 n 2~ ns 
according as s > 1 or « g l. 
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converges or diverges, i.e. 


Examples LXXII. 1. Show that if a is any positive integer greater 
than 1 then £<j>(n) is convergent or divergent according as Sa n (j)(a n ) is 
convergent or divergent. [Use the same arguments as above, taking 
groups of a, a‘, a 3 , ... terms.] 

2. If £2 n <fi(2 n ) converges then lim 2 n f(2 n ) = 0. Hence deduce Abel’s 
theorem of § 179. 


183. Further ratio tests. If u n = n~* then, by Taylor’s 
theorem, 


u. 
u. 

where 0 < 6 < 1 , and so 
u, 


Suppose now that 


n \ n) n 2 n z \ n) 

o 

^ = i- s +o(ij). 

u n n \n 2 J 


a±i,,-2 +0 (i) .,i). 

v n n 


If a > 1, we can choose s so that 1 < s < a, and then v n+1 /v n < u n+1 /u n 
for sufficiently large n. But Eu n is convergent, and therefore, by 
4 of § 175, Ev n is convergent. Similarly, if a< 1 , we can choose 
s so that a <s < 1 , and prove the divergence of Zv H by com¬ 
parison with the divergent series Eu n . It follows that if v n 
satisfies ( 1 ), then Ev n is convergent if a > 1 and divergent if a < 1 , 
' We must leave the case a = 1 to the next chapter (Ex. xc. 5). 

We can prove similarly that if (1) is true, with any positive 
a, and 0 <s<o, then v n g Kn~ 8 , and so v n -> 0 . 

Let us consider in particular the ‘ hypergeometric ’ series 


Zv 


n 


cc[<x+\).p(P+l) 

l.y 1 . 2 .y(y+l) 


( 2 ), 


■fcffiere a, /?, y are real, and none of them is zero or a negative 
integer. Then the terms are ultimately of constant sign, and 


Vn+i = (o + nH^+n) = 1 y+l-g-p 
v n (l + w)(y + n) n 




23-2 
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Hence the series (2) is convergent when y > a + /? and divergent 
when y < a.+ft. In particular the series 


, n n(n+l) 

1+ i +J o J+ - 


is convergent when n < 0 and divergent when n> 0. Also v n -*■ 0 if 
y>a+fi— 1. 


184. Infinite integrals. The integral test of § 180 shows 
that, if <j>(x ) is a positive and decreasing function of x, then the 
series £<p(n) is convergent or divergent according as the integral 
function &(x) does or does not tend to a limit as x -> oo. Let us 
suppose that it does tend to a limit, and that 

lim I <j>(t)dt = l. 

x-*mj 1 

Then we shall say that the integral 



is convergent, and Ims the value l ; and we shall call the integral an 
infinite integral. 

So far we have supposed <f>(t) positive and decreasing. But it is 
natural to extend our definition to other cases. Nor is there any 
special point in supposing the lower limit to be unity. We are 
accordingly led to formulate the following definition. 

If <f>{t) is a function of t continuous for t £ a, and 


lim f fi(t)dt = l, 
*->•00 J a 

then we shall say that the infinite integral 



(1) 


is convergent and has the value l. 

The ordinary integral between limits a and A, as defined in 
Ch. VII, we shall sometimes call in contrast & finite integral., 
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On the other hand, when 



->QC, 


we shall say that the integral diverges to oo, and we can give a 
similar definition of divergence to — oo. Finally, when none of 
these alternatives occur, we shall say that the integral oscillates, 
finitely or infinitely, as *->oo. 

These definitions suggest the following remarks. 


(i) If we write I <j>(t)dt = 0(x), 

J a 

then the intogral converges, diverges, or oscillates according as <i>(x) tends 
to a limit, tends to oo (or to — oo), or oscillates, as x oo. If 1>(x) tends to a 
limit, which we may denote by 4>( oo), then the value of the integral is 
<I>(crj). More generally, if d>(:t) is any integral function of <j>(x), then the 
value of the integral is <P(oo) — 4>(a). 

(ii) In the special case in which <j>(t) is always positive it is clear that 
1>{x) is an increasing function of x. Hence the only alternatives are 
convergence and divergence to oo. 


(iii) The general principle of convergence, corresponding to that of 
§96, is: a necessary and sufficient condition far the, convergence of the 
integral (1 ) is that 


for r,>r l g X(S). 


I •*-« 

j / (p(x) dx 

J x , 


<s 


(iv) The reader should not be puzzled by the use of the term infinite 
integral to denote something which has a definite value such as 2 or $7r. 
The distinction between an infinite integral and a finite integral is similar 
to that between an infinite series and a finite series, and no one supposes 
that an infinite series is necessarily divergent. 


(v) The integral I f>(t)dt was defined in §§161-2 as a simple limit, 

J a 

i.e. as the limit of a oertain finite sum. The infinite integral is therefore 
ike limit of a limit, or what is known as a repeated limit. The notion of the 
infinite integral is essentially more complex than that of the finite integral, 
of whioh it is a development. 

(vi) The integral test of § 180 may now be stated in the form: if <j>(x) 
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is positive and decreases steadily as x increases, then the infinite series £<f>(n) 
and the infinite integred J <f>(x) dx converge or diverge together. 

(vii) The reader will find no difficulty in formulating and proving 
theorems for infinite integrals analogous to those stated in (l)-(6) of § 77. 


Thus the result analogous to (2) is that ij j $(x) dx is convergent, and b>a, 

J a 

[CD 

then / (fi(x) dx is convergent and 

Jb 

r °o rb r go 

j <f>(x)dx—j <fi(x)dx+J <j>{x)dx. 


185, The case in which <j>{x) is positive. It is natural 
to consider what are the general theorems, concerning the con¬ 
vergence or divergence of the infinite integral (1) of § 184, 
analogous to theorems A-D of § 173. That A is true of integrals 
as well as of series we have already seen in § 184 (ii). Corre¬ 
sponding to B we have the theorem that a necessary and 
sufficient condition for the convergence of the integral (1) is that 
there should be a constant K such that 


J <j>{t)dt<K 

for all values of x greater than a. Similarly, corresponding to C, we 

r qo 

have the theorem: if <f (x)dx is convergent, and !'(x) g K<j>{x) 
for all values of x greater than a, then J \jr{x) dx is convergent and 


f ij/(x)dx^Ki tf>(x)dx. 

J a J a 

We leave it to the reader to formulate the corresponding test for 
divergence. 

We may observe that d’Alembert’s test (§175), depending 
as it does on the notion of successive terms, has no analogue for 
integrals; and that the analogue of Cauchy’s test is not of much 
importance, and in any case could only be formulated when we 
have investigated in greater detail the theory of the function 
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<j>(x) = r 1 , as we shall do in Ch. IX. The most important special 
tests are obtained by comparison with the integral 



{a> 0), 


whose convergence or divergence we have investigated in § 181, 
and are as follows: if <j>(x) < Kx~ s , where s> 1 , when z^a, then 


j: 


rf>(x)dx is convergent ; and if <j>{x) > Kx~\ where K> 0 and «S1, 


when x^a, then the integral is divergent ; and in particular, if 
lim x‘<j>(x) = l, where l> 0, then the integral is convergent or divergent 
according as s>lors^l. 


There is one fundamental property of a convergent infinite series in 
regard to which the analogy between infinite series and infinite integrals 
breaks down. If Z<j>(n) is convergent then -* 0; but it is not always 

true, even when <f(x) is always positive, that if I <p(x) dx is convergent 

J a 

then <j>(x) -* 0. 

Consider for example the function <j>(x) whose graph is indicated by the 
thick line in the figure. Here the height of the peaks corresponding to the 
points x — I, 2, 3, ... is in each case unity, and the breadth of the peak 



corresponding to x — n is 2/(n + 1)*. The area of the peak is l/(n + 1)*, and 
it is evident that, for any value of £, 

so that I <j>(x)dx is convergent; but it is not true that <f>( x) -*■ 0. 

» JO 


Examples LXXIII. 1. The integral 


qz f + /?s r - I + ...+A 
„ Ax' + Bx*- 1 + ... + L ’ 
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where at and A are positive and a is greater than the greatest root (if any) 
of the denominator, is convergent if a > r + 1 and otherwise divergent. 


2. Which of the integrals 


r^dx 

f*dx 

f m dx 

( <B xdx 

x‘dx 

f w x t dx 

Ja 7' 

Ja X** 

J a c* + x*’ 

Ja c*+x«’ 

Ja C a + X«’ 

J a a + 2fix* + yx i 


are convergent ? In the first two integrals it is supposed that o > 0, and 
in the last that a is greater than the greatest root (if any) of the denomin¬ 
ator. 


3. The integrals { cos xdx, f^coa (ax + fi) dx oscillate finitely as £->■ co. 

J a -'a 

fi fi 

4. The integrals ) x cos xdx, I x n cos {olx + /?) dx, where n is any 

J a J a 

positive integer, oscillate infinitely as £ ->■ oo. 


fa 

6. Integrals to — oo. If / <j>(x) dx tends to a limit l as £ -»• — oo, then we 
J t 

say that I <j>(x) dx is convergent and equal to l. Such integrals possess 

J —CO 

properties in every respect analogous to those of the integrals discussed 
in the preceding sections: the reader will find no difficulty in formulating 
them. 

6. Integrals from — oo to + oo. If the integrals 

f <f>(x)dx, f <f>{x)dx 
j —co J a 

are both convergent, and have the values k, l respectively, then we say that 

f <f>(x) dx 
J — 00 

is convergent and has the value k + l. 

7. Prove that 

f° dx /“ dx dx 

)-*T+x* ~ Jo T+z* = coT+w* ~ **' 

/ oo r oo 

0(x 2 ) dx = 2 / <p(x*)dx, provided that the integral 

- OD JO 

/■« 

/ $(x 2 ) dx is convergent. 

JO 

r oo /*oo 

9. Prove that if / x<f>(x % ) dx is convergent then / x<j>{x *) dx = 0. 

Jo J-co 
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10. Analogue of Abel’s theorem of §179. If <j>(x) ia positive and 

/■<*> 

steadily decreases, and / <j>(x) dx is convergent, then x<j>[x) -> 0. Prove this 
J a 

(a) by means of Abel’s theorem and the integral test and (6) directly, by 
arguments analogous to those of § 179. 

r +I 

<j>{x) dx, then the 

/<*> 

convergence of / <fi(z) dx involves that of Su n . If <p(x) is always positive 
J a 

the converse statement is also true. [That the converse is not true in 
general is shown by the example in which <j>(x) — coax, x„ = nn.] 


186. Application to infinite integrals of the rules for 
substitution and integration by parts. The rules for the 
transformation of a definite integral which were discussed in 
§166 may be extended so as to apply to infinite integrals. 

(1) Transformation by substitution. Suppose that 



(1) 


is convergent. Further suppose that, for any value of £ greater 
than a, we have, as in § 166,* 

\ i <l>{x)dx=[ <j>{f{t)}f'(t)dt .(2), 

J a J b 

where a = f(b), £ = /(r). Finally suppose that the functional 
relation x = f(t) is such that x-*co when t-nx. Then, making r 
and so £ tend to oo in (2), we see that the integral 


J "tf/WJ/'W*.(3) 

is convergent and equal to the integral (1). 

On the other hand it may happen that £->-co when t -> — oo 
or when r->c. In the first case we obtain 


$(x)dx = lim f dt 

Ja 

= - lim [ <f>{f(t)}f'{t)dt = - f <j>{f(t)}f'(t)dt. 

T —►— CD J T J— 00 


* / and d are now interchanged. 
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In the second case we obtain 

* 

f <j>(x)dx = lim [ <j>{f(t)}f'(t)dt .(4). 

Ja T-t-cJb 

We shall return to this equation in § 188. 

There are of course corresponding results for integrals over 
( — oo,o) or ( — 00 , 00 ) which the reader will be able to formulate 
for himself. 


Examples LXXIV. 1. Show, by means of the substitution x ~ t“, 
that if i> 1 and a > 0 then 

/ CO /-00 

x~'dx = a J t aU ~o~^dt; 

and verify the result by calculating the value of each integral directly. 

/■« 

2. If I fax) dx is convergent then it is equal to one or other of 
/■°° (ia-fi)la 

a faat+P)dt, -a faoa+P)dt, 

J(a-fi)la. '-<b 

according as a is positive or negative. 

3. If fa: r) is a positive and steadily decreasing function of x, and a. and 
P are any positive numbers, then the convergence of the series Zfan) 
implies and is implied by that of the series Zfaan + /?). [It follows at once, 
on making the substitution x = at +p, that the integrals 


/CD /CD 

I <j>(x)dx, / facet+P)dt 

Ja ha-B)la 


converge or diverge together. Now use the integral test.] 


= \tt. [Put x - f*.] 


/■* dx 

4. Show that / —- —r — fv. [Put x = <*.] 

/' co dx dx 

6. Evaluate I —- —and/ —-, n being a positive integer. 

J 0 (1 + x*)" Jo (l+a; , ) n+ * 

(Math. Trip. 1929, 1936) 
fiir 

[The substitution a: = cot 0 reduoes the integrals to / sin %n ~ % 6dQ 

Jo 

and J* sin*" -1 Odd. Now use Ex. ucvi. 10.] 

6. If fax)-+h asx-r oo, and fax )->■ k as*-*--oo, then 

f {fax-a) — fax-b)}dx = -(a~b)(h-k), 
y —oo 
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[For [ {<f>(x — a) — 4>(x — b)}dx = / <j)(x—a)dx— f <j>(x — b)dx 

J-C J-(' )-(' 

[E-a r i-b f-t'-b ti-b 

— / I <j>(t)dl = / {6(<)dt — / <j>{t)dt. 

J-('—a J—(‘—b a —a J i~ a 

The first of these two integrals may be expressed in the form 

j-E'-b 

(a-b)k+ / pit, 

J -£-a 

where p-* 0 as £'-* oo, and the modulus of the last integral does not 
exoeed | a — 6 | K, where K is the greatest value of p throughout the interval 
(— b). Hence 

i-C-b 

/ <j>(t) dt -* (a — b) k. 

J -('-a 

The second integral may be discussed similarly.] 

(2) Integration by parts. The formula for integration by 
parts (§ 166) i8 

f V*) 4>'{ x ) dx = M) <P(i) -/(«) 4>( a ) - fVo®) </>(*) dx. 

J a J a 

Suppose now that £-»oo. Then if any two of the three terms in 
the above equation which involve £ tend to limits, so does the 
third, and we obtain the result 

(" f(x)<P'(x)dx = lim/(£)$H£)-/(a)0(a)- f f'(x)<t>(x)dx. 

Ja (-*a> Ja 

There are of course similar results for integrals to — oo, or from 

— 00 to CO. 


Examples LXXV. 1. Show that 


(1 +x) s 


2. If m and n - 1 are positive integers, and I m ,„= [ 

Jo 

(m + n— 1) Hence prove that 

mi(n-2)! 


7o (l+*) a 

00 x m dx 


(l + a:) m +»’ 


'3. Prove that 


<! + *)» 


' (m + n-1)1 

da; = J + \ir. [Put x = <*, when we obtain 


2 rj^L = _r t i(_L.w 

A (i+<*)■ A *U+<v 


Now integrate by ports.] 
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4. Prove by partial integration that, if u n is the first integral of 
Ex. tjtxt v. 5, and n> 1, then (2n — 2)«„ = (2n — 3)and so evaluate 
tt„. {Math. Trip. 1935) 


[Observe that 

x a dx 

-J o 


1 

2(n— 1 ) 


M . 1 

0 dx 1(1 + X s )"- 1 



187. Other types of infinite integrals. It was assumed, 
in the definition of the ordinary or finite integral given in Ch. VII, 
that (1) the range of integration is finite and (2) the subject of 
integration is continuous. 

It is possible, however, to extend the notion of the ‘definite 
integral ’ so as to apply to many cases in which these conditions 
are not satisfied. The ‘infinite ’ integrals which we have discussed 
in the preceding sections, for example, differ from those of Ch. VII 
in that the range of integration is infinite. We shall now suppose 
that it is the second condition (2) which is not satisfied. The most 
important case is that in which <p(x) is continuous throughout 
the range of integration {a, A) except for a finite number of values 
ofz, say x — ..., while 0(x)->oo or <f>(x)-> — oo as x tends to 

any of these exceptional values from either side. 

It is evident that we need only consider the case in which 
(a, A) contains one such point £. When there is more than one 
such point we can divide up (a, A) into a finite number of sub¬ 
intervals each of which contains only one; and, if the value of 
the integral over each of these sub-intervals has been defined, 
we can then define the integral over the whole interval as being 
the sum of the integrals over each sub-interval. Further, we 
can suppose that the one point £ in (a, A) comes at one of the 
limits a, A. For, if it comes between a and A, we can define 

assuming each of these integrals to have been satisfactorily 
defined. We shall suppose, then, that £ = a; it is evident that the 
definitions to which we are led will apply, with trifling changes, 
to the case in which £ = A. 
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Let us then suppose <j>(x) to be continuous throughout (a, A) 
except for x = a, while cj>(x)^fO o as a:-*a through values greater 
than a. A typical example of such a function is given by 
tj)(x) = (x-a)~\ 

where «>0; or, in particular, if a = 0, by = x~‘. Let us 
therefore consider how we can define 


when s > 0. 


J3. (1) ' 

/* CO 

The integral yf'^dy is convergent if s < 1 (§ 185) and 

J l u 

lim I y’^dy. But if we make the substitution y = l/x, we 

t}—+-ccj 1 U 


means 


obtain 


Thus lim 


f 


f 7 , C A 

xf'^dy = x~ a dx. 

J 1 IA J 1/7 


: thing, lim I 
e-*+0 J e 


x~“dx, 


x~ a dx, ot , what is the same ■ 

V-t-toJ 1/7 

exists provided that s < 1; and it is natural to define the value of 
the integral (1) as being equal to this limit. Similar considerations 

lead us to define J (x — a)~ a dx by the equation 


j; 


! rA 

(x~a)~ 8 dx = lim (x — a)~ s dx. 

e—>+0 Ja-h( 


We are thus led to the following general definition: if the integral 


s: 


<p{x) dx 


tends to a limit l as e -*■ + 0, we shall say that the integral 

'A 

<j>{x) dx 


j: 

is convergent and has the value l. 

Similarly, when <}>(x)->-cc as x tends to the upper limit A, we 

define f <j>{x) dx as being 
J a 

rA—e 

lim <f>(x)dx: 

s-^ + 0 J a 
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and then, as we explained above, we can extend our definitions 
to oover the case in which the interval (a, A ) contains any finite 
number of infinities of <p(x). 

An integral in which the subject of integration tends to oo or 
to — oo as x tends to some value or values included in the range of 
integration will be called an infinite integral of the second kind: 
the first kind of infinite integrals being the class discussed in 
§§ 184 et seq. Nearly all the remarks (i)-(vii) made at the end of 
§ 184 apply to infinite integrals of the second kind as well as to 
those of the first. 

We framed our definitions with functions in mind which tend to infinity 
for special values of x, but they can be used also when the integrand has 
discontinuities of other types. Thus if f(x) = - 1 for — 1 g i < 0, /(0) = 0, 

and f(x ) = 1 for 0 < x g 1, then j f(x) dx means 
lim f 7} f(x)dx + lim (f(x)dx= lim ( — 1 + 7 )+ lim (l—e)~0. 

7 }— ►+ 0 * — 1 c - t )—>-+0 e ->*+0 

The definition may also be used when f(x) has oscillatory discontinuities, 
e.g. if f(x) = sin(l/*). 


188. We may now write the equation (4) of § 186 in the form 


£«*)*,-fwmm* .(i)- 


The integral on the right-hand side is defined as the limit, as t -*■ c, of the 
corresponding integral over the range (6, r), i.e. as an infinite integral of 
the second kind. And when has an infinity at t = c thp in¬ 

tegral is essentially an infinite integral. Suppose, for example, that 
<j>(x) = (1 + x)~ m , where l<m<2, and a = 0, and that }(t) = tjil —t). 
Then 6 = 0, c = 1, and (1) becomes 


r® dx r 1 

/ -— = / (l-l) m ~ l dl .(2); 

Jo (l+*) m Jo 


and the integral on the right-hand side is an infinite integral of the second 
kind. 


On the other hand it may happen that is continuous for 

<= c. In this case 

fyummdt 
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is a finite integral, and 
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iim rMfmrwdt = r^mrwdt, 

T ~+cJ b J b 

in virtue of the corollary to Theorem (10) of §165. The substitution 
x = f(t) then transforms an infinite into a finite integral. This case 
arises if wg 2 in the example considered a moment ago. 


Examples LXXVI. 1. If <j>(x) is continuous except for x = a, while 

! a 

0(x)-> ooasx-»-o,thenanecessaryandsufficientconditionthat j </>{x)dx 

J a 

should be convergent is that we can find a constant K such that 

( <j>(x) dx<K 

J a+e 

for all positive values of e. 

It is clear that we can choose a number A' between a and A so that 
<j)(x) is positive throughout (a, A'). If <j>(x) is positive throughout the 
whole interval (a. A) then we can identify A' and A. Now 

[ <j>(x)dx~{ </>(x)dx+[ <j>(x)dx. 

J a-c J a—e -A' 

The first integral on the right-hand side of the above equation inoreases 
aa e decreases, and therefore tends to a limit or to oo; and the truth of the 
result stated becomos evident. 

[A 

If the condition is not satisfied then / $(x)dz->- co. We shall then 

Ja~e 

f A 

say that the integral I <fi(x) dx diverges to oo. It is clear that if $(x)-> oo 

J a 

as e ->■ o + 0 then convergence and divergence to oo are the only alter¬ 
natives for the integral. We may discuss similarly the case in which 
S4(a:)w-a>. 

• [A M—a) 1- * 

2. Prove that / (x — a)~'dx = —--— 

la l-« 


if »< 1, while the integral is divergent if a g 1. 

* 

tl. If is continuous for a<xSA, and 0<tfi(x)<K(x—a)~‘, where 

.A 

e< 1,’then / <f>{x) dx is convergent; and if 4>(x)>K(x — a)~‘, where «g 1, 

J a 

then the integral is divergent. [This is a particular case of a general 
comparison theorem analogous to that stated in § 185.] 
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4. Are the integrals 


f A to 1 

f A <** 

fd dx 

Ja ^{(3 — 0 )(A-a)}’ J 

a (A-x)^(x-a)’ J 

a (A—x)y/(A—x)’ 


i A 

( A ** 1 

( A dx , 

fd dx 

Ja V<3*-O s )’ J 

a y(A*-x»)’ J 

a x , — a i ’ J 

a A'-** 


convergent or divergent ? 


f 1 dx fa+1 dx 

5. The integrals I —, / —-are convergent, and the value 

J-lf/x Ja-l \/( x ~ a ) 


of eaoh is zero. 

6 . The integral 


f n dx 
J 0 V(sin3 


sin a:) 

tends to oo as x tends to either limit.] 


is convergent. [The subject of integration 


7. 

8. 

that, 


_ . dx 

The integral / —-is convergent 

Jo (sin a:)' 

f 

Jo 


Show that 


‘suit 


/ o xV 
if 0 < p < 2, the integrals 


dx, where h > 0, is 


if and only if s < 1. 


convergent if p < 2. Show also 


frainx, [Mainx, fSi'sina: 

I - - dx, - dx, - dx ,... 

Jo x* Jn * v Jin x” 

alternate in sign and steadily decrease in absolute value. [Transform the 
• integral whose limits are lor and (k+l)Tr by the substitution x = kn + y.] 


9. Show that 
when h = n. 


f h sin: 


dx, where 0<p<2, attains its greatest value 
(Math. Trip. 1911) 


fir 

10 . / 1 

Jo 


(cos x)‘ (sin x) m dx is convergent if and only if l> — 1, m> — 1. 
x‘~ l dx 


11. Such an integral as 


r 


1 +x 


, where s< 1, does not fall directly 


under any of our previous definitions. For the range of integration is 
infinite and the subject of integration tends to oo as x -*■ + 0. It is natural 
to define this integral as being equal to the sum 


I, 


1 x‘~ l dx l' a x’~ 1 dx 

0 1+3 + Jl 1+3 ’ 


provided that these two integrals are both convergent. 

The first integral is convergent if « > 0. The second is convergent if « < 1. 
Thus the integral from 0 to oo is convergent if and only if 0 < s < 1. 
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12. Prove that 


r x ' _1 ^ • 

/ t— ~, dx * 

Jo 1 + *' 


is convergent if and only if 0 < s < t. 


fOO g*S—l _ r 

13. The integral | -dx is convergent if and only if 0 <s< 1 , 

Jo 1-* 

0 < t < 1. [It should be noticed that the subject of integration is undefined 
when x = 1 ; but ( 2‘ -1 — 2 ,-l )/(l — x)-+ t — a as x-± 1 from either side; so 
that the subject of integration becomes a continuous function of £ if we 
assign to it the value t — a when 2 = 1 . 

It often happens that the subject of integration has a discontinuity 
which is due simply to a failure in its definition at a particular point in the 
range of integration, and can be removed by attaching a particular value 
to it at that point. In this case it is usual to suppose the definition of the 
subject of integration completed in this way. Thus the integrals 


Jo x /(, sin x 

are ordinary finite integrals, if the subjects of integration are regarded as 
having the value m when 2 = 0.] 

14. Substitution and integration by parts. The formulae for trans¬ 
formation by substitution and integration by parts may of course be 
extended to infinite integrals of the second as well as of the first kind. The 
reader should formulate the general theorems for himself, on the lines of 
§ 186 , 

15. Prove by integration by parts that if a> 0, t> 1, then 

fl t— 1 

/ 2 * -1 ( 1 — x)’~ l dx =- / 2’(1 — x) i-a dx. 

J 0 8 J 0 

fl 2* -1 dx f w t~ l dt 

16. Ifs>0then | -= / -. [Put x = 1/t.] 

Jo l+x Jj 1 + t 

yis-i + a:-* /“’t-'dt /•«•-»# 

17. IfOcsclthen/ —-- dx = - -=/ —-. 

Jo 1+2 J 0 1 + t Jo 1 + t 


18. Ifo + 6 > 0 then 


[Put 2 — 6 = <*.] 


lb (z + a)V(2-6) V'(° + b )' 


{Math. Trip. 1909) 


19. lfl n =:j a (a 1 — 2 *)”d 2 , and n>0, then (2n+ 1) = 2no*/«_,. 

(Math. Trip. 1934) 


HFM 
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[Observe that 

I„ = / (a t — x , )'‘~-xdx=2n{ x i (a t — x , )”~ 1 dx = 2n(a i I ri ~ 1 — I n ). 

Jo dx Jo 

The result may be used to evaluate /„ when n is a positive integer. The 
substitution x = a oos 0 reduces l n to the integral of Ex. lxvi. 10.] 

20. Show, by means of the substitution x = t/(l — t), that if l and m 
are both positive then 

/ Ti - 3 — dx = / t l -\l-t)^-'-dt. 

j o (i +xy+” Jo 

21. Show, by means of the substitution * = ptj(p +1—0. that if l, m, 
and p are all positive then 

dx 


/; 


,,. 1 - 1(1 


22. Prove that 
i b dx 


(x+p) l+m ( 1 +p) 


1 

- / t’-hl -«)”>-! dt. 

p)‘p m J 0 


>a*J{( x ~a)(b-x)} 


= ”, 


xdx 


a J{(x-a)(b-x)} 


- j7f(o + i>), 


(i) by means of the substitution x = o + (6 — o)t 2 , (li) by means of the 
substitution (6 — x)/(x — a) = t, and (iii) by means of the substitution 
x = aoos*t + &sin*<. 

23. Prove that if p and q are positive and f[p,q) = / x T ~ l (l — a ;)’" 1 dx, 

Jo 

then f(p+l,q)+f(p,q+l) =f(p,q), qf(p+l,q) - pfip.q+l)- 
Express f(p + 1 , 9 ) and f(p,q + 1 ) in terms of f(p,q); and prove that 


where n is a positive integer. 
24. Establish the formulae 


/(**)»- __, 

p(p+ 1 )... (p + n— 1 ) 


(Math. Trip. 1926) 


J OVV 1-25 ) Jo 

[b fix) dx fin ^ 

/ ~iTi -wi.-Ti = 2 / f(a-coa i e + bnm t d)<W. 

Jay/{(*-a){b-x)} Jo 
8 dx 


26. Prove that 
26. Prove that 


/; 


/:« 


i 

(x+l)J(x*-l)~Jj3 
dx 


(Math. Trip. 1930) 


i (1 + a;) (2 + a;) j{x( 1 —a:)} 

[Put x — sin* 6 and use Ex. t.xttt . 7 .] 


-a:)} n (j2~Jb)’ 


*J2 *]6J 

(Math. Trip. 1912) 
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0 189. Some care has occasionally to be exercised in applying the rule 
''-for transformation by substitution. Suppose for example that 

J=f (** — 6*+13 )dx. 

We find by direct integration that J = 48. Now let us apply the sub¬ 
stitution . 

y = z s —6x+ 13, 

which gives x = 3 Since y = 8 when x = 1 and y s= 20 when 

x — 7, we appear to be led to the result 

f 20 dx f 20 ydy 

~j* y dy dy ~ ± v B yyi-iy 


The indefinite integral is 

J(y-4)l + 4(y-4)‘, 

and so we obtain the value ± “f, which is wrong whichever sign we choose. 

The explanation is to bo found in a closer consideration of the relation 
between x and y. The function x a - 6x + 13 has a minimum for x = 3, 
when y = 4. As x increases from 1 to 3, y decreases from 8 to 4, and dx/dy 
is negative, so that 

dx _ 1 

dy~ 2V(y-4)’ 


As x increases from 3 to 7, y increases from 4 to 20, and the other sign must 
be chosen. Thus 


J = fydx = f* ( ---1 dy + 

.1 1 Jg 1 2V(3/-4)I Ji 2V(y~4) 

a formula which will be found to lead to the correct result. 

Similarly, if we transform the integral j dx = n by the substitution 

Jo 

x = arc sin y, wo must observe that dx/dy is (1 — or — (1 — y a )~* 
according as 0£x<in or in<x£n. 

Example. Verify the results of transforming the integrals 
f (4x a — x+ {\n)dx, f cos *xdx 

Jo Jo 

by the substitutions 4x* — x + 1 *« = y, x = arc sin y respectively. 


190. Series of positive and negative terms. Our defini¬ 
tions of the sum of an infinite series, and the value of an infinite 
integral, whether of the first or the second kind, apply to series 
of terms or integrals of functions whose values may be of either 

34-2 
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sign. But the special tests for convergence or divergence which 
we have established in this chapter, and the examples by which 
we have illustrated them, have had reference almost entirely to 
cases in which these values are all positive or all negative. 

In the case of a series it has always been assumed, explicitly 
or tacitly, that any conditions imposed upon u H may be violated 
for a finite number of terms: all that is necessary is that such a 
condition (e.g. that the terms are positive) should be satisfied 
from some term onwards. Similarly in the case of an infinite 
integral the conditions have been supposed to be satisfied for all 
values of x greater than some value x a , or for all values of x 
within some interval (a, a+ 8) which includes the value a near 
which the subject of integration tends to infinity. Thus our 
tests apply to such a series as 

_n 2 - 10 


since n 2 —10 > 0 when n > 4, and to such integrals as 


f” 3x-7 , f 1 l-2a; J 

.Uvr?*- J.^r^ 


since 3x — 7 > 0 when x > and 1 — 2x > 0 when 0 < x < £. 

But when the changes of sign of u n persist throughout the series, 
i.e. when the number of both positive and negative terms is 
infinite, as in the series 1 — £ + or when <p(z) continually 

changes sign when x->co, as in the integral 


j; 


sin a; 


dx. 


or when x->a, where a is a point of discontinuity of <j>(x), as in 
the integral 



dx 

x—a’ 


then the problem of discussing convergence or divergence becomes 
more difficult. For now we have to consider the possibility of 
oscillation as well as of convergence or divergence. 
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190, 191] 

191. Absolutely convergent series. Let us then consider 
a series Eu n in which any term may be either positive or negative. 
Let , , 

K I = a„, 

so that ct n — u n if u n is positive and a n = — u n if u n is negative. 
Further, let v n = u n or v n = 0, according as u n is positive or 
negative, and w n = —u n or w n = 0, according as u n is negative or 
positive; or, what is the same thing, let v n or w n be equal to oc n 
according as u n is positive or negative, the other being in either 
case equal to zero. Then it is evident that v n and w n are always 
positive, and that 

«» = ”»-«•’»» rj -n = K + w n . 

If, for example, our series is 1 — (4) 2 + (i) 2 ~ •• , then u„ = ( —1 )" _1 /n 4 
and a n = l/n J , while )>„ = 1 jn l or v„ = 0 according asms odd or even, and 
w n = l/n J or VJ„ = 0 according as n is even or odd. 

We can now distinguish two cases. 

A. Suppose that the series Eot n is convergent. This is the case, 
for instance, in the example above, where Ea n is 

l +(*) 2 + ( i ) 2 +-- 

Then both Zv n and Zw n are convergent: for (Ex. xxx. 18) any 
series selected from the terms of a convergent series of positive 
terms is convergent. And hence, by Theorem (6) of §77, Eu n or 
E (v n — mj„) is convergent and equal to Ev n — Ew n . 

We are thus led to formulate the following definition. 

Definition, When Ea n or E\u n \ is convergent , the series Eu n 
is said to be absolutely convergent. 

And what we have proved above amounts to this: if Eu n is 
absolutely convergent then it is convergent ; so are the series formed 
by its positive and negative terms taken separately ; and the sum of 
the series is equal to the sum of the positive terms plus the sum of the 
Negative terms. 

The reader should guard himself against supposing that the statement 
‘an absolutely convergent series is convergent’ is a tautology. When we 
say that is ‘ absolutely convergent ’ we do not assert directly that Eu n 
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is convergent: we assert the convergence of another series £\ u H |, and 
it is not evident that this precludes oscillation on the part of Hu,. 

Examples LXXVII. 1. Employ the‘general principle of convergence’ 
($ 84, Theorem 2) to prove that an absolutely convergent series is con¬ 
vergent. [Since H \ u„ | is convergent, we can, when any positive number 
S is assigned, choose n 0 so that 

I «.,+i I+ l“n 1+ i ! + ••• +!“«,!<<* 

•when n,>n 1 in 0 . A fortiori 

t ««,+i + “»,+« + • • • + | < S, 

and therefore Hu, is convergent.] 

2. If £a„ is a convergent series of positive terms, and | 6 „ | £ Ka„, then 
£b„ is absolutely convergent. 

3. If Ha, is a convergent series of positive terms, then the series £a n x n 
is absolutely convergent when — 1 < x g 1. 

4. If Ho, is a convergent series of positive terms, then the series 
Ho,cosnd, £a„ sin nO are absolutely convergent for all values of 6. [Ex¬ 
amples are afforded by the series 2 > n cos n 0 , 2 >" sin nf? of § 8 8 . ] 

6 . Any series selected from the terms of an absolutely convergent 
series is absolutely convergent. [For the series of the moduli of its terms 
is a selection from the series of the moduli of the terms of the original 
series.] 

8 . Prove that if H| u„ | is convergent then | Hit, | £ L \ u n |, and that 
the only case of equality is that in which every term has the same 
sign. 

192. Extension of Dirichlet’s theorem to absolutely 
convergent series. Dirichlet’s theorem (§ 176) shows that 
the terms of a series of positive terms may be rearranged in any 
way without affecting its sum. It is now easy to see that any 
absolutely convergent series has the same property. For let Eu n 
be so rearranged as to become Eu' n , and let a' n , v’ n , w’ n be formed 
from u‘ n as a„, v n , w n were formed from u n . Then Ea.’ n is con¬ 
vergent, since it is a rearrangement of Ea n , and so are Ev' n , Ew' n , 
which are rearrangements of Ev n , Ew n . Also, by Dirichlet’s 
theorem, Ev' n = Ev n and Ew' n = Ew n , and so 

Eu' n = Ev' n -Ew' n = Ev n — Ew n = Eu n . 
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193. Conditionally convergent series. B. We have now 
to consider the second case indicated above, viz. that in which 
the series of moduli Ect n diverges to oo. 

Definition. If Eu n is convergent, but E\u n \ divergent, the 
original series is said to be conditionally convergent. 

In the first place we note that, if Eu n is conditionally con¬ 
vergent, then the series Ev n , Ew n of § 191 must both diverge to oo. 
They cannot both converge, since this would involve the con¬ 
vergence of E{v n -\-w n ) or Ea. n . And if one of them, say Ew n , is 
convergent, and Ev n divergent, then 

N N N 

2 >» = .( J )> 

0 0 0 

and therefore tends to oo with N, which is contrary to the 
hypothesis that Eu n is convergent. 

Hence Ev n , Ew n are both divergent. It is clear from equation 
(1) above that the sum of a conditionally convergent series is 
the limit of the difference of two functions each of which tends 
to oo with n. It is obvious too that Eu n no longer possesses the 
property of convergent series of positive terms (Ex. xxx. 18), and 
all absolutely convergent series (Ex. lxxvii. 5), that any selection 
from the terms itself forms a convergent series. And it seems more 
than likely that the property prescribed by Dirichlet’s theorem 
will not be possessed by conditionally convergent series; at any 
rate the proof of § 192 fails completely, since it depends essen¬ 
tially on the convergence of Ev n and Ew n separately. We shall see 
in a moment that this conjecture is well founded, and that the 
theorem is not true for series such as we are now considering. 

194. Tests of convergence for conditionally convergent 
iSeries. It is not to be expected that we should be able to find 
tests for conditional convergence as simple and general as those 
of §§ 173 et seq. It is naturally more difficult to formulate tests 
of convergence for series whose convergence, as is shown by 
equation (1) above, depends essentially on the cancelling of 
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the positive by the negative terms. In the first place there are 
no comparison tests for convergence of conditionally convergent 
series. 

For suppose we wish to infer the convergence of Ev n from that 
of Zu n . We have to compare 

»„+»!+... +v n , U 0 + U x +...+U n . 

If every u and every v were positive, and (a) every v less than the 
corresponding u, we could at onee infer that 

v 0 + v l + ...+v n <u 0 + u 1 + ...+u n> 

and so that Zv n is convergent. If the u’s only were positive and 
(b) every v numerically less than the corresponding u, we could 
infer that 

|*ol + K ! + ••• +KI < *o + *i+•••+»«• 

and so that Zv n is absolutely convergent. But in the general case, 
when the u' s and v’a are both unrestricted as to sign, all that we 
can infer from (6) is that 

KI +1M + ••• + K ! < I “o I + N I + ••• + I Wn I- 

This would enable us to infer the absolute convergence of Zv v 
from the absolute convergence of Zu„\ but if Zu n is only con¬ 
ditionally convergent we can draw no inference at all. 

Example. We shall see shortly that the series + i+... is con¬ 

vergent. But the series i + J + f + ' + ... is divergent, although each of its 
terms is numerically less than the corresponding term of the former series. 

It is therefore only natural that such tests as we can obtain 
should be of a much more special character than those given in 
the early part of this chapter. 

195. Alternating series. The simplest conditionally con¬ 
vergent series are alternating series, series whose terms are alter¬ 
nately positive and negative. The convergence of the most 
important series of this type is established by the following 
theorem. 
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If <f>{n) is a positive function of n which tends steadily to zero 
as n-r oo, then the series 

m-m+m-- 

is convergent, and its sum lies between 0 ( 0 ) and 0 ( 0 ) - 0 ( 1 ). 

Let us write 0 O , 0 lt ... for 0(0), 0(1), ...; and let 

Then + ■■■ + (-l) n <t>n- 

s 2n+l~ S 2n~l — 02 n — ^ 2 n+l = 0 , S 2n~ S 2n-2 ~ ~ (02n-l ~ ^2n) = 0 - 

Hence s 0 , s 2 , s t , . s 2n , ... is a decreasing sequence, and therefore 
tends to a limit or to — oo, and q, s 3 , s 5 , ..., « 2n+1 , ... is an in¬ 
creasing sequence, and therefore tends to a limit or to oo. But 
lim (s 2a+1 —q n ) = lim(—l) 2n+1 0 2n+1 = 0, from which it follows 
that both sequences must tend to limits, and that the two limits 
must be the same. That is to say, the sequence s 0 , s lt ... 

tends to a limit. Since s 0 = 0 O , q = 0 O — 0j, it is clear that this 
limit lies between 0„ and 0 O - 0j. 


Examples LXXVIII. 1. The series 


111 

1- 2 + 3~4 + -’ 
r (-i)" ^ (-i) n 

n + a ’ d( n + a )’ 


111 


yjn + ^a 


(- 1 )" 


' (V w + V“) J ’ 

where a> 0, are conditionally convergent. 

2. The series X ( — 1)” (n + a)~‘, where a > 0, is absolutely convergent if 
s> 1, conditionally convergent if 0<9< 1, and oscillatory if s<0. 

3. The sum of the series of § 195 lies between «„ and s n+1 for all values 
of n; and the error committed by taking the sum of the first n terms instead 
of the sum of the whole series is not greater numerically than the modulus 
of the (n+ l)th term. 

(- 1 )” 

4. Consider the series S-. --——, 

V« + ( - *)" 

which wo suppose to begin with the term for which n = 2, to avoid any 
difficulty as to the definitions of the first few terms. This series may be 
written in the form 




[( (-i)» (-I)- , (-!)" -[ 

Ll>+(-i) n V" ) V n J 


< -i) n 
yjn n4-(-l) n ^/n 


or 
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say. The series Etjr H is convergent; but Ex* is divergent, since all its terms 
are positive and lim tty, = 1 . Henoe the original series is divergent, 
although it is of the form 56 ,- fi a + —..., where This example 

shows that the condition that <j> K should tend steadily to zero is essential 
to the truth of the theorem. The reader will easily verify that 
V( 2 n+l)-l<V( 2 n)+l, 
so that this’condition is not satisfied here. 


6 . If the conditions of § 196 are satisfied except that <f>„ tends steadily 
to a positive limit l, then the series E( — l) n oscillates finitely. 

a(a + 1)... {a + n+ 1) 

6 . The series E( — 1)"— ; ---, where neither 0 nor 6 is 0 

6(6 + 1)... (6 + n+ I) 

or a negative integer, converges if and only if a < b. (Math. Trip. 1927) 

[Call the series E( - 1)" <j> n , and suppose first that a and 6 are positive. 
If aS 6 then <j>„ 0„, and <p„ does not tend to 0. If a < b then 0„ +1 < 

and 0„-*-O (§183), so that the conditions of the general theorem are 
satisfied. 

In the general case we can choose N so that a' = a + N and 6' = 6 + N 
are both positive, and <j>„ is a multiple of ftn-y where 
_ o'(a' + l)...(o' + n+l) 

~ b'(b'+ 1)... (6' + n+ 1) ’ 


7. Alteration of the sum of a conditionally convergent series 
by rearrangement of the terms. Let s be the sum of the series 
1 —i + i —i + ..., 

and s,„ the sum of its first 2 n terms, so that Iim* a „ = s; and rearrange the 

aeriefiaa i + t-* + J + *-i +.(i). 


two positive terms being followed by one negative term. If t,„ is the sum 
of the first 3n terms of the new series, then 




, 1 I 

1 + 3 + ” + 4^T 


1 

4 


1 

2 n 


1 , 1 , ,1 

_ "® , " + 2n+l + 2n+3 + '" + 4n-r 

xt r 1 1 1 1 it „ 

|_2w+1 2»+2 2»+3 4n-l 4nJ * 

since the sum of the terms inside the bracket is less than nj(2n+ 1 ) ( 2 n + 2 ); 

and 


lim 


f 1 1 1 \ 1 1 _ , 

\2n-t-2-*’2n + 4 + " + 4n/ * n r-l x + ( r / n ) ~ x ’ 
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after §§ 161 and 164. Hence 

limf. 


= s + i 

J l * 


and it follows that the sum of the series ( 1 ) is not s, but the right-hand side 
of the last equation. Later on we shall give the actual values of the sums 
of the two series: see §220, Ex. xc. 7, and Ch. IX, Misc. Ex. 19. 


It can indeed be proved that a conditionally convergent series can always 
be so rearranged as to converge to any sum whatever, or to diverge to oo or 
to —oo. For a proof we may refer to Bromwich’s Infinite series, 2nd 
edition, p. 74. 


8 . Theseries 1 + 4- —+ + ... diverges to oo. [Here 

y/2 y/o -y/7 y/4 


*«« — *■» + ~r,7, —r - r: + 


1 


V(2n+ 1 ) V( 2n + 3) 


+ ...+ 


V(4n-1) 


>"®Sn + 


V(4n-1)’ 


where s,„ = 1 —j- +... ——, which tends to a limit when n oo.] 

•ysJ Y 2ifh 


196. Abel’s and Dirichlet's tests of convergence. A more 
general test, which includes the test of § 195 as a particular case, is the 
following. 

Dirichlet’s test. If <j> x satisfies the Same conditions as in § 196, and 
£a„ is any series which converges or oscillates finitely, then the series 

0 oAi + 0 i^i + a s sSi + ••• 

is convergent. 

The reader will easily verify the identity 

°O 0 O + a 101 + + °» 0 « 

= »o(S 5 o ~ $i) + »i(0i - </>t) + • • • +«n-l(^n-j - <P») + s„</> n , 
where » n = a 0 + o, + ... +a B . Now the series — <j> x ) + <p t ) + ... is 
convergent, since the sum to n terms is 0 O — <p n and lim (j> n = 0; and all its 
terms are positive. Also since Sa„ if not actually convergent, at any rate 
oscillates finitely, we can determine a constant K so that | s„ | < K for all 
values of v. Henoe the series 

—— f> v+ i) 


is absolutely convergent, and so 

»*(<!>» - &) + »i( 0 j ~ 0 »> + - -. + s „_!((£„_! - $4„) 

tends to a limit as n -r oo. Finally <j>„, and therefore a B ^„, tends to zero; 

and therefore , , . , , , 

aoPo + a iPi+---+“«Pn 

tends to a limit, i.e. the series 2a v <f>, is convergent. 
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Abel’s test. There is another test, due to Abel, ■which, though of less 
frequent application than Dirichlet’s, is sometimes useful. 

Suppose that <f> n , as in Dirichlet’s test, is a positive and decreasing 
function of n, but that its, limit as n -* oo is not necessarily zero. Thus we 
postulate less about <f> n , but to make up for this we postulate more about 
Za n , viz. that it is convergent. Then we have the theorem: if <j>„ is a positive 
and decreasing function of n, and £a n is convergent, then Za„f> n is convergent. 

For <f> n has a limit as ji-»oo, say l: and lim (<j>„ — l) = 0. Hence, by 
Diriohlet’s test, £a„(<f> n — l) is convergent; and since is convergent it 
follows that Ea„<j> n is convergent. 

This theorem may be stated as follows: a convergent series remains con¬ 
vergent if we multiply its terms by any sequence of positive and decreasing 
factors. 


Examples LXXIX. 1. Dirichlet’s and Abel’s tests may also be 
established by means of tho general principle of convergence (§84). Let 
us suppose, for example, that tho conditions of Abel’s test are satisfied. 
We have identically 

+ +«m,«-l(0n-l ~ 't>n)+ s m,n<t’« .(1). 

where ««,„ = a m + a m+l + ...+a„. 

The left-hand side of (1) therefore lies between h<j> m and where h and 
H are tho algebraically least and greatest of s mj „,s mm+l , ...,s m . n . But, given 
any positive <J, we can choose m„ so that | r \ < S when rn S; m 0 , and so 
I m + + ■ ■ ■ + „\< Sf> m S8<j> 1 

when n>m£»n 0 . Thus the series La n <j>„ is convergent. 


2. The series Scosnd and iTsin nO oscillate finitely when 6 is not a 
multiple of tt. For, if we denote the sums of the first n terms of the two 
series by s n and t n , and write z = Cis 0, so that | z ( = 1 and z 4= 1, we have 


« n + »<nl = 


l-Z* 


1 — Z 


. 1 + | z" 
5 I l-Z I 


2 


l-z| 


and so | e n | and 1 1 „ | are also not greater than 2/1 1 — z |. That the series 
axe not actually convergent follows from the fact that their nth terms do 
not tend to zero (Ex. xxiv. 7). 


The sine series converges to zero if 0 is a multiple of tt. The cosine series 
oscillates finitely if 6 is an odd multiple of n and diverges if 6 is an even 
multiple of tt. 

It follows that if <j)„ is a positive function of n which tends steadily to zero 
as n-r-ao, then the series 

Ef> n coB nO, £fl n snin0 
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are convergent, except perhaps the first senes when 6 is a multiple of 2 it. 
In this ease the first series reduces to X$„, which may or may not be con¬ 
vergent: the second series vanishes identically. If £<j>„ is convergent then 
both senes are absolutely convergent (Ex. Lxxvrr. 4) for all values of 6, 
and the whole interest of the result lies m its application to the case m 
which £<[>„ is divergent And in this case the senes above written are 
conditionally and not absolutely convergent, as will be proved m Ex. 6 
below. If we put 6 = v m the cosine series we are led back to the result of 
§ 195, since cos nn = (- 1)". 

3. The senes Xn~* cos nd, En~‘ sm nO are convergent if s > 0, unless (in 
the case of the first senes) 8 is a multiple of 2 n and 0 < * £ 1. 

4. The senes of Ex 3 are in general absolutely convergent if «>1, 
conditionally convergent if 0 < s ^ 1, and oscillatory if s g 0 (finitely if s = 0 
and infinitely if s < 0). Mention any exceptional cases. 

5. If Xa„n~‘ is convergent or oscillates finitely, then Za n n~' is con¬ 
vergent when t>s. 

6 . If <f>„ is a positive function of n which tends steadily to 0 as n -r go, 
and £<f>„ is divergent, then the series cos nd, X0„sin nO are not 
absolutely convergent, except the sine series when 6 is a multiple of n. 
[For suppose, e.g., that E<p n \ cos nd | is convergent. Since cos“ ndg |cosnd|, 
it follows that cos 1 nd or 

i X0„( 1 + cos 2nd) 

is convergent. But this is impossible, smee ib divergent and S<j>„ cob 2nd, 
by Dinchlct’s test, convergent, unless 0 is a multiplo of n, m which 
case it is obvious that E<j> n \ cos nd ] is divergent. The reader should write 
out the corresponding argument for the sine senes, noting where it fails 
when d is a multiple of tt.] 

197. Series of complex terms. So far we have confined 
ourselves to series all of whose terms are real. We shall now 
consider the series 

Eu n = E(v n + iw 1t ), 

where v n and w n are real. The consideration of such series does 
not introduce any really new difficulties. The series is convergent 
if, and only if, the series 

are separately convergent. There is however one class of such 
series so important as to require special treatment. Accordingly 
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we give the following definition, which is an obvious extension of 
that of § 191. 

Definition. The series Xu n , where u n = v n + iw n , is said, to be 
absolutely convergent if the series Xv n and Xw n are absolutely 
convergent. 

Theorem. A necessary and sufficient condition for the absolute 
convergence of Xu n is the convergence of X\u n \ or X y l(v* + w„). 

For if Xu n is absolutely convergent, then both of the series 
X | v n | and X\w n [ are convergent, and so 27{| v n | +1 w n |} is 
convergent: but 

|«»| = sj(v*+ui)< K| + |w n |, 
and therefore X j u n j is convergent. On the other hand 

i v i» I + «’»)> l M? »l§V( t ’n + Wn)> 

so that X | v n | and X\w n \ are convergent whenever X | u n | is 
convergent. 

It is obvious that an absolutely convergent series is convergent, 
since its real and imaginary parts converge separately. And 
Dirichlet’s theorem (§§ 176, 192) may be extended at once to 
absolutely convergent complex series by applying it to the 
separate series Xv n and Xw n . 

The convergence of an absolutely convergent series may also be deduced 
directly from the general principle of convergence (cf. Ex. lxxvii. 1). We 
leave this as an exercise to the reader. 

198. Power series. One of the most important parts of 
the theory of the ordinary functions of elementary analysis 
(such as the sine and cosine, and the logarithm and exponential, 
which will be discussed in the next chapter) is that which is 
concerned with their expansion in series of the form Xa n x n . Such 
a series is called a power series in x. We have already come 
across some cases of expansion in series of this kind in connection 
with Taylor’s and Maclaurin’s series (§ 162). There, however, we 
were concerned only with a real variable x. We shall now con¬ 
sider a few general properties of power series in z, where z is a 
complex variable. 
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A. A power aeries Ea n z n may be convergent for aU values of z, for 
a certain region of values, or for no values except z = 0. 

It is sufficient to give an example of each possibility. 

Z n Z n 

1. The aeries 2 — is convergent for all values of z. For if w„ = —- then 

n\ n 1 

I tt«+i 1 _ liL^o 

1 «»| n+l 

whatever value z may have. Hence, by d’Alembert’s test, 2 1 u n | is 
convergent for all values of z, and the original series is absolutely con¬ 
vergent for all values of z. We shall see later on that a power series, when 
convergent, is generally absolutely convergent. 

2. The series 2n ! z” is not convergent for any value of z except z = 0. 
For if u„ = n\z" then | u„ +1 1/| u„ | = (n+ 1) | z |, which tends to oo with n, 
unless z = 0. Hence (cf. Exs. xxvn. 1, 2, 5) the modulus of the «th term 
tends to oo with n; and so the series cannot converge, except when z = 0. 
It is obvious that any power series converges when z = 0. 

3. The series 2z “ is always convergent when | z | < 1, and never convergent 
when | z | £ 1. This was proved in § 88 . Thus we have an example of each 
of the three possibilities. 

199. B. If a power series Ea n z n is convergent for a particular 
value of z, say z 1 = r^cos 8 1 + i sin fij), then it is absolutely con¬ 
vergent for all values of z such that \ z\<r v 

For lim a n z” = 0, since Ea„z% is convergent, and therefore we 
can find a number K such that j a n z" | < A for all values of n. 
But, if | z | =r<r 1 ,we have 

K z "l = |a n z?|(0 <iC (jr) > 

and the result follows by comparison with the convergent geo¬ 
metrical series E (r/r x ) n . 

In other words, if the series converges at P then it converges 
absolutely at aU points nearer to the origin than P. 

•o. Example. Show that the result is true even if the series oscillates 
finitely when z = [If = o 0 + o t z, +... + a„ z" then we can find K so 
that | s H | <K for all values of n. But 

I I = !#.-«»-l|£|« n -ll + l*nl<2A, 
and the argument can be completed as before.] 
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200. The region of convergence of a power series. The 
circle of convergence. Let z = r be any point on the positive 
real axis. If the power series converges when z = r then it con¬ 
verges absolutely at all points inside the circle | z j = r. In 
particular it converges for all real values of z less than r. 

Now let us divide the points r of the positive real axis into two 
classes, the class at which the series converges and the class at 
which it does not. The first class must contain at least the one 
point 3 = 0. The second class, on the other hand, need not exist, 
since the series may converge for all values of z. Suppose however 
that it does exist, and that the first class of points includes 
points besides 2 = 0. Then it is clear that every point of the first 
class lies to the left of every point of the second class. Hence 
there is a point, say the point z~ R, which divides the two classes, 
and may itself belong to either one or the other. Then the series is 
absolutely convergent at all points inside the circle J z ) = It. 

For suppose that this circle cuts OX in A (Fig. 48), and that P 
is a point inside it. We can draw a concentric circle, of radius less 
than R , so as to include P inside it. 

Let this circle cut OX in Q. Then 
the series is convergent at Q, and 
therefore, by Theorem B, abso¬ 
lutely convergent at P. 

On the other hand the series 
cannot converge at any point P' 
outside the circle. For if it con¬ 
verged at P' it would converge 
absolutely at all points nearer to 0 than P\ and this is absurd, 
as it does not converge at any point between A and Q'. 

So far we have excepted the cases in which the power series 
(1) does not converge at any point on the positive real axis except 
2 = 0 or (2) converges at all points on the positive real axis. It is 
clear that in case (1) the power series converges nowhere except 
when z = 0, and that in case (2) it is absolutely convergent every¬ 
where. Thus we obtain the following result: a power series either 
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(1) converges for z = 0 and for no other values of z\or 

(2) converges absolutely for all values of z; or 

(3) converges absolutely for all values of z within a certain circle 
of radius R, and does not converge for any value of 2 outside 
this circle. 

In case (3) the circle is called the circle of convergence and its 
radius the radius of convergence of the power series. 

It should be observed that this general result gives no infor¬ 
mation at all about the behaviour of the series on the circle of 
convergence. The examples which follow show that as a matter 
of fact there are very diverse possibilities. 

Examples LXXX. 1. The series 1 +az + a‘z 2 + ..., where a> 0, has a 
radius of convergence equal to 1/a. It does not converge anywhere on its 
circle of convergence, diverging when 2 = 1 /a and oscillating finitely at 
all other points on the circle. 

z z 2 z 3 

2. The series — + -- + — + ... has its radius of convergence equal to 1; 
it converges absolutely at all points on its circle of convergence. 

3. More generally, if | a„ + , |/| a„ | -*-A, or | a„ ] 1 ,n -»-A, as n-*oo, then 

the series 00 + 0,2 + 0 , 2 * + ... has 1 /A as its radius of convergence. In the 
first case lim | a(|+l *» + i |/|a„ z « | = A |z |, 

whiph is less or greater than unity according as | z | is less or greater than 
1/A, so that we can use d’Alembert's test (§ 176, 6 ). In the second case 
we can use Cauchy’s test (§ 174, 2) similarly. 

4. The logarithmic series. The series 

is called (for reasons which will appear later) the ‘ logarithmic ’ series. It 
follows from Ex. 3 that its radius of con vergence is unity. 

When 2 is on the circle of convergence we may write z = cos 0 +* sin 0, 
and the series assumes the form 

oos0 —Joos 20 + 1 oos 30— ... +t(sin0 — Isin 20 +J sin 30 —...). 

The real and imaginary parts are both convergent, though not absolutely 
convergent, unless 0 is an odd multiple of n (Exs. lxxdc. 3, 4, with 
0+n for 6). If 0 is an odd multiple of n then 2 = — 1 , and the series 
is —1 — J — J —... and diverges to — oo. Thus the logarithmic series con¬ 
verges at all points of its oircle of convergence exoept the point z = — 1 . 

*5 


HP U 
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5. The binomial series. Consider the series 


miTO — 

1+M *+—ar 


If m is a positive integer then the series terminates. In general 
1 °. + i 1 _ \m-n | 

K | *+1 

so that the radius of convergence is unity. We shall not discuss the question 
of its convergence on the circle, which is a little more difficult, here*. 


201. Uniqueness of a power series. If Xa„z" is a power series which 

is convergent for some values of z at any rate besides z = 0 , and f(z) is its 

sum, thon ... , _ , . 

f(z) - a„ + a 1 z +...+a m z m + o(z m ) 


for every m, when z->-0. For, if ft is any positive number less than 
the radius of convergence of the series, then | a„ | ft" <K, where K is 
independent of n (cf. § 199); and so, if | z | < ft. 


/(z)-2X* v 

0 


<K 


= I “m+l 11 2 | m+l + I a m+S I I z l“ +J + • • • 

/|zJy+Y |zj M_* \ _ K | z | mtl 

\p) \ p p' "7 p’ n (fi-\z\)' 


which is 0( | z | m+1 ) and a fortiori o( | z | m ). In particular this is true for real 
positive z. 

It now follows from Ex. lvi. 1 that, if Za„z" = 276„z" for all z whose 
modulus is less than ft, then a„ = b n for all n. The same function f(z) cannot 
be represented by two different power series. 


202. Multiplication of series. We saw in § 177 that, if 
Eu n and Zv n are two convergent series of positive terms, then 
Su n x Zv n - Zw n , where 


«V = u 0 v n + u x v„_ x + ... + u n v 0 . 

We can now extend this result to all cases in which and Ev„ 

n n 

are absolutely convergent; for our proof was merely a simple 
application of Dirichlet’s theorem, which we have already 
extended to all absolutely convergent series. 

* The cases z — \ and e = —1 are discussed in §222. For a complete discussion, 
see Bromwich, Infinite series, 2nd edition, pp. 287 e( seq.; Hobson, Plane trigonometry. ' 
5th edition, pp. 268 et seq. 
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Examples LXXXI. 1. If | z | is less than the radius of convergence 
of either of the series Za„z n , £b„z’ 1 , then the product of the two series is 
£c n z n , where c n = a 0 b n + a i b„_ 1 +... + a B & 0 . 

2. If the radius of convergence of is K, and f{z) is the sum of 

the series when \ z\ <R, and | z | is less than either R or unity, then 
/(z)/(l-z) = £s n z n , where s n = a 0 4 -Ui 4 - ... +a n . 

3. Prove, by squaring the series for (1 — z)~ l , that 

(l-z)-2 = l + 2z+3z 2 +... 

if | z | < 1 . 

4. Prove similarly that (1 —z)-* = 1 + 3z + 6 z s +..., the general term 
being i(n+ 1 ) (n + 2 ) z". 


5. The binomial theorem for a negative Integral exponent. If 

| z | < 1 , and in is a positive integer, then 


1 


m(m+l) m(m+1)... (m + n—1) 

= 14- mz 4- -—-—--— z 2 4-... 4-;— -z” 4-_ 


(1 — z) m ' ' ' 1.2 " . 1.2... n 

[Assume the truth of the theorem for all indices up to in. Then, by Ex. 2, 
ll(l — z) m+1 - £s„z n , where 

to(to4-1) to(to 4-1)-. (TO4-n—1) 

= 1 4- >»4- ——;—--f •••4-- 


1.2 


1 . 2 ... n 


_ (m 4-1) (»« 4- 2)... (to 4- n) 
~ r. 2 ... n 

as is easily proved by induction (whether m bo an integer or not).] 


/m ft, 

f(m,z) = l + ( 1 Jz + ( ; 


Z 2 4- ..., 


6 . Provo by multiplication of series that if 

nn\ 

. 2 / 

and | z | < 1, then f(m,z)/(m',z) = J(m + m',z). [This equation forms the 
basis of Euler’s proof of the binomial theorem. The coefficient of z* in the 
product series is 

a polynomial in m and to'. When to and m' are positive integers this 


polynomial must reduce to 


[in 4 -to'N 
\ it /’ 


in virtue of the binomial theorem 


for a positive integral exponent; and if two such polynomials are equal 
for all positive integral values of m and to' then they must be equal 
identically.] 


7. If f(z) = 14- z 4- — 4- • ■ • then /(z)/(z') = /(z + z')- l For the series for 


25*2 
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/(z) is absolutely convergent for all values of z: and it-is easy to see that if 


z” z'« (z + z') n , 

. t>„ = —,then^„ =-—.] 

n! n\ n! 


z a z* 

°( 2 ) = 1 -2i + 51 


z> z» 

S(2) = 2 -3l + 5l*-- 


8 . If 

then 

C(z + z') = C(z) C(z') - S(z) S(z'), S(z + z') = S(z) C(z') + C(z) -S(z'), 
and {C(z)} a + {S(z)} 2 = 1 . 

9. Failure of the multiplication theorem. That the theorem is 
not always true when Lu n and 2 /t'„ are not absolutely convergent may 
be seen by considering the case in which 

(-!)» 


u n = «» = 


Then 


«>» = (-1)" s 


V(»+1) 

1 


*%/{(»•+ 1 ) (n+l-r)} 

But V{( r + l)('i+ 1 — r )}^ i( n + 2), and so | w n \ > (2n + 2)/(n + 2), which 
tends to 2 ; so that Zw n is certainly not convergent. 

203. Absolutely and conditionally convergent Infinite In¬ 
tegrals. There is a theory for integrals analogous to that developed 
for series in §§ 191 et seq. 

r*> 

The infinite integral / f(x)dx .(1) 

J a 

is said to be absolutely convergent if 

I m\dx .(2) 


r 

J a 


is convergent. We may define g{x) and h(x) by 

f(x) = g(x) - h(x), i /(x) I = g(x) + h(x). 

Then g(x) is/(x) when/(x) is positive, and zero when/(x) is negative, and 
h(x) is zero when /(x) is positive and —/(x) when /(x) is negative, so that 
g(x) and h(x) correspond to the v„ and of § 191. It is plain that g(x) > 0, 
h(x) > 0 , and that g(x) and h(x) are continuous when/(x) is continuous. 

It then follows as in §§ 191 and 193 that the integrals 


r<x> [ CO 

/ g(x)dx, I h{x)dx 
J a J a 


are both convergent when ( 2 ) is convergent, but are both divergent when 
( 1 ) is convergent and ( 2 ) is not; and that an absolutely convergent integral 
is convergent. 
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[to 

It is plain that, if | f(x) | S and j <j)(x) dx is convergent, then the ' 
integral (1) is absolutely convergent. 

When (1) is convergent and (2) is not, we shall say that (1) is con¬ 
ditionally convergent. We shall not have much to do with conditionally 
convergent integrals here, but there is one special type of integral which is 
particularly important. 

Suppose that <j>'{x) is continuous; that <f)(x) ^0, <j>’( x ) £0; and that 
<j>(x) -*-0 when x-rco. Then | <f>'{x) | = — <f>'(x), and 
r oo r<x> rX 

I | <{'(x) | dx = — / <t>\x) dx — — lim / <t>'(pc) dx 
J a Jo A r ->cc Ja 


= lim {<t>(a) - <j>(X)} = <p(a), 
X—> 00 


foo 

so that / 4>'( x ) dx is absolutely convergent. 

J a 

Now consider the integral 


/' 

J a 


<j>(x)coatxdx .(3); 

we may suppose l positive. We have 


[X t rX (l 

/ <fi(x) cos lx dr, — - I <j>(x) -,-sintxdx 
J a 1 J a dx 

= 8 ” 1 <j>(- y)- <£(a )-* j <f>'(x)sintxdx ...(4). 

The first term tends to zero when X-rco. Also | sin (x[£l, so that 

| 0'(x)sinfcc | g | rp'{x) |. Hence j <p'(x) sin txdx is absolutely convergent, 

■ a 

and therefore convergent; and the last integral in (4) tends to a limit 
when X -> oo. It follows that the left-hand side of (4) tends to a limit, 
and therefore that (3) is convergent. Similarly 


I <j>(x) sin txdx 
J a 

is convergent. 

The most important case is that in which a > 0 and <j>(x) = x ‘, where 
«>0. The integrals are then absolutely convergent when s> I, and 
conditionally convergent when 0 < s A 1. 

z* 0 sin tx 

Examples LXXXII. 1. The integral / - dx is convergent if 

J o x’ 

0<g<2, and absolutely convergent if 0<s< 1. [Consider the ranges 
(0,1), (l.oo) separately.] 




390 


THE CONVERGENCE OF INFINITE SERIES 


[vni 


2 . 


r X - sin xdx is convergent. 

x* 

* 1 — cos tx 


(Math. Trip. 1930) 


/ * 1 — cos tx 

3. | - dx is convergent if 1 < a < 3, and then absolutely. 

J o 

3 sinx(l — cos a:) 


r 

Jo 


- dx is convergent if 0 < s < 4, and absolutely con¬ 


vergent if 1<«<4. (Math. Trip. 1934) 

6. I x~ a sin x l ~Pdx is convergent if a lies between /? and 2 — /?. 

Jo 

(Math. Trip. 1936) 

[Put x x ~t = y, and consider the cases /?< 1 and ji> 1 separately.] 


MISCELLANEOUS EXAMPLES ON CHAPTER VIII 


1. Discuss the convergence of the series £n k (^J(n + 1) — 2 *Jn + ^/(n— 1)}, 

where k is real. (Math. Trip. 1890) 

2. Show that £n r A k (n‘), 

where Au„ = u„ — u n+l , A*u n = A(Au n ), 

and so on, is convergent if and only if k>r + s+ 1, except when a is a 
positive integer less than k, when every term of the series is zero. [The 
result of Ch. VII, Misc. Ex. 6, shows that A l (n‘) is in general of order 
»-*.] 

3. Show that 

^ n* + 9n + 5 5 

1 (»+l)(2n + 3)(2n + 5)(n + 4) ~ 36' 

(Math. Trip. 1912) 

[Resolve the general term into partial fractions.] 


4. If £a n is a divergent series of positive terms, and 



b.= 


_o. 

l+na n ’ 


then Tb n is divergent. (Math. Trip. 1931) 

[It is easy to verify that 6„_i > Hence the convergence of £b„ would 
imply that nb n -*■ 0, and therefore that no,-+ 0. This gives b n ~a n and a 
contradiction.] 


5. Show that the series 


_ 1 _ 1 _ 1 _ 1 1 

l+z + 2 2 + z + 3 3 + z"*"’" 

is convergent provided only that z is not a negative integer. 
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6. Investigate the convergence or divergence of the series 

ala a / a\ / a\ 

27ein —, 27-sin-, 27(—l) n sin—, 27(1—006—), 27( — I)*n( 1 — cos—), 
n n n n \ n/ \ n/ 

where a is real, 

7. Discuss the convergence of the series 

l \ 2 3 n / n 

where 6 and a are real. {Math. Trip. 1899) 

8. Prove that the series 

1 — i — 4 + 1+J + i —| — + 

in which successive terms of the same sign form groups of 1, 2, 3, 4, ... 
terms, is convergent; but that the corresponding series in which the 
groups contain I, 2, 4, 8, ... terms oscillates finitely. (Math. Trip. 1908) 

9. If « l , u,, u,, ... is a decreasing sequence of positive numbers whose 
limit is zero, then the series 

+ + + “» + “«)- •••. “i-i(“i + “s) + JK«i +“a+ «&)-••■ 

are convergent. [For if («, + «,+ ... + u„)/n — v„ then i>„ t>„ v,, ... is also 
a decreasing sequence whose limit is zero (Ch. IV, Misc. Exs. 8, 16). This 
shows that the first series is convergent; the second we leave to the reader. 
In particular the series 

l — 4(1 + 4)+ J(i + J+J) —.... l — 4(i + 4) + 6(i + i + ^) — ••• 

are convergent.] 

10. If u 0 + u, + u, + ... is a divergent series of positive and decreasing 
terms, then 

(u„ + M l +...+U 1 „)/(t< 1 + U a +...+ 

CD 

11. Prove that lim = 1- [If follows from § 180 that 

<*-► + 0 1 

0< l _1-a + 2 _1-0 + ...+ (n—l)" 1_ct — J x~'~ a dx£l, 
and it is easy to deduce that 27n _1_I Lies between 1/a and (a+ l)/a.] 

CO 

12. Find the sum of the series 2 u «> where 

l 

x n — a; - "" 1 _ 1 ( 1 1 \ 

U " (x n + a; _ ")(a ; n+1 + a! _, ~ l ) x— l^\z n + ar n a '' +1 + x" B_l ' * 
for all real values of x for which the Beries is convergent. 

(Math. Trip. 1901) 
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[If | ® | is not equal to umty then the senes has the sum x/{(x— 1) (x*+ 1)}. 
If x = 1 then u„ = 0 and the sum is 0 If x = — 1 then «„ = i( — 1) B+1 and 
the senes oscillates finitely.] 

13. Find the sums of the senes 

z 2z J 4z* 2 | z 1 z* 

T+Z + 1+Z a+ 1+Z* + • l- 2 s+ l- 2 ‘ + r^ 2 * + 

(m which all the mdices are powers of 2), whenever they are convergent. 

[The first senes converges only if | z | < 1, its sum then being z/(l —z); 
the second senes converges to z/( 1 — z) if | z | < 1 and to 1/(1— z) if | z | > 1.] 

14 If | a, | g 1 for all values of n then the equation 
0 = 1 +a 1 z + a,z 2 + 

cannot have a root whose modulus is less than and the only case in 
which it can have a root whose modulus is equal to J is that in which 
a„ = — Cis (nO), when z = J Cis (— 0) is a root 

15. Recurring series. A power series Ea n z n is said to be a recurring 
senes if its coefficients satisfy a relation of the typo 

a n+Pl<t n -l+Pl ( tn-t + + Pk a n-lt = 0 (1). 

where n £ k and p v p t , , p k are independent of n Any recurring senes is 
the expansion of a rational function of z To prove this we observe in the 
first place that the series is certainly convergent for values of z whose 
modulus is sufficiently small. For it follows from (1) that |a„|SGa„, 
where a„ is the modulus of the numerically greatest of the preceding 
coefficients, and O = | p, | + j p, j + + | p k |, and from this that 

| o„ | <KO ", where K is independent of n Thus the recurring series is 
certainly convergent for values of z whose modulus is less than I/O. 

But if we multiply the series /(z) = Ea„z n by p k z, p,z a , , p t z*, and 
add the results, we obtain a new series m which all the coefficients after 
the ( k— l)th vanish m virtue of (1), so that 

(1 +p l z + p,z*+ +p k z k )f(z) = P„ + P l z+ H-iVjZ*- 1 , 
where P 0 , P v , P^-i are constants The polynomial 
I+PjZ+PjZ* + +p*z* 

is called the scale of relation of the senes. 

Conversely, it follows from the known results as to the expression of any 
rational function as the sum of a polynomial and certain partial fractions 
of the type Aj(z — a) p , and from the binomial theorem for a negative 
integral exponent, that any rational function whose denominator is not 
divisible by z can be expanded m a power series convergent for values of z 
whose modulus# sufficiently small, in fact if j z | <p, where p is the least 
of the moduli of the roots of the denominator (cf, Ch, IV, Miso. Exs. 26 
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et teq.). And it is easy to see, by reversing the argument above, that the 
series is a recurring series. Thus a necessary and sufficient condition that 
a power aeries should be a recurring series is that it should be the expansion of 
such a rational function of z. 

16. Solution of difference equations. A relation of the type of (1) 
in Ex. 15 is called a linear difference equation in a„ with constant coefficients. 
Such equations may be solved by a method which will be sufficiently 
explained by an example. Suppose that the equation is 

a n + 12a„_, — 0. 

Consider the recurring power series Ba n z". We find, as in Ex. 15, that its 
sum is 

«o + ( a i-“o) 2: + ( a ii- a i-8a 0 )2 s A, A, B 

1 ^ 2 - 82 *+ 12 z* ~ 1 — 2z + (1 — 2 Z )* + T+32 * 

where A t , A,, and B are numbers easily expressible in terms of a„, a u and 
a t . Expanding each fraction separately we see that the coefficient of z" is 
u„ = 2"{A t + (n+ 1) AJ + ( — 3)" B. 

The values of A v A,, B depend upon the first three coefficients a 0 , a,, a,, 
which may of course be chosen arbitrarily. 

17. The solution of the difference equation u n — 2cos0u„_, = 0 

is u„ — A cos nd + B sin n(>, where A and B are arbitrary constants. 

18. If u„ is a polynomial in n of degree k, then Bu n z n is a recurring 

series whose scale of relation is (1 — 2 )* +1 . (Math. Trip. 1904) 

19. Expand 9/{(z — 1) (2 + 2)®) in ascending powers of z. 

(Math. Trip. 1913) 

20. A player tossing a coin is to score one point for every head he turns 

up and two for every tail, and is to play on until his score reaches or 
passes a total n. Show that his chance of making exactly the total n is 
i{2 + (- *)»}. (Math. Trip. 1898) 

[Ifj>„ is the probability then p„ = + P«-i); also p 0 = 1 ,p l = J.] 

21. Prove that 

1 1 1 _ / n\ I / n\ 1! 

a+l + o + 2 + ' + o + n \l/a+l \2/(a+ l)(a + 2) + 

if n is a positive integer and a is not one of the numbers — 1, — 2.— n. 

[This follows from splitting up each term on the right-hand side into 
partial fractions. When a> — 1, the result may be deduced very simply 
from the equation 

ri l-x n f 1 dk 

I x a - - dx = I (1 -r)°{l — (1 — x)”} — 

, Jo 1-x Jo x 
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by expanding (I — x n )j( I —x) and 1 — (1 —x) n in powers of 2 and integrating 
each term separately. The result, being an algebraical identity, must be 
true for all values of a save —I, -2,..., -n.] 


22. Prove by multiplication of series that 


11 1 \«» 

q71\ i n.ni i \ 2 3 n'n\ 

[The coefficient of z n will be foui\d*to be 

=-.{0-lG)+iG)—}- 


Now use Ex. 21, taking a = 0.] 


23. Discuss as completely as you can the convergence of 


for real or complex z. 


2 n\ 

Z -2 

n!«! 


n 


(Math. Trip. 1924) 


24. If A „ ->■ A and B„~* B an n -+co, then 

— (A t B„ + A t +A„ Bj) -*• AB. 

n 

[Let A n ~A + e n . Then the expression given is equal to 
B 1 + B t + ... + B„ ^ e, B„ + e t B„_ x + ... + e„B 1 
n n 

The first term tends to AB (Ch. IV, Misc. Ex. 16). The modulus of the 
second is less than fi{\ e 1 | + | e, | + ... + | e„ j}/n, where ji is any number 
greater than the greatest value of | B„ |: and this expression tends to zero.] 


25. Prove that if c n — a 1 b„ + a,b n _ 1 + ...+a„b J and 
A n = Oi +aj+ . • • + a„, B„ = b l + b i + ... + 6„, C„ = c l + c % + .. . + c„, 
then 

O n = a. l B n + a i B n _ l + ... +a n B x = b l A n + b t A n _ l +... +b n Ai 
and Ci + C 2 +... + C n = A x B n + A 8 j5„_j +... + A n By 

Hence prove that if the series Za„, Zb„ are convergent and have the 
sums A, B, so that A„ -+ A, B„ -»■ B, then 

(C x 4- C 2 4- ... 4- O n )/n ->AB. 

Deduce that if Zc„ is convergent then its sum is AB. This result is known 
as Abel’s theorem, on the multiplication of series. We have already seen 
that we can multiply the series Za„, Zb n in this way if both series 
are absolutely convergent: Abel’s theorem shows that we can do so even 
if one or both^ke not absolutely convergent, provided only that the 
product series is convergent. 
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26. If 


(- 1 )" 


A„ = a 0 +a t + +s„ 


V(*+i)’ 

b n = <*<>«* + +o„a 5„ = 6 0 + 6 1 + + &„, 

then (l) 2Ta„ converges to a sum A, (u) A n =A + 0(n~i), (m) b„ oscillates 
flmtely, (iv) B n = a <i A n + a l A n _ l + +a n A w and (v) B„ oscillates 
finitely. (Math. Trip. 1933) 

27 Prove that 

i(l —i + J— ) a = i— i(l + i) + i(l + i + i) — • 
id-i + i- ) a = i-J(l + i) + i(l + l + ^)- 

[Use Ex 9 to establish the convergence of the senes.] 

28 Prove that if m> — l,p>0, n>0, and U m „ = ( x m (l — x v ) n dx, 

Jo 

then (m + np+ 1) U m „ = npU m Deduce that 

( x~t(l — x'')^ dx = ~ [ * - l(l — xtydx, 

Jo '6 /o 

and evaluate the integrals by a suitable transformation. 

(Math. Tnp. 1932) 

29 Prove that 

dx 2-,/2 


/■* dx 
la *M<*’ 


/. 


’r’arcamr 7 

0 VU' 1 *) 9 


> + x a ) 3o« 

30 Establish the formulae 

j“ FU(x* +l) + x}dx=ij™(l+^)F(y)dy, 

j o E(V(x a + l)-x}dx = i I (l + ^a) F M d y- 
In particular, prove that if n > 1 then 


(Math. Trip. 1932) 


/; 

Jo 


dx 


- = j / o W(x*+!)-*}» 1^ = -^. 


W(x J +l)+x}" 

[In this and the succeeding examples it is assumed that the integrals 
considered have a meaning in accordance with the definitions of §§ 184 
et seq ] 

31. Show that if 2 y = ax — bx~ l , where a and b are positive, then y 
increases steadily from — oo to oo as x increases from 0 to oo. Hence 
Bhow that 


If f(y) is even, this is -I f(y) dy. 

a Jo 


y 


V(y a + oi)J 


!< 
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32. Show that if 2y = ax + bx~ l , where, a and 6 are positive, then two 
values of x correspond to any value of y greater than -J(ab ). Denoting the 
greater of these by x x and the less by x t , show that, as y increases from 
•J(db) towards oo, x x mcreases from -J(bja) towards oo, and x t decreases 
from \l(bja) to 0. Hence show that 


( f(y) dx, = ^ f f(y) + 1 j dy, 

J y/(bla) aJV(ab) 'VW ~ ab ) 1 

[Vibla) i rm ( V 1 

/. mdx - ■ '! 91 

rAU »*-)}* - * f 

Jo (2 \ xj J ® ' \’(ab)*j[y ~ab) ci J o 


and that 


33. Prove the formula 


rv dx I* 

I /(sec 1x4-tan lx) - - = / /(cosec x) 

Jo ft(ainx) Jo 


dx 

<J{8V\X)' 


34. If a and b are positive, then 
dx 


l 


o (*»4-a*)(**4-6») 


JT /■“ x’dx _ IT 

2ob(a + b)' Jo (x i + a , )(x a + b t ) 2(a 4-6) 


Deduce that if a, ft, and y are positive, and ft 1 S ay, then 


r 

Jo < 


dx 


TJ I* 

WAV Jo 


x*dx 


ax* + 2/fx 2 + y 2J(2a.A)’ 


ax* + 2ftx i + y 2/(2y A)’ 
where A = ft + /(acy). Also deduce the last result from Ex. 31, by putting 
f(y) = l/(c*+y 2 ). [The last two results remain true when ft*<ay, but their 
proof is then not quite so simple.] 


35. Prove that if b is positive then 
x*dx 


r 

j 0 


_ n ( a x 

~ 26’ Jo {(x’-a ; 


x l dx 


(x l — a*)* + b % x % 

36. If <j>\x) is continuous for a; > 1, then 

2 4>(n) = [x]<t>(x)~ [ 

lSnSx '1 

where [ x ] is the greatest integer contained m x. 


*)*4-6*x s } s 46* 


(Math. Trip. 1932) 


37, If <P’(x) = 0(x~ a ), where a > 1, for large x, then 

{“Tl+ 1 

{<j>(x) - <j>(n+ J)} dx = 0(n-“) 

rn+l 


and 


r 

'» 

n 1 

£4>(m + i) = / $(z)dx+ C+ 0(n 1-a ), 

*1 J 1 


where C is independent of n. 


(Math. Trip. 1923) 
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[Observe that 


j* {<j>(x)-<f>(n + \)}dx; = j {$(n + b+t) + ij>(n + b-t)-2<f>(n + l)}dt.] 

38. If J m = j sin" 8 sin a(x — 6) dd 

and in is an integer not less than 2, then 

m(m — 1 ) J m _ , - a sin" 1 x + (m* — a J ) J m . 


Deduce that 


, a 1 . a J (2 ! —a J ) , a 2 (2 J —a 2 ) (4 2 —a 2 ) . 

:= 1- —sin 2 x-5—-sin 4 x--- - -sin^x-.. . 


39. Prove that if 


(Math. Tnp. 1923) 


/** „ , [*” sin 2 nx , 

«„ = / sin 2nx cot x ax, d, = I- dx, 

'0 Jo x 

f ® sin oc 

then u n = in and v n -+ / - dx = v, 

J0 x 

say. Prove also, by partial integration or otherwise, that 

and deduce that v = \n. (Math. Tnp. 1924) 

40. If o is positive, /(x) is continuous except at the origin, 

ra ra 

I f(x) dx = lim I f(x) dx 
I 0 €->0 € 

r a f(t) 

exists, and g(x) = i — dt , 

'x t 

then I g(x)dx = ( f(x)dx. (Math Trip. 1934) 

Jo Jo 


sin 2nx cot xdx, 


sin 2 nx 



CHAPTER IX 


THE LOGARITHMIC, EXPONENTIAL, 

AND CIRCULAR FUNCTIONS OF 
A REAL VARIABLE 

204. The number of essentially different types of functions 
with which we have been concerned in the foregoing chapters is 
not very large, the most important being polynomials, rational 
functions, algebraical functions, explicit or implicit, and trigo¬ 
nometrical functions, direct or inverse. 

The gradual expansion of mathematical knowledge has been 
accompanied by the introduction into analysis of one new class 
of function after another. These new functions have generally 
been introduced because it appeared that some problem which 
was occupying the attention of mathematicians was incapable of 
solution by means of the functions already known. The process 
may fairly be compared with that-by which the irrational and 
complex numbers were first introduced, when it was found that 
certain algebraical equations could not be solved by means of 
the numbers already recognised. One of the most fruitful sources 
of new functions has been the problem of integration. Attempts 
have been made to integrate some function f(x) in terms of 
functions already known. These attempts have failed; and after 
a certain number of failures it has begun to appear probable that 
the problem is insoluble. Sometimes it has been proved that this 
is so; but as a rule such a strict proof has not been forthcoming 
until later on. Generally it has happened that mathematicians 
have taken the impossibility for granted as soon as they have 
become reasonably convinced of it, and have introduced a new 
function F(x) defined by its possessing the required property, viz. 
that F'(x) = f{x). Starting from this definition, they have in- 
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vestigated the properties of F(x)\ and it has then appeared that 
F(x) has properties which no finite combination of the functions 
previously known could possibly have; and thus the correctness 
of the assumption that the original problem could not possibly 
be solved has been established. One such case occurred in the 
preceding pages, when in Ch. VI we defined the function log a: 
by means of the equation 



Let us consider what grounds we have for supposing log x to be a really 
new function. We have seen already (Ex. xim. 4) that it cannot be a 
rational function, since the derivative of a rational function is a rational 
function whose denominator contains only repeated factors. The question 
whether it can be an algebraical or trigonometrical function is more 
difficult. But it is very easy to become convinced by a few experiments 
that differentiation will never got rid of algebraical irrationalities. For 
example, the result of differentiating j(l+x) any number of times is 
always the product of 7(1 + x) by a rational function, and so generally. 
Similarly, if we differentiate a function which involves sin* or cosx, one 
or other of these functions persists in the result. 

We have, therefore, not indeed a strict proof that log x is a new function 
—that we do not profess to give*—but a reasonable presumption that it 
is. We shall therefore treat it as such, and we shall find on examination 
that its properties are quite unlike those of any function which we have 
as yet encountered. 

205. Definition of log x. We define log x, the logarithm of 
x, by the equation 



We must suppose that x is positive, since (Ex. lxxvi. 2) the 
integral has no meaning if the range of integration includes the 
point * = 0. We might have chosen a lower limit other than 1; 
but 1 proves to be the most convenient. With this definition 
log 1=0. 

We shall now consider how logs; behaves as x varies from 0 
towards oo. It follows at once from the definition that log a; is a 

* For such a proof see the author’s traot quoted on p. 264. 
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continuous function of x which increases steadily with x and has 
a derivative 


L 

dx 



and it follows from § 181 that log a; tends to co as x~*-oo. 

If a: is positive but less than 1, then log a; is negative. For 



-1 




< 0 . 


Moreover, if we make the substitution t — 1 /u in the integral, we 
obtain 



‘ llx du 
i u 



Thus log a; tends steadily to — oo as x decreases from 1 to 0. 

The general form of the graph of the logarithmic function is 
shown in Fig. 49. Since the derivative of log x is 1 lx, the slope of 



the curve is very gentle when x is very large, and very steep 
when x is very small. 


Examples LXXXIII. 1. Prove from the definition that 
(<*) 7T”< lo E(l + *)<* (*>0), (6) x< — log(l —;r)<~— (0<«<1). 

1 •r X I —x 

rl+xfit 

[Thus for (a) observe that log (1 +x) = I — and that the integrand 

J l t 

lies between 1 and 1/(1 + at).] 
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2. Prove the inequalities 
(i) ®-4x ! <log(l+x) ( x>0 ), 


X “ 1 

(li) -<Iogx<x — 1 (x>l), 

X 


(iii) 4(x — 1) — 2Iogx<2xlogx<x* — 1 (x>l), 

(iv) 0 <i-log^±i<^ (*>0), 

2 x+1 2x+l 

(v) --<log--< -— -, (a;>0). 

2x+l x 2x(x+l) 


(Math. Trip. 1931, 1933, 1936) 

3. Prove that lim = lim ISilLtl) = ]. [U se Ex. 1.] 
x~r 1 * 1 V-rO V 

206. The functional equation satisfied by log*. The 

function log x satisfies the f unctional equation 

f(xy) =f(x)+f(tj) .(l). 

For, making the substitution t = yu, we see that 

_ r^dt _ f* du _ r x du_ C Vv du 

^ ~Jl t Jl/v« Jl « Jl M 

= log* —log (1/y) = log * 4- log y, 
which proves the theorem. 

Examples LXXXIV. 1. It can be shown that there is no solution of 
the equation (1) which possesses a differential coefficient and is fundament¬ 
ally distinct from log x. For when we differentiate the functional equation, 
first with respect to x and then with respect to y, we obtain the two 
equations yf'(xy) = /'(x), xf'(xy) =f‘(y); 

and so, eliminating/'(xy), xf'(x) = yf’(y). But if this is true for every pair 
of values of x and y, then we must have rf'(x) = C, or /'(x) = C/x, where 
O is a constant. Hence 


fC 

f(x) — —dx+C'=Clogx+C', 
. x 


and substitution into (1) shows that C' = 0. Thus there is no solution 
fundamentally distinct from logx, except the trivial solution f(x) — 0, 
obtained by taking (7 = 0. 

2. Show in the Bame way that there is no solution of the equation 


/<*)+/<») =/(£*) 
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■which possesses a differential coefficient and iB fundamentally distinol 
from arc tan*. 

3. Prove that if m + 1 > 0 then 0 when n -*■ oo. 

[If to is integral then u n = f " 1 ) = 0 for n>m, and there is nothing t( 

prove. We suppose therefore that p<m<p +1, where p is an integer no 

less than — 1. In this case U>,+ } — ——- is negative for vip+ I, and lea 
u» v +1 

than 1 in absolute value, so that u v alternates in sign and [ u v | decrease 
steadily. Also 


log 



= log 


V—TO 

pTT 



TO+ 1 

vTT 


) 


< 


m+1 

v+T ; 


n i 

so that log|« B+1 |-log|«, + i|<-(TO+l) 2 TT1'* -00 

v ^ P Jr\V+ 1 

when n-* oo. Hence tt n+1 ->• 0. 

If to = - 1 then u„ = (— 1)". If to + 1 < 0 then | u„ | increases with r 
Prove that then [ u n ( -*■ co. ] 


207. The manner in which log * tends to infinity with a 

It will be remembered that in § 98 we defined functions whic 
are of the first, second, third, ... orders of greatness for large a 
A function f(x) was said to be of the A'th order of greatness whe 
J(x)jx k tends to a limit different from zero as * tends to infinity 

It is easy to define a whole series of functions which tend t 
infinity with x with progressively diminishing rapidity. Thi 
sjx, l/x, %jx, ... is such a series of functions. We may say gen© 
ally that x a , where a is any positive rational number, is of tt 
ath order of greatness when z is large. We may suppose x as sma 
as we please, e.g. less than • 0000001. And it might be thougl 
that by giving x all possible values we should exhaust the po 
sible ‘orders of infinity’ of /(*). At any rate it might be suppose 
that if f(x) tends to infinity with x, however slowly, we cod 
always find a value of x so small that x x would tend to infinii 
still more slowly; and similarly that, if f(x) tends to infinii 
with x, however rapidly, we could always find a value of a i 
great that x* would tend to infinity still more rapidly. 

The behaviour of logo; refutes any such expectation. T 
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logarithm, of x tend Is to infinity with x, but more slowly than any 
positive power of x, integral or fractional. In other words log x ->• go 
but 

mtj or. 

-o 


logx 


x“ 


for all positive rational values of a. 


208. Proof that x _a logx->0 when x->co. Let /? be any 
positive rational number. Then rt 1 < tP~ x when i > 1, and so 


so that 


. r x dt C x dt 

. — 1 x? 

\o g x < - r<1 


for x> 1. Now if a is positive we can choose a smaller positive /S, 

and then . „ 

0< log f< ^ 

X x § 

But xP~“ -> 0 when x -> oo, since fi < a, and therefore x~“ log x -> 0. 


209. The behaviour of logx when x->-f 0. Since 
x~ a log x = — y“ log y 

if x — Ijy, it follows from the theorem proved above that 


lim y* log y = — lim x~ a log x = 0. 

y —► ■+■ 0 x —>-+oo 

Thus log x tends to — oo and log (1/x) = - log x to oo when x tends 
to zero by positive values, but log (1/x) tends to oo more slowly 
than any positive power of 1/x, integral or fractional. 


210. Scales of infinity. The logarithmic scale. Let us consider 
once more the series of functions 

x, fx, $x, .... . 

which possesses the property that, if j{x) and <p(x) are any two of the 
..functions contained in it, then f(x) and <j>(x) both tend to oo when x-rao, 
while f(x)/<fi(x) tends to 0 or to oo according as f(x) occurs to the right or 
the left of <f>(x) in the series. We can now continue this series by the 
insertion of new terms to the right of all those already written down. We 
can begin with logx, whioh tends to infinity more slowly than any of the 

26-2 



404 LOGARITHMIC, EXPONENTIAL, AND CIBCULAB [n 

old terms. Then ft (log x) tends to oo more slowly than log x, $j(\ogx) than 
ft (log x), and so on. Thus we obtain a series 

X, ftx, ftx . ftx . logs, ft(\ogx), ft( log®), .... ftQogx), ... 

formed of two simply infinite series arranged one after the other. We can 
continue the series further by considering the function log log x, the 
logarithm of logs. Since x~ a logx ->■ 0, for all positive values of a, it 
follows on putting x = logy that 

(log y )log log y = x-“ log x 0. 

Thus log log y tends to oo with y, but more slowly than any power of log y. 
Hence we may continue our series in the form 

x, ftx, ftx . log x, ft(log x), ^(logx). 

log log x, ft(log\ogx), ft( log log x), 

and it will now be obvious that by introducing the functions log log log x, 
log log log log x, ... wo can prolong the series to any extent we like. By 
putting x = \jy we obtain a similar scale of infinity for functions of y 
which tend to oo as y tends to 0 by positive values*. 

Examples LXXXV. 1. Between any two terms/(x), F(x) of the series 
we can insert a new term </>{x) such that <j>(x) tends to oo more slowly than 
f{x) and more rapidly than F(x). [Thus between ftx and ftx we could 
insert x^ 7 : between ft(logx) and ®/(logx) we could insert (logx)' ,lf . And 
generally <ji(x) = ft{f(x) F(x)} satisfies the conditions stated.] 

2. Find a function which tends to oo more slowly than ftx, but more 
rapidly than x x , where a is any rational number less than 4 . [xlflogx) - ^, 
where ft is any positive rational number, is such a function.] 

3. Find a function which tends to 00 more slowly than Jx, but more 
rapidly than ftx(logx)~ x , where a is any positive rational number. [The 
function i/x(Ioglogx ) _1 is such a function. It will be gathered from these 
examples that incompleteness is an inherent characteristic of the log¬ 
arithmic scale of infinity.] 

4. How does the function 

/(x) = {x a (log x) x ‘ (log logx) x "}/{xP(log x)f (log log x)^"} 
behave as x tends to 00 ? [If a 4 = ft then the behaviour of 
J(x) = x^^logx^'^'floglogx) 1 *" - ^" 
is dominated by that of x a ~P. If a = ft then the power of x disappears and 
the behaviour of f{x) is dominated by that of (logx)“' - ^', unless a' = ft', 

* For fuller information about ‘ scales of infinity ’ see the author’s traot referred 
to on p. 360. 
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■when it is dominated by that of (loglogx)”" - ^". Thus f(x) -*■ ooif «>/?, or 
a = [S, a'>/3', or a = [S, a' = /?', a.">/S', and/(x) -*-0 if a<^, or a = fl, 
a’ <P', or a = p, a' = [S', a." <P".\ 

5. Arrange the functions 

a; x-^logx) x log logx x log log log x 

■JQogx)' log log x ' <J(logx) ’ v'CJog'og^) 
according to their order of magnitude for large x. 

6 . Prove that 

log <x + 1) = log x + oQ , i log|±-J =l + oQ. 

log log-- = — logx + log2 + 0^-1, log(xlogx) ~logx 

for large x. 


7. Prove that 

£ (iogx)a= «^-*’ 


dx 


k%i = 1 ° g]0gX ’ jl 


(log log x) a : 
dx 


J X log x log log X 


x log x (log log x) 1 -® 
= log log log X. 


8 . Prove that the curve y - x m (log x)“, where x is positive and m and 
n are integers greater than 1 , has at least two inflexions, and may have 
more. Sketch the curve when n is odd. (Math. Trip. 1927) 


211. The number e. We shall now introduce a number, 
usually denoted by e, which is, like 7r, one of the fundamental 
constants of analysis. 

We define e as the number whose logarithm is 1. In other words 
e is defined by the equation 



Since log a: is an increasing function of x, in the stricter sense of 
§95, it can only pass once through the value 1. Hence our 
definition is unambiguous. 
t < Now log xy = log x + log y and so 

logsr* = 21ogx, logx 3 = 31ogx, ..., logs" = relogx, 
where n is any positive integer. Hence 

loge” = nloge = n. 
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Again, if p and q are any positive integers, and ePb denotes the 
positive gth root of eP, we have 

p = log eP = log (e p/4 )« = q log e p/ ®, 
so that log e pla = pjq. Thus, if y has any positive rational value, 
and e v denotes the positive yth power of e, we have 

loge" = y .(1), 

and log er y = — log e v = — y. Hence the equation (1) is true for 
all rational values of y, positive or negative. In other words the 
equations y = log a:, x = e v .(2) 

are consequences of one another so long as y is rational and e v has 
its positive valiie. At present we have not given any definition 
of a power such as e v in which the index is irrational, and the 
function e v is defined for rational values of y only. 

Example. Prove that 2 < e < 3. [In the first place it is evident that 

and so 2 < e. Also 

r 3 dt _ r 2 dt i 3 dt _ r 1 du r 1 du du ^ 

J 1 t Jyt + J 2 t /o 2 — u /0 2 + u .1 o 4 —u e> 
so that e<3.] 

212. The exponential function. We now define the ex¬ 
ponential function e v for all real values of y as the inverse of the 
logarithmic function. In other words we write 

x = e v 

if y — log x. 

We saw that, as x varies from 0 towards oo, y increases steadily, 
in the stricter sense, from — oo towards oo. Thus to one value of 
x corresponds one value of y, and conversely. Also y is a con¬ 
tinuous function of x, and it follows from § 110 that x is likewise 
a continuous function of y. 

It is easy to give a direct proof of the continuity of the exponential 
function. For if x = e" and x + i = e ,+ ’! then 

x +idt 


/, 
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Thus | n | is greater than £/(£ + £) if £> 0, and than j £\/x if g<0; and if i j 
is small £ must also be small. 

Thus e v is a positive and continuous function of y which 
increases steadily from 0 towards oo as y increases from — oo 
towards oo. Moreover e v is the positive ytb power of the number 
e, in accordance with the elementary definitions, whenever y is 
a rational number. In particular e“ = 1 when y = 0. The general 
form of the graph of e v is as shown in Fig. 50 (p. 400). 

213. The principal properties of the exponential func¬ 
tion. (1) If x = e v . so that y — log a:, then 

dy 1 dx 
/ = -, —=x = e *. 
dx x dy 

Thus the derivative of the exponential function is equal to the 
function itself. More generally 

d 

— e av = ae av . 
dy 

(2) The exponential function satisfies the functional equation 

f(y+z) =f(y )/(«)• 

This follows, when y and z are rational, from the ordinary rules 
of indices. If y or z, or both, are irrational then we can choose 
two sequences y x . y 2 , ..., y n , ... and z 1 , z t , ..., z n , ... of rational 
numbers such that lira y n = y, limz„ = z. Then, since the ex¬ 
ponential function is continuous, we have 

e v x e* = lim e Vn x lim e 2 " = lim e Vn+Zn = e v+ *. 

In particular e v x e~ v = e° = 1, or e~ v = l/e v . 

We may also deduce the functional equation satisfied by e v 
from that satisfied by logx. For if y 2 = logaq, y 2 = log x 2 , so that 
= evi, x a = e v *, then Vi + y t = logx 1 + logx a = logXjX a and 
gVi+vt = e iogi,*, = ajj == eVi x e v ». 

(3) The function e y tends to infinity with y more rapidly than 

any power of y, or u* 

lim — = lim e~ v y° = 0 
e v 

when y ->■ oo, for all values of a however great. 
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We saw that x~? log z -* 0 when x-*-oo, for any positive value 
of fi. Writing a for 1//J, we see that z -1 (log x) a -> 0 for any value of 
ex. The result follows on putting x = e v . It is clear also that e? v 
tends to oo if y > 0, and to 0 if y < 0, and in each case more rapidly 
than any power of y. 

From this result it follows that we can construct a 'scale of infinity’ 
similar to that constructed in § 210 , but extending in the opposite direc¬ 
tion; i.e. a scale of functions which tend to oo more and more rapidly when 
x -*■ oo*. The scale is 

x, x x , x?, .... e®, e tx . e*", .... e®*, .... e'*, .... 

where of course .... «*’, ... denote e <lS) , .... .... 

The reader should try to apply the remarks about the logarithmic 
scale, made in § 210 and Exs. lxxxv, to this ‘exponential scale ’ also. The 
two scales may of course (if the order of one is reversed) be combined into 
one scale 

.... log log x, .... logz, ..., x . e 1 , . , e‘ r . 

Examples LXXXVI. 1. If D„x = ax then i = Ke‘ x , where if is a 
constant. 

2 . There is no solution of the equation/(y + z) - f(y)f(z) fundamentally 
distinct from the exponential function. [We assume that J(y) has a differ¬ 
ential coefficient. Differentiating the equation with respect to y and z in 
turn, we obtain 

f'(y+z) = /'(y)/(z), /'(y+z) =/(y)/'(z). 

Hence f'(y)/f(y) = /'(z)//(r), and therefore each is constant. Thus if 
x = /(y) then D,x = ax, where o is a constant, so that x = ife 0 * (Ex. 1).] 

3. Prove that (e®'- l)/y-»-a when y-r 0 . [Applying the mean value 
theorem, we obtain e“* — 1 = aye where 0< | tj j < | y |.] 

4. Prove that e x —l—x, e~ x —l+x, and 1 — ix x + ix s — (1 +x) e~ x are 

positive and increase steadily for positive a:. (Math. Trip. 1924) 

6 . Prove that (<£r) ( 2: ’‘ e ' v/ ') -*■ 0 

when x-rea, for all integral m and n. (Math. Trip. 1936) 

* The exponential function was introduced by inverting the equation y = log x 
into x = «*; and we have accordingly, up to the present, used y as the independent 
and x as the dependent variable in discussing its properties. We shall now revert 
to the more natural plan of taking x as the independent variable, except when It is 
necessary to consider a pair of equations of the type y = log x,x = t y simultaneously, 
Or when there is some other special reason to the oontrary. 
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_^214. The general power a x . The function a x has been 
defined only for rational values of x, except in the particular case 
when a = e. We shall now consider the case in which a is any 
positive number. Suppose that x is a positive rational number 
p/q. Then the positive value y of the power a vtq is given by 
yt = aM\ from which it follows that 

? log y = p log a, log y = ( pjq) log a = x log a, 

and so y = e zloga . 

We take this as our definition of a x when x is irrational. Thus 
lO^ 2 = e v ' 2 log 10 . It is to be observed that a x , when x is irrational, 
is defined only for positive values of o, and is itself essentially 
positive; and that log a 1 = xloga. The most important pro¬ 
perties of the function a x are as follows. 

(1) Whatever value a may have, a x xa v — a x+y and (a x ) v — a xv . 
In other words the laws of indices hold for irrational no less than 
for rational indices. For, in the first place, 

a x x a v _ gX log a x e v log a _ g(.c+i/)loga _ a x+y. 

and in the second 

^(l x ) y — e»lo«o* _ giylogo _ a xu , 

(2) If a> 1 then a 1 = e xloga = e xx , where a is positive. The 
graph of a x is in this case similar to that of e 1 , and a z oo when 
x ->■ co, more rapidly than any power of x. 

If a < 1 then a x = e* logo = e~^ z , where /? is positive. The graph 
of a x is then similar in shape to that of e x , but reversed as regards 
right and left, and a?-*- 0 when x-+oo, more rapidly than any 
power of 1 jx. 

, (3) a x is a differentiable function of x, and 

D x a x = Z^e* 10 * 0 = e* 10 *°loga = a*loga. 

(4) a* is also a differentiable function of a, and 
D a a x = D a e xloga = e* l0 *“(x/a) = xa*- 1 . 
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(5) It follows from (3) that 

lim a ^ = loga; 

for the left-hand side is the value of D x a x for x = 0. The result 
is equivalent to that of Ex. lxxxvi. 3. 

In the course of the preceding chapters a great many results 
involving the function a x have been stated with the limitation 
that x is rational. The definition and theorems given in this 
section enable us to remove this restriction. 


215. The representation of e x as a limit. In Ch. IV, 

§73, we proved that {l + (l/w)} B tends, when «->oo, to a limit 
which we denoted provisionally by e. We shall now identify this 
limit with the number e of the preceding sections. We can 
however establish a more general result, viz. that expressed by 
the equations 

lim lim (l_?)“ n =e*.(1). 

n) „^ co \ nj 

The result is very important, and we shall indicate alternative 
lines of proof. 

(1) Since |log(l + ^) = I^> 

it follows that lim ^ 1 + X ^ = x. 

a-»q A 

If we put h = l/£, we see that 

Urn £log|l +|j = x 

when |->-oo or £-> — oo. Since the exponential function is con¬ 
tinuous it follows that 



= log il-HilO) -f. gX 


when £-*oo or £-> —oo; i.e. that 





(2). 
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If we suppose that £->oo or £-> —oo through integral values 
only, we obtain the result expressed by the equations (1). 


(2) If n is any positive integer and x> 1, we have 
/■* dt r x dt r x dt 

Jj 7 < J 1 jw5’ 

or n(l — ;r~ 1, ")<log:r<7l(:r 1,,, —1) (3). 

We write y = log x, x = e* Then it follows from (3), after some Bimple 
transformations, that 


1 + 


y\ n 

n) 




If 0<nf < 1 then 


l-(l-g)«<n{l-(l-£)} = nf, 


by (4) of § 74, and so 




(4) 


(5). 


In particular (5) is true if f = y*/n 2 and n>y 2 Hence 


which tends to zero when n-* oo, and (1) now follows from (4) 

We leave it to the reader ( 1 ) to make the changes in the argument 
necessary when 0 < x < 1 and (u) to deduce the result for negative x. 


216. The representation of log* as a limit. We can also prove 
hmn(l — x~ v ") = hmn(x lln — 1) = log*. 

For n(x 1,n — 1) — n(l —x~ lln ) = n(x 1,n — 1) (1 — 

which tends to zero as n -*co, smce n[x llH — I) tends to a limit (§76) and 
x~ Vn to 1 (Ex. xxvn 10). The result now follows from the inequalities (3) 
of §216. 


Examples LXXXVII. 1. Prove, by taking y = 1 and n = 6 m the in¬ 
equalities (4) of § 216, that 2 6 < e < 2 9. 


‘ 2. If «£, 

the form 


► 1 as a-i-oo, then (1 + £»)"-re*. 

g(l+fn) 

l VT) In * 


[Writing nlog (1 + £„) m 


and using Ex. lxxxhi . 3, we see that n log ( 1 + £«) -*■ i.] 
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3. If n£ B -*oo, then (1 + £ B ) B -*-to; and if l+£„>0 and »£„ -*• —oo, then 

(l + f,)"-0. 

4. Deduce from (1) of § 215 the theorem that e* tends to infinity more 
rapidly than any power of y. 

217. Common logarithms. The reader is probably familiar 
with the idea of a logarithm and its use in numerical calculation. 
He will remember that in elementary algebra log a x, the logarithm 
of x to the base a, is defined by the equations 

x = a”, y = log 0 x. 

This definition is of course applicable only when y is rational. 

Our logarithms are therefore logarithms to the base e. For 
numerical work logarithms to the base 10 are used. If 

y = log x = logj x, z = log lo x, 
then x = e w and also x = 10* = e* logl °, so that 
log 10 x = (log e x)/(log e 10). 

Thus it is easy to pass from one system to the other when once 
log„ 10 has been calculated. 

It is not part of our purpose in this book to go into details 
concerning the practical uses of logarithms. If the reader is not 
familiar with them he should consult some text-book on algebra 
or trigonometry*. 


Examples LXXXVIII. 1. Show that 

D x e ax cosbx = re ax cos(bx + 6), D x e“ I Binbx = re'‘ x Bin(bx + 8), 
where r = ^/(a ! + b 8 ), cos 6 = a/r, sin d = b/r. Hence determine the nth 
derivatives of the functions e“*cosbx, e“sin bx, and show in particular 


that 



e°*sinbx= (osec0) n e“*8in(bx + ntf). 


(Math. Trip. 1932) 

2. If j/ n ia the nth derivative o’f e a * sin bx. then 

y«+i- 2 a 3 /n + (o' + b*)y B _j = 0. (Math. Trip. 1932) 


* See for example Chrystal's Algebra, 2nd edition, vol. i, ch. rxi. The value of 
log, 10 is 2-302... and that of its reciprocal -434.... 
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3. If y n is the nth derivative of x'e®, then 

y n = \n(n-l)y t -n(n-2)y l + ±(n-\)(n-2)y. 

(Math, Trip. 1934) 

4, Trace the curve y = e _a *sin&x, where a and b are positive. Show 
that y has an infinity of maxima whose values form a geometrical progres¬ 
sion and which lie on the curve 

y = ■■ , (Math. Trip. 1912, 1935) 

V(° 4 - b *) 

6 . Integrals containing the exponential function. Prove that 

a cos bx + b sin bx 


e ax coa bxdx= - 


■* /‘ 


. , , a sin bx — b cos bx 

e 0I sin bxdx — --——-- e° 


o* + 6* J a* + 6* 

[Denoting the two integrals by I, J, and integrating by parts, we obtain 
aJ — «“®eos bx + bj, aj = e az sin bx — bl. 

Solve these equations for J and J.] 

6 . Prove that if a > 0 then 

b 


r 

J 0 


e~ ax cos bxdx 


= f 

a* + 6>’ it 


e~ a *sin bxdx = —-——, 
0 a 2 + 6” 


7. If /„ = Je a *x"(Ix then a/„ = e^x"[Integrate by parts. It 
follows that /„ can be calculated for all positive integral values of n.] 

8 . Prove that, if n is a positive integer, then 

( x / x * x n \ 

J e~H n dt = n\e~*[ e*— 1 — x — -—...-) 

Jo \ 2 ! n 1 / 

e - ®x"dx = n!. (Math. Trip. 1935) 


f 

JO 


and 

9. Prove that 

I® [ x* x fl l 

e'Ctif = ( — l)" -1 n!e*ie - *— 1 + x —— +...+{ — 1)“ -1 —-1; 

I o ^ 2 ! nl) 

and deduoe that, when x > 0 , e~* is greater than or less than the sum of the 

x* 

first n +1 terms of the series 1 — x + — — ..according as n is odd or even. 

(Math. Trip. 1934) 

e-'t'dt then u„ —(n + x) u n _j + (n— l)xw„_, = 0 . 

(Math. Trip. 1930) 


10 . If«„= [ 

Jo 
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r qo f ® 

11 . Express I m = I a? ra e-*cos xdx and J m = I x m e~ B smxdx in terms 

J o 

of and and show that 

■Im mlm-1 + J m{m ~ 1 )/„_,= 0 

if m is an integer greater than 1. Determine I m by putting l m = m ! u m in 
the last relation. (Math. Trip. 1936) 

12. Show how to find the integral of any rational function of e*. [Put 
x = logtt, when e® = u, dxjdu = 1/u, and the integral is transformed into 
that of a rational function of u.] 

13. Prove that we can integrate any function of the form 

P(x, e ax , e 6 ®,.... cos lx, co&mx ,.... sin lx, sin mx ,...), 
where P denotes a polynomial. 


/■» 

14. Prove that j e _A * R(x)dx, where A>0 and a is greater than the 

greatest root of the denominator of R(x), is convergent. [This follows from 
the fact that e A * tends to infinity more rapidly than any power of *.] 

16. Prove that I e“ Al + >** <tr, where A > 0, is convergent for all values 

J — <K 

rco 

of [i, and that the same is true of I e-* x2 ~' ax x"dx, where n is any positive 

J — CO 

integer. 

16. Draw the graphs of e* a , e~**, xe x , xe~ x , xe x2 , xe~‘ 2 , and xlogx, 
determining any maxima and minima of the functions and any points 
of inflexion on their graphs. 

17. Show that the equation e“ = bx, where a and 6 are positive, has 

two real roots, one, or none, according as b>ae, b = ae, or b<ae. [The 
tangent to the curve y = e“* at the point (£, ) is 

y — z< = aeri(x — £), 

which passes through the origin if of = 1 , so that the line y = aex touches 
the curve at the point (1/a, e). The result now becomes obvious when we 
draw the line y — bx. The reader should discuss the cases in which a or 6 
or both are negative.] 

18. Show that the equation e* = 1+x has no real root except x — 0, 
and that e® = 1 +z + %x 2 has three real roots. 

19. Prove that ——- has two stationary values, one at the origin, and 

J 


) other at x = 5(1 — e~ h ) approximately. 


(Math. Trip . 1932) 
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20. The hyperbolic functions. The hyperbolic functions cosh**, 
sinh x, ... are defined by the equations 

eoshx = J(e* + e-*), sinhx = i(e x — e~ x ), 

sinhx eoshx 1 1 

tanhx=———, cothx = -r—;—, seehx =--—, coseehx =-. 

eoshx sinhx eoshx sinhx 

Draw the graphs of these functions. 

21. Establish the formulae 

cosh (— x) = cosh x, sinh (— x) = — sinh x, tanh ( — x) = — tanh x, 
cosh 8 x —sinh 2 x = 1, sech 2 x + tanh 2 x = 1, coth 2 x — cosech 2 x = 1, 
cosh 2x = cosh 2 x + sinh 2 x, sinh 2x = 2 sinh x cosh x, 
cosh (x + y) = cosh x cosh y + sinh x sinh y, 
sinh (x + y) — sinh x cosh y + cosh x sinh y. 

22. Verify that these formulae may be deduced from the corresponding 
formulae in cos x and sin x, by writing cosh x for cos x and i sinh x for sin x. 

[It follows that the same is true of all the formulae involving cos nx and 
sinnx which are deduced from the corresponding elementary properties 
of cos x and sin x. The reason for this analogy will appear in Ch. X.] 

23. Express eoshx and sinhx in terms (a) of cosh2x, (6) of sinh2x. 
Discuss any ambiguities of sign that may occur. (Math. Trip. 1908) 

24. Prove that 

D x eoshx = sinhx, D x sinh x = eoshx, 

D m tanh x = seeh 2 x, D* cothx = — cosech 2 x, 

D,seehx = — sochx tanhx, D,cosechx = — cosechx cothx, 

D x log eoshx = tanhx, IK log [ sinhx | = cothx, 

D w arc tan e x = $ sech x, D x log tanh \x | = cosech x. 

[All these formulae may of course be transformed into formulae in 
integration.] 

25. Prove that coshxS: 1 and — 1 <tanhx< 1. 

26. Show that if — Jtt<x< and y is positive, and cosx cosh y = 1, 

tLMi y = log (see x +tan x), D x y = secx, D v x = sechy. 

27. The inverse hyperbolic functions. We write 

• s = sinhx, t = tanhx, c = eoshx, 

and suppose that x increases through all real values. 

* ‘Hyperbolic oosine’: for an explanation of this phrase see Hobson’s Trigo¬ 
nometry, ch. xvi. 
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(i) The function s increases steadily and assumes every real value once. 
The equation sinh x = e has a unique solution 

x = log{a + v '(» 2 + l)}i 
which we write as arg sinh s. 

(ii) The function t increases steadily with x, and has the limits 1 and 

— 1 when x -*■ oo and x-+ — ao. The equation tanh x = l has a unique 
solution . , 

which we write as arg tanh t. 

(iii) The function c is even, and greater than 1 except when x = 0. 
It increases steadily when x is positive, and tends to oo when x -*■ oo. The 
equation ooshjr = c has two solutions 

* = l°g{c + V( c *- 1)}. * = log{c-V(c s - 1)}, 
equal numerically and opposite in sign. We call the first solution, which 
is positive, arg cosh e. 

Thus arg sinh x, arg tanh x are the one valued inverses of sinh a: and 
tanh x, while arg cosh x may be regarded as one value of the two valued 
inverse of coshx. Verify that 


[ dx . , x dx x [ dx 

I V(^) = arg8mh a’ jv(^) = argCOSh a’ Jx‘-a‘ = 


1 4 U X 

— arg tanh - 
a a 


if a > 0, x > a in the second formula, and — o < x < a in the third. These 
formulae give us alternative methods of writing a good many of the 
formulae of Ch. VI. 


28. Prove that 
f dx 

/,/{<*-a) (»-&)} = 2 l0g ~ 0) + ~ b)} {a<b< X) ’ 

f dx 

J ^{(a-x)(b~x)} = ~ 21 °gW (a-x) + ^(b-x)} (x<a<b), 

l^- Tnb- x)} = 2arct “\/ O 


29. Solve the equation a cosh x + b sinh x = c, where c > 0, showing that 
it has no real roots if 6* + c* — a* < 0, while if 6 s + c a — a* > 0 it has two, one, 
or no real roots according as a + b and a — b are both positive, of opposite 
signs, or both negative. Discuss the case in which 6® + c* — a* = 0. 

30. Solve the simultaneous equations 

cosh x cosh y = Q, sinh x sinh y = b. 
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31. x 11 * -*■ 1 as *-»-oo. [For x 11 * = and (log*)/x->0. Cf. Ex. 

xxvii. 11.] Show also that the function x ,/z has a maximum when x = e , 
and draw the graph of the function for positive values of x. 

32. x“ -> 1 as x -* + 0. 


33. If u n+ i/u n -*■ l, where l > 0, when n -> oo, then $u n -> l, 
[For logu„ + i-logu„-*logZ 

and so log u„~n log l. 

See Ch. IV, Misc. Ex 17.] 


34. $(n')~e~ 1 n when n ->oo [Take = n~ n n 'm Ex. 33.] 


35. 



-»• 4 


36. Discuss the approximate solution of the equation e* = x 100 ** 00 , 

[It is easy to see by general graphical considerations that the equation 
has two positive roots, one a little greater than 1 and one very large*, and 
one negative root a little greater than — 1. To determine roughly the size 
of the large positive root we may proceed as follows. If e x — a : 1000000 then 

x=10*logx, log x = 13 82 +log log x, loglogx = 2 63 + logf 1 

\ lo 845 / 


roughly, since 13 82 and 2 63 are approximate values of log 10* and 
log log 10* respectively It is easy to see from these equations that the 
ratios log x. 13 82 and log log x: 2 63 do not differ greatly from unity, and 

that x = 10*(13 82 + log log x) = 10*(13 82 + 2 63) = 16450000 
gives a tolerable approximation to the root, the error mvolved being 
roughly measured by 10*{loglogx—2 63) or (10*logloga:)/13 82 or 
(10* x 2 63)/13 82, which is less than 200,000 The approximations are of 
course very rough, but suffice to give us a good idea of the scale of magnitude 
of the root. 

Discuss similarly the equations e* = lOOOOOOx 1000000 , e** = x 1 * 00000000 ] 


218. Logarithmic tests of convergence for series and 
integrals. We showed in Ch. VIII (§§ 181, 185) that 


* 



(a> 0) 


* The phrase ‘very large’ is of course not used here in the technical sense ex 
plained in Ch IV It means ‘ a good deal larger than the roots of such equations as 
usually occur in elementary mathematics * The phrase 4 a little greater than * must 
he interpreted similarly. 


hpm 


27 
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are convergent if s>l and divergent if «<1. Thus Zw _1 is 
divergent, but is convergent for all positive values 

of a. 

We saw however in §210 that with the aid of logarithms 
we can construct functions which tend to zero more rapidly 
than n -1 but less rapidly than any power w~ 1-a . For example 
» -1 ilog») -1 is such a function, and the question whether the 

series , 

- 

W log 71 

is convergent or divergent cannot be settled by comparison with 
any series of the type fr'. 

The same is true of such series as 


v 1 log log n 

n ^/(log n) ’ w(logn) 2 ' 

It is important to find tests which shall enable us to decide 
whether series such as these are convergent or divergent; and 
such tests are easily deduced from the integral test of § 180. 

For since 

Zl (log x) 1 -* — —i— ,S — , D log log x = —pi—, 

& ’ z(logz) 8 ’ 1 B 6 x log x 

we have 


f £ dx 
J a x(logx)° 


(log g) 1 " 8 - (loga) 1 — 8 f £ dx 

1-S ’ JaXlogX 


= log log i- log log a. 


if o>l. The first integral tends to the limit (loga) 1-8 /(s—1), 
when £->ao, if s > 1, and to oo if s < I. The second integral tends 
to oo. Hence the series and integral 


” 1 f m dx 

~7i(logn) 8 ’ J a *(log x) 1 


where n 0 and a are greater than unity, are convergent if s>l, 
divergent if 1. 

It follows that Z<j>(n) is convergent if 

' °fa=b) ’ 
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where s > 1, for large n, and divergent if <j>[n) is positive and 


J- } =0(nlogn). 


We leave the statement of the corresponding theorem for 
integrals to the reader. 


Examples LXXXIX. 1 . The series 

^. (log n)* (log n) v (log log n)° r (loglog_n)» 

» 1+ * * n 1+ * ’ re(logn) 1+ *’ 

where a> 0, are convergent for all values of p and g; and 

r I £ _1 ^ 1 

n 1_s (logn)”’ » l_ '(logre)’’(loglog»i) <1 ’ n(log n) 1 ”' (loglog n) v 
divergent. For (logn)" = 0(n s ) for every p (however large) and every 
positive S (however small), and (loglog n) v = 0{(logn)*}. The factors 
involving log n and log log n in the first two series of each set, and that 
involving log log n in the third of each set, are negligible from the point 
of view of convergence. 


2. The convergence or divergence of such series as 

£ _2_ z _ log log lo g n 

n log n log log n ’ nlogA^/(loglog») 

cannot be settled by the theorem of p. 418, since in each case the function 
under the sign of summation tends to zero more rapidly than n _1 (logn) _1 
yet less rapidly than n -1 (logn) _1-a , where a. is any positive number. For 
such series we need a still more delicate test. The reader should be able, 
starting from the equations 

-y-pog*#) 1 -* =--— ---, 

ax x log x log, x... Iog*_, £ (log* x)’ 

d , 1 

— log*., x =-, 

ax xlogx log, x... log*_j x log* x 

where log,# = log log x, log,# = log log log x, ...,* to prove the following 
theorem: the series and integral 


i- /: 


dx 


no n log n log ,n ... log*_, n (log* n)‘’ J a # log # log, #... log*_, x (log*#)* 
•re convergent if s> 1 and divergent i/ s < 1, n 0 and a being any numbers 
sufficiently great to ensure that log* n and log* x are positive when n£n, 
or #go. These values of n 0 and a increase very rapidly as k increases: 


* This notation must not be confused with that of p. 412. 


27-3 
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thus logx>0 requires x> 1, log a x>0 requires x>e, log log x > 0 requires 
x>e‘, and so on; and it is easy to see that e*>10, e e '>e l0 > 20,000, 
> e 20000 > lO 8000 . 

The reader should observe the extreme rapidity with which the higher 
exponential functions, such as e‘ x and e* 8 *, increase with x. The same 
remark of course applies to such functions as o a * and a 3 ”*, where a has 
any value greater than unity. It has been computed that 9 3 " has about 
369,693,100 figures, while 10 10 “ has of course 10,000,000,001. Conversely, 
the rate of increase of the higher logarithmic functions is extremely slow. 
Thus to make log log log log x> 1 we have to suppose x a number with 
over 8000 figures*. 

The number of protons m the universe has been estimated at 10 80 , and 
the number of possible games of chess at 10 loS °. 


3. Prove that the integral j - jlog^-^j dr, where 0<acl, is con 
vergent if s < — 1, divergent if a S — 1. [Consider the behaviour of 



whene-r + 0. This result also may be sharpened by the introduction of 
higher logarithmic factors ] 


4. 


Prove that 



dx is divergent for all values of s 


[The 


last example shows that a < — 1 is a necessary condition for convergence 
at the lower hmit. but [log (1 /x)}' tends to oo like (1 — x)*, as x 1 — 0, if s 
is negative, and so the integral diverges at the upper limit when a < — 1.] 


6. The necessary and sufficient conditions for the convergence of 
j x°- 1 |log^-^| dx are a> 0, s> — 1. 

x a dx 




6. Investigate the convergence of 


Jo (1+ x) 8 {l + (logx) 2 }’ 

(Math. Trip. 1934) 


Examples XC. 1. Euler’s limit. Show that 

( 4 (n) = I + 5 + 5+ +——-logn 

2 o 71 1 


tends to a limit y as n -r oo, and that 0 < y £ 1. [This follows at once from 
1180. The value of y is -677 , and y is usually called Euler's constant.] 

* See the footnotes to pp. 350 and 404. 
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2. If a and b are positive then 

^ + ^T6 + ^T26 + - + ^+(n-l)r^ 0g(a + ” 6) 

tends to a limit asn + oo. 


3. If 0 < a < 1 then 

<j>(n) = l + 2-> + 3-»+... + (n—1)- —— 

1—3 

tends to a limit as re -> oo. 


4. Show that the series 

1 1 1 

l + 2(l + i) + 3(T+i + i) + ‘" 

is divergent. [Compare the general term of the series with (nlogn) -1 . 


5. The case a = 1 in § 183. When a = 1 in equation (1) of § 183, we 
take u n = (nlogn) -1 , when £u„ is divergent. Since 


log(n+ 1) 
logn 

we have 


1 

logn 



nH-1-0 

n 



1 + 


1 

nlogn 



«.+i __nlogn 

u n (n+ 1) log (n + 1) 



1 

nlogn 



Hence v n+l /v„>u n+1 /u fl for large n, and £v n is divergent. 


6. Prove generally that if £u n is a series of positive terms, and 
s« = u 1 + u t +...+u n , 

then £ (« n /« n -i) 18 convergent or divergent according as £u n is convergent 
or divergent. [If £u„ is convergent then «„_! tends to a positive limit l, and 
so £(ujs^) is convergent. If £u n is divergent then «„_! oo, and 



(Ex. nxxxm. 1); and it is evident that 

3 3 3 n 

log- + log- + ... +log-= log — 

*1 8 l 8 n-l 8 l 

tends to oo as n -> oo.] 


7. Sum the series 1 — £ + J —.... [We have 

1 + ^ + ...+-^ = log (2n+l)+ 7 + 0 ( 1 ), 
2Q+^ + ... + ^) = log (re + l) + y + o(l), 
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by Ex. 1, y denoting Euler’s oonstant. Subtracting and making n -> cc 
we see that the sum of the given series is log 2. See also § 220.] 

8. Prove that the series 

!<-D«(l+5+-.+^-log»-c) 

oscillates finitely except when G = y, when it converges. 


219. Series connected with the exponential and log¬ 
arithmic functions. Expansion of e x by Taylor’s theorem. 

Since all the derivatives of the exponential function are equal to 
the function itself, we have 


yTt—1 


x n 


, X c X 7 

e x = 1+X + - + ... + - - + 

2! (n— 1)! n\ 


i Ox 


where 0 < 6 < 1. But x n jn ! ->• 0 as n -> oo, whatever be the value of 
x (Ex. xxvii. 12); and e 0x < e x . Hence, making n tend to oo, we have 


x 2 

e x = 1 + a: + ■— + .. 



(!)■ 


The series on the right-hand side of this equation is known as 
the exponential series. In particular we have 


e= l + l + ^+...+i+... 


•( 2 ); 


and so 


( 1 1 \ X rW 

1 + 1 + 2! + - + ^i + -) = 1+ * + 2! + - + «! + . <»>■ 

a result known as the exponential theorem. Also 

.W 


a x = e* l08 ° = 1 + (xloga)-t-^—^- + . 


for all positive values of a. 


The reader will observe that the exponential series has the property of 
reproducing itself when every term is differentiated, and that no other 
series of powers of * would possess this property: for some further remarks 
in this connection see Appendix II. 

The power series for e* is so important that it is worth while to investigate 
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it by an alternative method which does not depend upon Taylor’s theorem. 
Let , n 

E n (x) = 1 + 1 + ^ + ...+^. 


and suppose that x>0. Then 


(l + * 

\ n 


= l+n\ 


n(n— 1) /x\* 


1.2 


©+•■ 


n(n -!)■■■ 1 ,x " 

1.2 ... n ' n! 


which is less than E n (x) if n > 1. And, provided n>x, we have also, by the 
binomial theorem for a negative integral exponent, 


1-) = 1 + n( 


C ] W<W+l)/3\« 

J + 1.2 \n) 


+ ...>E n (x). 


Thus 


( 2J\ n / X \ -n 

1 +“) <E ^ X '> < \ 1 ~~) (»>*)• 


But (§215) tho first and last functions tend to the limit e* as n-+oo, and 
therefore E„(x) must do the same. This proves (1) when x is positive. That 
it is true also when x is negative follows from the functional equation 
f(x)f(y) = f(z + y) satisfied by the exponential series (Ex. uocxr. 7). 


Examples XCI. 1. Show that 


cosh* = 1 + — + - + ..., 
2! 4! 


x& 

sinhx = x + : - + —+.... 
6 ! 5! 


2. If x is positive then the greatest term in the exponential series is the 
([x] + l)th, unless x is an integer, when the preceding term is equal to it. 

3. Show that n !> (n/e)". [For n n /n\ is one term in the series for e”.] 


4. Prove that e n = — (2 + <S, + S«), where 
n! 


$1 = 


1 


S, = (1 —f)+ (! — »') (1 — 2f) + ..., 


1 + r (l + r)(l + 2i») 
and v = 1 /n; and deduce that n\ lies between 2(n/e)" and 2(n+ 1 )(n/e) n . 


6. Employ the exponential series to prove that e* tends to infinity 
more rapidly than any power of x. [Use the inequality e x >x n /n !.] 


*6. Show that e is not a rational number. [If e = pjq, where p and q are 
integers, we must have 


p , 1 1 1 

?- 1 + 2 l + 3l + - + 7 ! + “ 
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or, multiplying by q !, 


fP 1 IN 1 

! r! (--l-l- 2! ... —J - ? + j + 


1 


9+1 (9+l)(9 + 2) 


+ ... ; 


and this is absurd, since the left-hand side is integral, and the right-hand 
side less than (q+ 1) -1 + (?+ 1 )~ 2 + ... = j -1 .] 

CO 

7. Sum the series 2 P,(n) — > where P,(n) is a polynomial of degree r 

o »! 

in n. [We can express P,{n) in the form 

A„ + A 1 n + A t n(n — 1)+ ... +A r n(n— 1)... (n — r+ 1), 

co /gfi oo co ~n co 

and 'ZPrW -1 = A a '2 l — + A 1 'Z +...+^ r 2 

0 »! (i n - 1 («-!)'• t {n-r)\ 

= (A 0 + A l x + A i x 2 + ... +A r x r ) e x .] 

8 . Show that 

GO i^fl 00 ^4 

2 — x" = (x + 3x 2 + x 3 ) e x , 2 — x" = lx + lx 2 + 6 x 3 + x 1 ) e 1 ; 

in! in! 

and that if S n = l 3 + 2 s + ... + n s then 
x“ 


2 — = i(4x+ 14x 8 + 8 x 3 + x*)e* 

l n - 


In particular the last series is equal to zero when x = — 2. 

(Math. Trip. 1904) 

9. Prove that £(n/nl) = e, £(n 2 jn\) — 2e, £(n?jn\) — Be, and that 
£ (n k /n !), where k is any positive integer, is a positive integral multiple of e. 

10. Prove that 2 7 ———— = x -2 {(x 2 — 3x + 3) e x + $x 2 — 3}. 

i (n + 2 )ra! 

[Multiply numerator and denominator by n+ 1, and proceed as in Ex. 7.] 
1 — ae~ x — be ~' 2x — ce~ 8x 

11. Evaluate lim —-----— in the three cases (i) a — 3, 

x-+o l-ae x -be 2x -ce 8x w 

6 = - 5, c = 4; (ii) a = 3, 6 = - 4, c = 2; (iii) a = 3, 6 = - 3, c = 1. 

(Math. Trip. 1923) 

„ _ a* — b x 

12. Evaluate lim-— 

x-.o e*-d* 

when a, b, c, d are positive and c=t=d. (Math. Trip. 1934) 

13. Deduoe the exponential series from the result of Ex. LX m m 9. 

14. If 


X 0 ' = e z , X 1 = e*—1, X, = e* — 1 — x, X t = e“— 1 — x— —. 
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then the derivative of X v is X v _^ Hence prove that if t > 0 then 
X^t) = j X 0 dx<te‘, X,(t) =; j X l dx< J xe z dx<e , j xdx = — e', 

t v 

and generally X„(t) < — e*. Deduce the exponential theorem. 

15. Show that the expansion in powers of p of the positive root of 
x* + * - a 8 begins with the terms 

a {1 ~ iP l°g “ + ip 1 log a (2 + log a)}. 

(Math. Trip. 1909) 


220. The logarithmic series. Another very important 
expansion in powers of x is that for log (1 + x). Since 

log ('+*)= 

and 1/(1 +t) — l —l + t 2 — ... if £ is numerically less than unity, it 
is natural to expect * that log (1 + x) will be equal, when — 1 < x < 1, 
to the series obtained by integrating each term of the series 
1 — £-f £ 2 — ...fromt = 0to£ = x,i.e.totheseriesa:-|a; 2 + ^a: 3 — ....; 
and this is in fact true. For 


I i- ( = i-t+i 2 -...+(_irip-i+L^, 

and so, if x > — 1, 

io g (i+x)=J o —= x-- + ...+(-i) m -i-+(-i 


where 

If 0 < x < 1 then 


R r 


"Jol 


t m dt 
+ t 


0 = ‘ Rm = Jo" 


/jjWl+l ] 

t m dt = -- <--->-0 


m+ 1“ m+ 1 

when m-*oo. If — 1 < x< 0, and x = — f, so that 0<£< 1, then 

u n 


and 


I JUS 


R m = (-D m ~ 1 

P£ 


—r 

i-eJo 


u m du = 


du 

Jol-M 

£ m+1 


-► 0 ; 


(m+l)(l-g) 

* See Appendix II for some further remarks on this subject. 
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so that again R m -> 0. Henoe 

log(l+*) = x-^+^x?-..., 

provided that — l<*gl. If* lies outside these limits the series 
is not convergent, If x = 1 we obtain 
log 2 = 

a result already proved otherwise (Ex. xc. 7). 


221. The series for the inverse tangent. It is easy to 
prove in a similar manner that 

C x dt C x 

arctanx = -—-r = (l-P + t*— ...)dt 

J o 1 + J o 

= *—|* s +}* 5 —... 

when —12*51. The only differences are that the proof is a little 
simpler, since arc tan x is an odd function of x and we need only 
consider positive values of *; and that the series is convergent 
when x = - 1 as well as when x = 1 . We leave the discussion to 
the reader. The value of arc tan x which is represented by the 
series is of course that which lies between — \n and \n when 
— 12*2 1, and which we saw in Ch. VII (Ex. lxiii. 3) to be the 
value represented by the integral. If * = 1, we obtain the formula 

\n= 


Examples XCII. 1 . log^--^ — ^ = x+Jx*+ Jx s + ... if -lgx<l. 
2 . argtanhx = Jlog^j-i—^ = x+Jx® + jjx 5 +. . if — 1 <x< 1 . 


3. 


Prove that if x is positive then 


/ X \ 

iVi 

f x \ 

\1 +xJ 

1 + 3 1 

Kl+xJ 


+ .... 

(Math. Trip. 1911) 


4. Obtain the series for log (1 + x) and aro tan x by means of Taylor’s 
theorem. 

[A difficulty presents itself in the discussion of the remainder in the 
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first series when x is negative, if Lagrange’s form is used; Cauchy’s form, 
viz. 

„ _ (-l)”- , (l-0)’- 1 x n 
n_ (1 + fo )” 

should be used (cf. the corresponding discussion for the binomial scries, 
§§ 162(2) and 168). 

In the oase of the second series we have 
jP" arc tan x = +a , )~ 1 

= ( — 1)" -1 (« — 1)! (x‘+ l) - l"sin{«arctan(l/a:)} 

(Ex. xnv. 15), and there is no difficulty about the remainder, which is 
obviously not greater in absolute value than 1 In*.] 


6. Provo that log 2 lies between the sums of the first, 2 n and the first 
2n+l terms of the series 1 — £ + J —_ (Math. Trip. 1930) 


6. Evaluate 

7. If y >0 then 


lim 


1 — 2 ; + log x 


(Math. Trip. 1934) 


*-.1 X-^ix-x*)' 

S ly+1 Z\y+X> 5\y+lJ j 
[Use the identity y — ^1 + j ^ 1 ~ ^yj r | )• This 8er ' 68 roa y be used 

to calculate log 2, a purpose for which the series 1 — J + J — ..., owing to 
the slowness of its convergence, is practically useless. Put y = 2 and find 
log 2 to three places of decimals.] 


8. Find log 10 to three places of decimals from the formula 

log 10 = 3 log 2 + log (1 + J). 

9. Prove that 


Iog Pir) = 

if x > 0, and that 


1 


1 


l2*+l 3(2x+l) s 5(2a: +1) 6 




(x-\)>(x + 2) _ n ( 2 1/ 2 \» 1/ 2 \» 

° g (a;+l) 8 (z-2) “ 2 (a^-3a; + 3Va: 8 -32:/ + 6 U*-3x/ + "V 


ifx>2. Given that log 2 = -6931471... and log 3 = 1-0986123..., show, by- 
putting x = 10 in the second formula, that log 11 = 2-397895.... 

* (Math. Trip. 1912) 


* The formula for D" arc tan z fails when x = 0, since aro tan (1/*) is then 
undefined. It is easy to see (cf. Ex. xlv. 15) that arc tan (1 (x) must then be inter¬ 
preted as meaning £tt. 
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10. Show that if log 2, log 5, and log 11 are known, then the formula 

log 13 = 3 log 11 + log 6 - 9 log 2 

gives log 13 with an error practically equal to -00016. (Math. Trip. 1910) 

11. Show that 

i log 2 = 7a + 56 + 3c, |log3 = llo +86 + 6c, JlogS = 16a+ 126+ 7c, 
where a = arg tanh : {i , 6 = arg tanh /j, c = arg tanh iJi. 

[These formulae enable us to find log 2, log 3, and log 6 rapidly and with 
any degree ef accuracy.} 

12. Show that 

J it = are tan £ +arc tan } = 4 arc tan } - arc tan „, 
and calculate n to six places of decimals. 

13. Expand log{l —log(l—a:)} up to the term in **; and deduce the 

corresponding expansion of log{l+log(l+*)} by substituting x/(l+x) 
for x. (Math. Trip. 1923) 

14. Show that the expansion of (1 + x ) ,+ * in powers of x begins with the 

terms l+x+x , + ix i . (Math. Trip. 1910) 


16. Show that 

logic e-%/{*(*+ dM 1 ^) = ^T- 


approximately, for large values of x. Apply the formula, when x — 10, to 
obtain an approximate value of log,,, e, and estimate the accuracy of the 
result. (Math. Trip. 1910) 


16. If 


y -1 “ 

2x = log—s—+ 2 
z 1 


(- 1 )" 

n 



and ley53, then y — — coth x. Find a similar expansion for 2x valid 
for — 3 g y < — 1. (Math. Trip. 1927) 


17. Using the logarithmic series and the facts that 

log 10 2-3758 = -3758099..., Iog„e = -4343..., 


show that an approximate solution of the equation x = 100 log, 0 a; is 
237-58121. (Math. Trip. 1910) 


18. Expand log cos x and log sin x — log x in powers of x as far as* 4 , and 
verify that, to this order, 

log sin * = log * — it log cosx+ii log oos \x. 

(Math. Trip. 1908) 
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! x dt 

19. Show that j —^— = x — tx l + }x‘ —... if — 1 gxg 1. Deduce that 

I-i + ft-,,. - n + 2log(^2+l) ' ^ Math . Trip. 1896) 

[Proceed as in § 221 and use the result of Ex.xlviii. 8. Sum J — l + ^, — ... 
similarly.] 

20. Prove generally that if a and b are positive integers then 

111 _ r'tp-'dt 

a a + 6 a + 26 ./ o 1 + < 6 ’ 

and so that the sum of the series can be found. Calculate in this way the 
stuns of 1 — J + } —... and i — s + J —_ 


222. The binomial series. We have already (§ 168) in¬ 
vestigated the binomial theorem 

(1 +x) m = l + (™)a:+(™)x 2 +..., 

assuming that — 1 < x < 1 and that m is rational. When m is 
irrational we have + a;)m = em i og( i + x) ; 

J 

— (1 +X) m = --gmlogd+x) _ m n j rX ) m ~\ 

ax 1 +x 

so that the rule for the differentiation of (l+a:) m remains the 
same, and the proof of the theorem given in § 168 retains its 
validity. There remain the cases x — 1 and x = — 1. 

(1) When x = 1 the series is 


1 + w-f 


m(m—1) m(m— l)(m— 2) 


If m +1 g 0 the general term u n does not tend to zero (Ex. 
lxxxiv. 3). If to -t-1 > 0 then u n ultimately alternates in sign 
and decreases steadily to zero, so that the series is convergent. 

To sum the series, take f(x) = (1 +x) m and write 0 for a and 
1 for h in (1) of § 167. We obtain 

* 2 m = «„ + «!+. ..+u n _ 1 + R n , 

where 

a. - 11 J> 
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The integral here is less than n~ l for large n (since m — n< 0 
and 1 + tgl). Henoe 

|i^|g|« n |->0. 

Thus the binomial series is convergent for x = 1 if and only if 
m > — 1, and its sum is then 2 m . 

(2) When * = -lwe can sum the first n+1 terms of the series. 
The sum is 1 if m = 0. Otherwise, if we put x = - 1 and m = — ji, it is 
.. p(ji+l)...(ft + n-l) (fi+l)(fi + 2)...{/i + n) 

1 1- ... i---• .-—7- 



(Ex. lxxxi. 5). This tends to zero when m> 0, and does not 
tend to a limit when m < 0 (Ex. lxxxiv. 3). Hence the series is 
convergent for x = — 1 if and only if m^ 0, and its sum is 1 when 
m = 0 and 0 when m > 0. 


Examples XCIII. 1. Prove that if — l<x< 1 then 
1 . 1 1.3 . 1 


, 1 , 1-3 , 
V(l + z a ) 1 2* + 2.4^ 


1 „ 1.3 

= 1 + 2 * + Ia x + - 


2. Approximation to quadratic and other surds. Let fM bo a 

quadratic surd whose numerical value is required. Let N 2 be the square 
nearest to M; and let M = N 1 + x or M = N*~x, x being positive. Since 
x cannot be greater than N, x/N* is comparatively small and the surd 
«JM = N J[1 ± {xj'N' 1 )} can be expressed in a series 

whioh is at any rate fairly rapidly convergent. Thus 

Verify that the error committed in taking 8f’V (the value given by 
the first two terms) as an approximate value is one of excess, and is less 
than 3 , /64* 1 which is less than -003. 

3. If x is small compared with N* then 

^ + x } = N + ^ + ^- y 
the error being of the order Apply the process to v 907. 
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i. JSM differs from N * by leas than 1 per cent, of either, then differs 

from fAT + iMN~‘ by less than A 7 /90000. (Math. Trip. 1882) 

6. If M = N l + x, and x is small compared with N, then a good approxi¬ 
mation for is 

51 AT 5 M 2TNx 
56 N + 56W‘ + li(lM + SN*)' 

Show that when N = 10, x = 1, this approximation is accurate to 16 
places of decimals. (Math. Trip. 1886) 

0. Show how to sum the series 

£pW m W, 

0 

where P r (n) is a polynomial of degree r in n. 

[Express P r (n) in the form A 0 + A l n + A s n(n — 1) + ... as in Ex. xoi. 7.] 


223. An alternative method of development of the theory of 
the exponential and logarithmic functions. We shall now give an 
outline of a method of investigation of the properties of e* and log x entirely 
different in logical order from that followed in the preceding pages. This 

x 2 

method starts from the exponential series 1 + X + -- +.... We know that 

this series is convergent for all values of x, and we may therefore define 
the function exp x by the equation 


expx = l+x + — + . 


■d). 


We then prove, as in Ex. lxxxt. 7, that 

expx x exp y = exp (x + y) .(2). 


Also 


expA-1 h h l 

—r~ = 1+ 2] + 3] + "- 1+/,w ’ 


where p(h) is numerically less than 

11*1 + 1 i*l a +l 1A|*+... = - 
so that p(h) -+ 0 as h -r 0; and so 
exp (x + A) —expx 


11*1 


= exp x 


i-|4*|’ 
/exp*— 1 


/expA — 1\ 

\ A )' 


expx 


i *->-0, or 


dx 


expx = expx 


•0). 


Incidentally we have proved that exp x is a continuous function. 
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We have now a choice of procedure. Writing y — exp a: and observing 
that exp 0=1, we have 

dy (Vdt 

x= Ji 7’ 

and, if we define the logarithmic function as the function inverse to the 
exponential function, we are brought back to the point of view adopted 
earlier in this chapter. 

But we may proceed differently. From (2) it follows that if n is a positive 
integer then (expje) . 

= expnx, (exp l) n = expn. 

If x is a positive rational fraction m/n, then 

{exp (m/'n)}" = expm — (exp l) m , 

and so exp (m/n.) is equal to the positive value of (exp l) m /". This result 
may be extended to negative rational values of x by means of the equation 
exp x exp ( — x) = 1; 
and so we have exp 2 = (exp l) 1 = e x , 

, , , , 1 1 
say, where e = exp 1 = 1 + 1 + — + — + .... 

I ! o! 

for all rational values of x. Finally we define e x , when x is irrational, as 
being equal to exp x. The logarithm is then defined as the inverse function. 
Example. Develop the theory of the binomial series 

l+ (7)* + (*)* ,+ - 

where —l<x<l,ina similar manner, starting from the equation 
f(m,x)f(m',x) =/(m + m', x) 

(Ex. moau. 6). 

224. The analytical theory of the circular functions. 

We return now to a subject which we have already discussed 
briefly in § 163. 

We have, throughout the body of this book, taken the elements 
of plane trigonometry for granted, and have used the trigono¬ 
metrical or ‘circular’ functions cos a;, sin a-, tan a;, ... freely for 
purposes of illustration. We pointed out however in § 163 that 
the foundations of trigonometry are not quite so simple as a 
beginner might suppose, and that the ordinary presentation of 
the theory rests on certain presuppositions which demand careful 
analysis. 
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There are at least four obvious methods by whioh we may con¬ 
struct an analytical theory of the circular functions. 

(i) The geometrical method. The most natural method is to 
follow as closely as we can the procedure of the ordinary text¬ 
books, translating the geometrical language which they employ 
into the language of analysis. We discussed this problem in § 163, 
and concluded that it involves one and only one serious difficulty. 
We have to show either that with any arc of a circle is associated 
a number which we call its length, or that with any sector of a 
circle is associated a number which we call its area. These demands 
are alternative, and when either of them has been satisfied our 
trigonometry will rest on a secure foundation. It is usual to 
adopt the first alternative, and to base trigonometry on the notion 
of length; but Ch. VII contains an accurate discussion of areas 
and not of lengths, so that we were naturally led to prefer the 
second alternative. 

(ii) The method of infinite series. The second method, which is 
adopted in many treatises on analysis, is to define the trigono¬ 
metrical functions as the exponential function was defined in 
§ 223, namely by infinite series. We define cos x and sin x by the 
equations 

... , x 2 x 4 . x 3 x 5 

(1) cos* = 1-^ + --..., sini = .... 

These series are absolutely convergent for all real values of x, and 

may be multiplied together as in §223. We thus obtain the 

formula , . . . 

cos (x + y) = cos x cos y — smx sm y 

and the other addition formulae of trigonometry. The property of 
periodicity is a little more troublesome. We can prove from (1) 
that cos x, which is positive for small values of x, changes its sign 
just once in the interval (0,2), say for x = £; and we define n by 
the equation \n = f. It is then easy to prove that sin \n = 1, 
cos7r = — 1, sin7r = 0; and the equations 

cos (x + n) = — cos x, $in (a; + n) = — sin x 
then follow from the addition formulae. A careful account of the 


H P U 


28 



434 LOGARITHMIC, EXPONENTIAL, AND CIRCULAR [IX 

theory, as based on these definitions, will be found in Whittaker 
and Watson’s Modern analysis, Appendix A. 

This theory is satisfactory enough, but it is more natural when 
we are considering cos z and sin z as functions of a complex 
variable z than when, as here, we are concerned with real variables 
and functions only. 

(iii) Definition of the sine by an infinite product. A third method 
is to define sin x by the equation 




X 2 



This method has many advantages, but naturally demands a 
knowledge of the theory of infinite products. 

(iv) Definition of the inverse functions by integrals. There is a 
fourth method which is preferable here, since it follows the same 
lines as our treatment of the logarithmic function earlier in this 
chapter. We begin by defining the inverse tangent of x by the 
equation 

(1) y = y(x) = arc tan a: = y^. 


This equation defines a unique value of y corresponding to every 
real value of x. Since the subject of integration is even, y(x) is 
an odd function of x. Also, since y is continuous and strictly 
increasing, there is, by § 110, an inverse function x = x{y), also 
continuous and strictly increasing. We write 
(2) x = x(y) = t&ny. 


If we define n by the equation 


(3) 



dt 

T+T 2 ’ 


then x{y) is defined for — \n < y < \n. 

We now write 

(4 > JOT?)' 

where the square root is positive. Thus cos y and sin y are defined 
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for — \n<y<\n. When y->\n, z-»oo, and so cosy 0 and 
sin y -*■ 1. We define cos \n and sin \i r by the equations 

(5) co8^7r = 0, sin^7r=l. 

Then cos y and siny are defined for —\n<y<\7r and tany for 
-\n<y<\Tr. 

Finally, we define tan y, cos y, and sin y, for values of y outside 
the interval ( — \n, in), by the equations 

(6) tan(y + jr) = tany, cos (y + n)= —cosy, sin (y + 7r)=—siny, 
which extend our definitions successively to the intervals (in, fTr), 
(\n,\n), .... (— f?r, - in), (-f n, -§n), .... The tangent is then 
defined for all values of n except the values (k + \)n, where k is 
an integer. For these values the definition fails; and tany tends 
to + oo or to — oo when y tends to one of them, the sign depending 
on whether y tends to the value in question from below or from 
above. On the other hand cosy and sin y are defined, and con¬ 
tinuous, for all values of y. 


Thus tan y -* + oo when y -*■ (k + n — 0. The sign is reversed by a change 
of — 0 to +0. 

To see that cos y is continuous for y = \n we observe (i) that cos in = 0 
by definition, (ii) that cosy ->•() when y ->iir— 0, by (4), (iii) that cosy ->-0 
when y -*■ — \n + 0, by (4), and therefore when y -+\n + 0, by (6). 

We have begun by defining arc tan x and tan y, and then defined cosy 
and siny in terms of tany. We might have treated arc sin x and siny as 
our fundamental functions. In this case we should have defined arc sin®, 
in the range (— 1,1) of values of x, by the equation 

r x dt 

y = y(*) = arcsm*=J o -^ T - F) , 

f 1 dt 

where the square root is positive; sin y by inversion; n by \n = | -—, 


and cos y and tan y by 

cosy = ^(1 -x i 


tan y = ■ 


: (— 1 <a: < 1). 


The procedure we have adopted is slightly more convenient. 


225 . We have now given all the definitions necessary, namely 
those expressed in §224 by numbered equations. The further 
development of the theory depends upon the addition formulae. 
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We observe first that 

(1 +x 2 ) (1 + y 2 ) = (1 -zy) 2 + (x + y) i 

and so 

dx dy _ (l+y a )ds+(l+:B 2 )dy 
l+* 2+ l + y 2 (1 —xy) 2 + (x + y) i 

_ = (l-xy)d(x + y)-(x + y)d(l-xy) _ dz 

(1 — xy) 2 + (x + y) 2 1+z 2 ’ 


where 

This suggests that 


x+y 

1-xy' 


are tan x + arc tan y = arc tan z; 


but the functions are many valued, and the formula requires 
more careful examination. 


We write 


, Xy + u t-Xy 

t — — - - , u = ———, 

1-XyU' 1 + Xyt 


so that 


dt _ 1 Xy(Xy +u) 1 4- x\ 

du 1 — XyU + (1 — XyU) 2 (1 — x 1 m) 2> 


Then t and u vary always in the same sense. As t increases from 

— oo to — l/x 1; u increases from l/r x to oo, and as t increases from 

— yjx-y to oo, Vj increases from — oo to 1/Xy. Also u = 0 when t — Xy, 
and u = —Xy when t = 0*. 


Suppose now that x 2 has any value such that the interval 
( — Xy,x 2 ) of values of u does not include the point u = 1/Xy, for 
which t has an infinity. If Xy > 0, x 2 must be less than 1/aq, and 
if Xy < 0, x 2 must be greater than 1/aq. In these circumstances t 
increases or decreases steadily from 0 to 


l~XyX 2 

when u increases or decreases from —x t to x 2 . Since 

1 (1 —XyUf 1 

l+* 2_ (l+x 2 )(l+tt 2 )’ 


* The reader should draw the graph of each variable as a function of the other. 



225] FUNCTIONS OF A REAL VARIABLE 437 

we have 

, x x + x, C x dt 

arc tan x = arc tan— 1 - = -—- 

1-^*2 Jo 1 + 1 2 

*■ du f° du |'*• du C Xi du 

0 l+«* + J_^l+**“Jo l + U i + Jo l+u 2 

= arc tan x 1 + arc tan x 2 . 

If now we write 



'** du 
I + u 2 


y = arc tan x, y 1 = arc tan z,, y 2 = arc tan x. t , 
we have y = y x + y 2 and 

x x + x 2 tan y x - 


(1) tan(y 1 + y,) = * = 


tan y 2 


l—x x x 2 1 — tan y x tan y 2 ’ 

which is the addition formula for the tangent. 

The formula is at present proved only under certain restric¬ 
tions on the values of the variables, viz. that x 2 < 1 /x x if x, > 0 and 
x 2 > l/x x if x x < 0. When x x >0 and x 2 ->l/x x from below, x-><x> 
and y^-^n; and when x x < 0 and x 2 ->l/x x from above, x-+ — oo 
and y-±—\n. Our restrictions therefore amount to this, that 
y v y 2 , and y x + y 2 must all lie in the range (- \n, \n). 

These restrictions are however unnecessary. 

The restriction on yi + y-t arose from our supposing that the 
interval (— x x ,x 2 ) does not include l/x x . Suppose that this con¬ 
dition is violated, e.g., to fix our ideas, that x x > 0 and x 2 > l/x x . 
Then, when u increases from — x 2 to x x , t increases from 0 to oo, 
and then changes sign and increases from — oo to x. We have thus 


-j.*t 


dt 1 

r x dt 

1-M 2 J 

L„i-m 2 

dt 

f® dt 

l + < 2 + J 

L*i+< 2 


■/: i 


dt 

TF 2 


= 7T + arc tan x. 


Hence arc tan x = arc tan x x + arc tan x 2 — tt, 

§nd so, by (6), 

tan [y x + y t ) = tan [y x + y 2 -rr) = tan y 


x x + x 2 _ tan y x + tan y 2 
1— x x x 2 I — tan y x tan y 2 ' 
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We may deal similarly with the case in which aqcO; and it 
follows that (1) is valid whenever y x and y 2 lie in (- \ir, \n). 

Finally, since each side of (1) is, by (6), a periodic function of 
y x or of j/j, (1) holds without reservation, except when y x , y 2 , or 
y x + 2/2 is an odd multiple of \it, in which case it ceases to have a 
meaning. 


226. From (1) of § 225 and (4) of § 224 we deduce 

cos H V + v ) = (l-tan yi tany t )» 

1 2 (1 + tan 2 y x ) (1 + tan 2 y a ) 

= (cos y x cos y 2 — sin y x sin y 2 ) 2 , 

and cos (y x + y 2 ) = + (cos y x cos y 2 - sin y x sin y 2 ). 


To determine the sign put y 2 = 0. The equation reduces to 
<sosy x = ± cos y x , so that the positive Bign must be chosen when 
y 2 = 0. Since both sides change sign when y 2 is increased by n, 
the formula holds, with the positive sign, when y 2 is any multiple 
of n. Further, both sides are continuous functions of y 2 , so that 
the sign could change only when each side Vanishes, that is to say 
for the values ..., — \n-y x ,\rr — y x ,\ir-y x> ..., one each in every 
interval of length n. Since we have seen that there is, in each such 
interval, a value of y 2 for which the sign is positive, it follows that 
it must be always positive. Hence 


(2) cos {y x + y 2 ) = cos y x cos y 2 - sin y x sin y 2 , 

and the formula for sin (y x + y 2 ) can be proved similarly. 


MISCELLANEOUS EXAMPLES ON CHAPTER IX* 

1. Given that log lo e = '4343 and that 2 10 and 3 al are nearly equal to 
powers of 10, calculate log 10 2 and log l0 3 to four places of decimals. 

(Math. Trip. 1906) 

2. Show that log 10 n cannot be a rational number if n is any positive 
integer not a power of 10. [If n is not divisible by 10, and iog 10 « = pjq, 
we have lO* = n’, which is impossible, since 10” ends with 0 and n« does 


A number of these examples are taken from Bromwich’s Infinite series. 
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not. If n = 10 a A , ’ > where N is not divisible by 10, then log 10 6?, and 

therefore , , . ,, 

logi 0 n = a+log w N, 

cannot be rational.] 


3. For what values of x are the functions log x, log log x, log log log x, ... 

(a) equal to 0, ( b ) equal to 1, (c) not defined? Consider also the same 
question for the functions lx, llx, ttlx .where lx = log | x |. 

4. Show that 


log x - 'j log (x + 1) + Q j log lx + 2) - ... + (- 1)" log (a; + 


n) 


is negative and increases stead ily towards 0 as £ increases from 0 towards oo. 
[The derivative of the function is 

1 n! 




' x + r x(x + 1)... (x+n)' 
as is easily seen by splitting up the right-hand side into partial fractions. 
This expression is positive, and the function itself tends to zero as x -» co, 

since log(x + r) = logx + o(l) and 1-(^ + Q)-... = 0.] 

5. Prove that 

/d\"logx (— l)"n!/, 1 1\ 

[Math. Trip. 1909) 

6. If x > — 1 then x* > (1 + x) {log (1 + a:))*. (Math. Trip. 1900) 

[Put 1 + x = ef, and use the fact that sinh£> £ when £>0.] 


7. Show that l0 —and 


both decrease steadily as 


x (I + x) log(l 4- x) 

x increases from 0 towards oo. 

8. Show that, as x increases from — 1 towards oo, the function (1 -f x) -1 '" 
assumes once and only once every value between 0 and 1. 

(Math. Trip. 1910) 

1 1 1 


9. Show that 


Iog(l + x) x 2 


as x -»-0. 


,J0. Show that -— ^ + — decreases steadily from 1 to 0 as x increases 

from — 1 towards oo. [The function is undefined when x = 0, but if we 
attribute to it the value $ when x = 0 it becomes continuous for x = 0. 
Use Ex. 8 to show that the derivative is negative.] 
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II. Prove that j/r(;r) = Jsinx tanx —logsecx 

is positive and increasing for 0 < x < \tt, and that ft(x) = 0(x?) for small x. 

(Math. Trip. 1830) 


12. If 


<i>(x) = : 


3 f 

J n 


31 (l + seci)logsec<(* 


log sec x{x + log (sec x + tan x)} 
then (i) <}>(x) is even; (ii) <j>(x) = 1 + - 4 ’r,x‘, approximately, for smaO x; 
and (iii) <p(x) -*■ 3 when x -> through values less than \tt. 

(Math. Trip. 1930) 

13. Show that e“>Mx x , where M and N are large positive numbers, if 
x is greater than the greater of 2 log M and 161V 2 . 

[It is easy to prove that logx<2^x; and so the inequality given is 
certainly satisfied if 

x > log M + 2 NJx, 

and therefore certainly satisfied if > log M, £x > 2 Njx.] 

14. Show that the sequence 

a L = e, a 2 = e*\ a, = e" 2 *, ... 

tends to infinity more rapidly than any member of the exponential scale. 

[Let e x (x) = e®, e a (x) = and so on. Then, if e k (x) is any member of 
the exponential scale, o n > e*(n) when n > &.] 

16. If p and q are positive integers then 




qn 


► log 


pn +1 pn + 2 
as n -*• oo. [Cf. Ex. nxxvm. 7.] 

16. Prove that if x is positive then nlog{£(l + x 1,n )}— £logx as 
n -*■ oo. [We have 

nlog{i(l +x 1,n )} = n log {1 — J( 1 — x^“)} = 1-x 1 '")^^—— 

u 

where u = l(l-x Vn ). Now use §216 and Ex. nxxxin. 3.] 

17. Prove that if a and b are positive then 

{* (aV« + 6V»)}"-*V(a&)- 

[Take logarithms and use Ex. 18.] 

18. Show that 

1 


, 1 1 

l+x+«+ , 
3 6 2n — 1 


= i log n + log 2 + $y + o( 1), 


where y is Euler’s oonstant (Ex. xc, 1). 
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19. Show that 

l + i-i + i + W + J + ... = S log 2, 

the series being formed from the series 1 — | + J —... by taking alternately 
two positive terms and then one negative. [The sum of the first Sn terms is . 
, 1 1 11/1 1\ 

35 4n— 1 2\ 2 n) 

= |log2n + log 2+|7 + o(l)-i{logn + y + o(l)}.] 


20. Prove that 

? K~36* ! - 1 j = “ 3 + 3 rsn+1 ~ Zn ~ Sn ’ 

where S„= 1 4- - + •••+-, Z„ = 1-. Hence prove that 
2 n 3 2n—1 

the sum of the series when continued to infinity is 

— 2+1 log3+2log2. {Math. Trip. 1905) 

21. Prove that the sums of the. four series 

£ 1 yizillL 1 y_L_ y t- 1 )"' 1 

T4n a -l’ \ 4n* — 1 t'<2n+lj 2 -l’ T(2n+l) a -l 

are J, \rt~\, J, Jlog2 — J respectively. 

22. Investigate the convergence or divergence of 

x/l-^i^)", 27(log»)-*i<*«, 27flog2 — £ -)*■ 

\ n J \ n+\Vj 

(Math. Trip. 1936) 

23. Examine the convergence or divergence of 

£ n - a e- l ' / ' n+c '' i 

for all real values of a, b, c. (Math. Trip. 1926) 


24. The series Zu„ is rearranged in the form 


U 1 +'U i + U i + Uj+Uf+U^ +U t + Uf+U e + ... + u %a + u n +... 


(one term of odd rank, then two of even, then four of odd, then eight of 
even, ...). Examine the convergence or divergence of the rearranged 
series when 


( 1 ) 


(-l)- x 

u n =- 


(- 1)— 1 

^ nlog(»+l)’ 


(Math. Trip, 1930) 


25. Prove that n ! (a/n)" tends to 0 or to oo according as a < e or a > e. 
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20. Prove that if u„ = n ! e”n -n -* then 

— = i + o(I). 

«n+i VnV 

Deduce that, if a is fixed, and a is the integer nearest to a^n, then 

/ 2n \ //2n\ 

\n+a) 


/C)- 


(Math. Trip. 1928) 


"27. If «„ > 0 and U — — 1 — S + then u„ ~Kn~ a , where if is a 

u n n \nv 

constant. [For 


«„ n 


where p„ = 0(n~ 2 ). Hence 


log— = -a 2 -+ Z />»= -a(logn + y)+H + o(l), 


where H = Zp„.] 
28. Prove that 


l v i 


(a+ l)(a + 2) ...(a + n) 


(6+ l)(6 + 2)... (&+») 
where If is a constant. [Use Ex. 27]. 


~Kn a ~ b , 


29. Prove that, in the notation of Ex, XC. 6, £(«„/»„) converges or 
diverges with Zu n . [The proof is the same in the case of convergence. 
If Hu„ is divergent, and from a certain value of n onwards, 

then a„ < and the divergence of Z («,/«„) follows from that of 

Z(u n le„_ l ). If on the other hand u„ £ e„_ 1 for an infinity of values of n, 
as might happen with a rapidly divergent series, then «„/«„ S; \ for all 
these values of n.] 


30. Prove that if x > — 1 then 
1 1 
(*+l) 


It 


(x+l)(x + 2) (x+l)(x + 2)(x +3) 

2 ! 


' (* + l,(* +2 )(* + 3K^T4j + - - {Math ■ Tr 1008) 

[The difference between l/(x +1 )* and the sum of the first n terms of the 
.riesis j n! 


(x+l) ! (x + 2)(x + 3)... (x + n+1) 


.] 


31. Find the limit as x -* ao of 

/ a i +a 1 x+... + graf tal* 

\6„ + i 1 x +... +6 r af / 

distinguishing the different eases which may arise. (Math. Trip. 1886) 
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32. The general solution o{f(xy) = f(x)f(y), where/is a differentiable 
function, is x a , where a is a constant: and that of 

f(x+y)+f(x-y) = 2/(a t)f(y) 

is cosh a* or cosax, according as /'(0) is positive or negative. [In proving 
the second result assume that / has derivatives of the first three orders. 
Then 

2/(x)+ !/’/'(*)+ °d/*) = 2/(x) {/(0) + yf'(0) + £y a f"(0) + o(s/ a )}, 
and therefore /(0) = 1, /'(0) = 0 and f"(x) = /'(0)/(x).] 

33. The equation e* = ax + b has one real root if a < 0 or a = 0, 6 > 0. If 
a> 0 then it has two real roots or none, according as a log a > b — a or 
aloga<6 — a. 

34. Show by graphical considerations that the equation 

e x = ox 1 + 26x + c 

has one, two, or three real roots if a > 0, none, one, or two if a < 0; and show 
how to distinguish between the different cases. 

36. Prove that the equation a a e* = x* has three real roots if a 2 < 4e~ 2 , 
and that, when a is small, the small positive root is 

a + Ja a -f j|a 8 + .... (Math. Trip. 1931) 

36. Find the equation giving the values of x for which 
y = Ae~* 2 + 

is stationary, and prove that the value of y corresponding to such a value 

x, of x is . 

Ac 

-e *j . 

C —Xj 

Show also that, when A, B, c are positive, the equation has just two roots, 
one greater than c and the other negative; and that they correspond to a 
minimum and a maximum respectively. (Math. Trip. 1923) 


1 /e 1 — 1 \ 

37. Trace the curve y = - log (-- ), showing that the point (0, j) is 

x \ x / 

a centre of symmetry, and that as x increases through all real values, y 
steadily increases from 0 to 1. Deduce that the equation 



has no real root unless 0<a < 1, and then one, whose sign is the same as 
that of a — J. [In the first place 
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is clearly an odd function of x. Also 


dy 

dx 


ix eoth ix-1 -log * 


[IX 


The function inside the large bracket tends to zero as x -*■ 0; and its 
derivative is 


x \ Vsmh %xj / ’ 


which has the sign of x. Hence dyjdx > 0 for all values of a;.] 


38. Trace the curve y = e 1 i x j(x 1 + 2x), and show that the equation 

e liz ^(x 2 + 2x) = a 

has no real roots if a is negative, one negative root if 
0<«<o = e^' /a V(2 + 2V2), 
and two positive roots and one negative if a > a. 

39. Show that the equation /„(x) = l + x-t- — + . H-= 0 has one 

2! n! 

real root if n is odd and none if n is even. 

[.Assume this proved for n ~ 1,2, , 2k. Then /, t+1 (r) = 0 has at least 

one real root, since its degree is odd, and it cannot have more since, if it 
had,/^ +1 (x) orf ik (x) would have to vanish once at least. Hence/ Jls+1 (x) = 0 
has just one root, and so/ al+ ,(x) = 0 cannot have more than two. If it has 
two, say a and /?, thon/.^, 2 (x) or /, t+1 (x) must vanish once at least between 
a. and /?, say at y ; and 

ylk+% 

/«»+«(?) = /»*+1<7) + > 0- 

But/ St+J (x) is also positive when x is large (positively or negatively), and 
a glance at a figure will show that these results are contradictory. Hence 
ftk+t( x ) — 0 has no real roots.] 


40. Prove that if a and b are positive and nearly equal then 

log£-*(«-6>£+J). 

approximately, the error being about |(a —i>) s a -3 . [Use the logarithmic 
series. This formula is interesting historically as having been employed by 
Napier for the numerical calculation of logarithms.] 


41. Prove by multiplication of series that if — 1 <x< 1 then 

i0 o 8(1 + x )}‘ = 1(1 + i)i’ + i(l + J+i)* 4 -.. , 

J(arctanx)* = ix a -J(1 + i)x* + J(1 + $ + £)*•-.... 
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42. The first n + 2 terms in the expansion of log f 
powers of x are 


l+x+^-+... + —j in 
2! n\l 


x x z 

+ 7 


n! In + l l!(n + 2) 2!(n + 3) 


-... + (- 1 ) 


r" | 
«+!)/' 


n!(2n+ 1); 

(Math. Trip. 1899) 


( /pi \ 

— x —— — ..,-Jin powers of a 

begins with the terms 


1 — £ + - 


y.n+1 n 


i+l 4 “i(n + s) (n + s+1) 

(Math. Trip. 1909) 

44. Use the identity 

log (1 — x‘) = log (1 — x) + log (1 + x + x*) 

to prove that £ (- 1 )” *(»-1 ) ! 

iksSt£k(. k - n )'-(2n-k)'. 

is k~ l if k is not a multiple of 3 and — 2& _1 if it is. (Math. Trip. 1932) 

45. Prove that if x is small and y is the positive value of (1 + x + 

th6n y = e*- l +l{l-ix+0(x»)}. 

dy 

Find the limits of y and — when x 0 by positive and by negative values, 
dx 

and sketch the graph of y near x = 0. 

dx 


46. Prove that 


r 

Jo 


(Math. Trip. 1924) 

= ——rlogf^) if o>6>0. 
o — b \0/ 


(r+o) (x + 0) 

47. Prove that if a, /?, y are all positive, and /?* > ay, then 
dx I , f fl+yj(/} l — ay) 


r 

Jo 


ax , + 2fix + y ^(fP-a y) l0g \ \!(<xy) 

and evaluate the integral when a > 0 and ay > jl l . 


}• 


48. Prove that if a > — 1 then 


( a dx 

r dt - 2 i 

J' co du 

)l (x + a)*J(x 2 - 1) J 

o cosh t + a j 

X n 2 + 2a«+i’ 


and deduce that the value of the integral is 

-—--arc tan j (-—-) 

V(l-o a ) V Vl + a/ 
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if — 1 <o< 1, and 

1 , ^(o+1) + *J{a — 1) 2 /^a—1^ 

>Mj log ^iKM) = J^rr^si U+i) 

if a > 1. Discuss the ease in which a = 1. 

49. If 0<a<l, 0</?<l, then 

f 1 _ dx _ 1 1 + V(a/?) 

J — 2ax + a*) (1 — 2/Sx + ^*)} V(«/») g l-V(a/?>‘ 

60. Prove that if a > 6 > 0 then 

• r K _ d0 v 

J-ml 


[IX ' 


i cosh 6 + 6 sinh 8 ^/(a 8 —6 s ) 


61. Prove that 


[ xlog(l-f£x)dx = J-.jloglcif x‘dx= 1, 
J o Jo 

ri2i5 (te = _!_ (n>1) , f 

Jl x” (n-1)* 


/; 


dx 


x*V(l-x*)^ 2V3> /, 

r 

Jo 


0 {z + V(z 8 +l)} n n a -l 
dx 

F+D* (*•+!) = i( 1 ~ ,og 2) 


(n>l). 


dx 


= 1. 


62. Prove that 


(l + e*)(l+e~*) 

(Afotft. Trip. 1913, 1928, 1932, 1933, 1934) 


dx = - ("i^dx, fi^dx = 0; 
Jo 1+®* Jl 1+X* Jo 1+x 8 


and deduce that if a > 0 then 


/-co J 

Jo a' 


logX . 7T 

-.«** = ^ l0g °- 
a; 2 2a 


[Use the substitutions x = 1/t and x = aw.] 

{<*> / a a \ 

53. Prove that J log ^14- — j dx — naif a > 0. [Integrate by parts.] 


64. Prove that 


lim (I-t)l(i + l A +<' + t u + ...) s [“e—'dx. 
t-*- 1—0 Jo 

m 

f 

Jh 


[It follows from § 180 that 
/•(»+!)» 


e-*'dx<A 2 «■’'*** < 

P—1 

Put t = e~ A> and make n -*■ oo.] 


{Math. Trip . 1932) 

rnh 

I e~ x *dx. 

Jo 



CHAPTER X 


THE GENERAL THEORY OF THE LOGARITHMIC, 
EXPONENTIAL, AND CIRCULAR FUNCTIONS 

227. Functions of a complex variable. In Ch. Ill we 

defined the complex variable 

z — x + iy* 

and we considered a few simple properties of some classes of 
expressions involving z, such as the polynomial P(z). It is natural 
to describe such expressions as functions of 2 , and in fact we did 
describe the quotient P{z)jQ(z), where P(z) and Q(z) are poly¬ 
nomials, as a ‘rational function’. We have however given no 
general definition of what is meant by a function of z. 

It might seem natural to define a function of z in the same way 
as that in which we defined a function of the real variable x, i.e. 
to say that Z is a function of z if there is any relation between z 
and Z in virtue of which a value or values of Z corresponds to 
some or all values of z. But it will be found, on closer examination, 
that this definition is not one from which any profit can be derived. 
For if z is given, so are x and y, and conversely: to assign a value 
of z is just the same thing as to assign a pair of values of x and y. 
Thus a ‘function of z\ according to the definition suggested, is 
merely a complex function 

f(x, y) + ig(x,y), 

of the two real variables x and y. For example 

x - iy, xy, 1 z | = <J(x 2 + y 2 ), am z = arc tan (y/x) 

aase ‘functions of z’. The definition, although quite legitimate, is 
futile because it does not really define a new idea at all. 

* In this chapter we shall generally find it convenient to write x + iy rather 
than x + yi. 



448 GENERAL THEORY OF THE LOGARITHMIC, [X 

It is therefore more convenient to use the expression ‘function 
of the complex variable z’ in a more restricted sense, or in other 
words to pick out, from the general class of complex functions of 
the two real variables x and y, a special class to which the expres¬ 
sion shall be restricted. If we were to explain how this selection 
is made, and what are the characteristic properties of the special 
class of functions selected, we should be led far beyond the limits 
of this book. We shall therefore not attempt to give any general 
definitions, but shall confine ourselves entirely to special functions 
defined directly. 

228. We have already defined polynomials in 2 (§ 39), 
rational functions of z (§46), and roots of 2 (§47). There is no 
difficulty in extending to the complex variable the definitions of 
algebraical functions, explicit and implicit, which we gave (§§ 26- 
27) in the case of the real variable x. In all these cases we shall 
call the complex number 2 , the argument (§ 44) of the point 2 , the 
argument of the function f(z) under consideration. The question 
which will occupy us in this chapter is that of defining, and deter¬ 
mining the principal properties of, the logarithmic, exponential, 
and trigonometrical or circular functions of z. These functions 
are so far defined for real values of z only, the logarithm indeed 
for positive values only. 

We shall begin with the logarithmic function. It is natural to 
attempt to define it by means of some extension of the definition 

logx=j^y (*>0); 

and in order to do this we shall find it necessary to consider 
briefly some extensions of the notion of an integral. 

229. Real and complex curvilinear integrals. Let AB 

be an arc C of a curve defined by the equations 

* = <}>(*), y = f(t), 

where <j> and 1 jr are functions of t with continuous differential 
coefficients <f>' and fr' ; and suppose that, as t varies from f 0 to 
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the point ( x , y) moves along the curve, in the same direction, from 
A to B. 

Then we define the curvilinear integral 

^{ti(x,y)dx+h(x,y)dy} .(1), 

where g and h are continuous functions of x and y, as the ordinary 
integral obtained by effecting the formal substitutions x — <p(t), 
y = ijr(t), i.e. as 

Jt. 

We call C the path of integration. 

Let us suppose now that 

2 = x + iy = <p(t) + ifr(t), 

so that 2 describes the curve G in Argand’s diagram as t varies. 
Further let us suppose that 

/(z) = w + iv 

is a polynomial in z or rational function of z. Then we define 

J J(z)dz .(2) 

as meaning {u + iv) (dx + idy), 

Jc 

which is itself defined as meaning 


I ( udx-vdy) + i\ (vdx + udy ). 
J c J c 


230. The definition of Log £. Now let £ = £ + iy he any 
complex number. We define Log £, the general logarithm of £, 
by the equation 

Log£ = 

where C is a curve which starts from 1 and ends at £ and does not 
pass through the origin. Thus (Fig. 51) the paths (a), (6), (c) are 
paths such as are contemplated in the definition. The value of 
Log £ is thus defined when the particular path of integration has 

*9 



PPM 
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been chosen. But at present it is not clear how far the value of 
Log£ resulting from the definition depends upon what path is 
chosen. Suppose for example that C is real and positive, say 



Tig. 51 


equal to £. Then one possible path of integration is the straight 
line from 1 to £, a path which we may suppose to be defined by 
the equations x — t, y = 0. In this case, and with this particular 
choice of the path of integration, we have 



so that Log £ is equal to log£, the logarithm of £ according to the 
definition given in the last chapter. Thus one value at any rate 
of Log£, when £ is real and positive, is log£. But in this case, as 
in the general case, the path of integration can be chosen in 
an infinite variety of different ways. There is nothing to show 
that every value of Log£ is equal to log£; and in fact we shall 
see that this is not so. This is why we have adopted the 
notation Log £, Log £ instead of log £, log £. Log £ is (possibly at 
any rate) a many-valued function, and log£ is only one of its 
values. And in the general case, so far as we can see at present, 
three alternatives are possible, viz. that 

(1) we may always get the same value of Log £, by whatever 
path we go from 1 to £; 
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(2) we may get a different value corresponding to every 

different path; 

(3) we may get a number of different values each of which 

corresponds to a whole class of paths: 
and the truth or falsehood of any one of these alternatives is in 
no way implied by our definition. 


231. The values of Logf. Let us suppose that the polar 
coordinates of the point z = £ are p and (j>, so that 
£ = p(cos <j) + i sin (j>). 

We suppose for the present that —n <<f> <n, while p may have 
any positive value. Thus £ may have any value other than zero 
or a real negative value. 

The coordinates (x, y) of any point on the path C are functions 
of t, and so also are its polar coordinates (r, 0). Also 



in virtue of the definitions of § 229. But x = r cos 6,y = r sin 6, and 


dx .dy 
dt +l 'dt ' 


■ n dr a 

sm 0 j- + r cos a 
at 


so 


/ dr . dd\ .[ . 

\™ s0 dt~ rsme dt) + V 

. a Q \ (dr . dd\ 

= (coB<? + .ffln*)^ + .r 5 j; 

ru\ dr ft’dO 

that Log£=J = [logr] + i[0], 


where [log r] denotes the difference between the values of log r at 
the points corresponding to t = and t = t 0 , and [6] has a similar 
meaning. 

It is clear that 

[logr] = log p log 1 = log p ; 

but the value of [6] requires a little more consideration. Let us 
suppose first that the path of integration is the straight line from 


29-2 
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1 to £. The initial value of 6 is the amplitude of 1, or rather one 
of the amplitudes of 1, viz. 2kn, where k is any integer. Let us 
suppose that initially 6 = 2 len. It is evident from the figure that 
6 increases from 2kn to 2 kn + <j> as t moves along the line. Thus 

[6] = (2kn + <j>)-2br = <j>, 

and, when the path of integration is a straight line, 

Log £ = log p + 

We shall call this particular value of Log£ the principal 
value. When £ is real and positive, £ = p and <j> = 0, so that the 
principal value of Log £ is the ordinary logarithm log £. Hence it 




will be convenient generally to denote the principal value of 
Log £ by log £. Thus 

log£ = log p + i<j>, 

and the principal value is characterised by the fact that its 
imaginary part lies between —n and n. 

Next let us consider any path such that the area included be¬ 
tween the path and the straight line from 1 to £ does not include 
the origin: two such pathB are shown in Fig. 63. It is easy to 
see that [d] is still equal to <p. Along the curve shown in the figure 
by a continuous line, for example, 6 , initially equal to 21cn, first 
decreases to the value 

21cn-XOP 

and then increases again, being equal to 2 kn at Q and finally to 
2 br + <j>. The dotted curve shows a similar but slightly more 
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complicated case in which the straight line and the curve bound 
two areas, neither of which includes the origin. Thus if the path 
of integration is such that the closed curve formed by it and the line 
from 1 to £ does not include the origin, then 

Log£ = log£ = log p + i<j>. 

On the other hand it is easy to 
construct paths of integration 
such that [d] is not equal to <j>. 

Consider, for example, the curve 
indicated by a continuous line in 
Fig. 54. If 0 is initially equal to 
2 kn, it will have increased by 27 t 
when we get to P and by 4n when 
we get to Q; and its final value 
will be 2kn + 4n + f>, so that 
\d\ = 4n + <j> and 

Log £ = logp + i{4n + <f). 

In this case the path of integration winds twice round the 
origin in the positive sense. If we had taken a path winding k 
times round the origin we should have found in the same way 
that [0] = 2kn + <p and 

Log£ = log p 4-i(2kn + <j>). 

Here k is positive. By making the path wind round the origin in 
the opposite direction (as shown in the dotted path in Fig. 54), 
we obtain a similar series of values in which k is negative. Since 
| £ | = p, and the different angles 2 kn + <j> are the different values 
of am £, we conclude that every value of log | £ | +1 am £ is a value 
of Log £; and it is clear from the preceding discussion that every 
value of Log £ must be of this form. 

We may summarise our conclusions as follows: the general 
txdue of Log £ is 

log | £ | + i am £ = log/H- i{2kn + <j>), 
where k is any positive or negative integer. The value of k is 
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determined by the path of integration chosen. If this path is astraight 
line then k = 0 and 

Log £ = log £ = logp + i<j>. 

In what precedes we have used £ to denote the argument of the 
function Log £, and (£, rj) or (p, <f>) to denote the coordinates of £; 
and z, (x, y), (r, 6) to denote an arbitrary point on the path of 
integration and its coordinates. There is however no reason now 
why we should not revert to the natural notation in which z is 
used as the argument of the function Log z, and we shall do this 
in the following examples. 


Examples XCIV. 1. We supposed above that —n<6<Tr, and so 
excluded the case in which z is real and negative. In this case the straight 
line from 1 to z passes through 0, and is therefore not admissible as a path 
of integration. Both n and — n are values of am z, and 6 is equal to one or 
other of them; and r — — z. The values of Logz are still the values of 
log | z | +iamz, viz. 

log( -z) + (2fc+ l)ni, 

where k is an integer. The values log ( — z) + ni and log ( — z) — 7ti correspond 
to paths from 1 to z lying respectively entirely above and entirely below 
the real axis. Either of them may be taken as the principal value of Log z, 
as convenience dictates. We shall choose the value log (— z) + ni corre¬ 
sponding to the first path. 

2. The real and imaginary parts of any value of Log z are both con¬ 
tinuous functions of x and y, except for x = 0, y = 0. 


3. The functional equation satisfied by Logz. The function Logz 
satisfies the equation 

Logz,z, = Logz, + Log z s .(1), 

in the sense that every value of either side of this equation is one of the 
values of the other side. This follows at once by putting 

zj = r,(cos 0, +1 sin 0,), z 3 = r s (cos d 3 + i sin 6 t ), 
and applying the formula of p. 453. It is however not true always that 


If, e.g.. 


logz,z, = logZj + logZj 


( 2 ). 


z, = 2 3 s = ${ — 1 + i i/3) = cos f n + i Bin f n, 
then logz, = logz s = §7ri, and logz, + logz t = \rri, which is one of the 
values of Logz 1 z„ but not the principal value. In fact logz,z, = — § 771 . 
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An equation such as (1), m which every value of either side is a value 
of the other, we shall call a complete equation, or an equation which is 
completely true. 

4. The equation Logz"* = to Log z, where to is an integer, is not com¬ 
pletely true every value of the right-hand side is a value of the left-hand 
side, but the converse is not true. 

6. The equation Log(l/z) = — Logz is completely true. It is also true 
that log (1 /z) = — logz, except when z is real and negative. 

6. The equation 

l°g = l°g (*-“)- log (2 - i>) 

is true if z lies outside the regiop bounded by the line joining the points 
z = a, 2 = 6, and lines through these points parallel to OX and extendmg 
to infinity in the negative direction 

I. The equation 

log (S)= lo « ( 1 - D - Iog ( 1 - D 

is true if z lies outside the triangle formed by the three points 0, a, b. 

8. Draw the graph of the function I(Logx) of the real variable x. [The 
graph consists of the positive halves of the lines y — 2for and the negative 
halves of the lines y = (2* + 1) n ] 

9. The function f(x) of the real variable x, defined by 

7T/(x) = pn + (q-p)I(logx), 

is equal to p when x is positive and to q when x is negative 

10. The function f(x) defined by 

vf{x) =pn+(q-p) I(log (a; — l)} + (r-g)I(logx) 
is equal to p when x> 1, to q when 0<x< 1, and to r when x<0 

II. For what values of z is (i ) log z and (n) any value of Log z (a) real or 
(6) purely imaginary? 

12. If z = x + iy then Log Logz = log R + i(Q+ 2k'n), where 
R‘ = (logr) s + (0 + 2*ii)* 

and & is the least positive angle determined by the equations 
cos©:sin@: 1:-logr: 6+ 2*71. J{(logr)* + (d + 2kn) a }. 

Plot roughly the doubly infinite set of values of Log Log(l + 1^/3), in¬ 
dicating which of them are values of log Log (I +t-^3) and whioh of 
Loglog(l+z^3). 
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232. The exponential function. In Ch. IX we defined 

a function e v of the real variable y as the inverse of the function 
y = log a:. It is naturally suggested that we should define a 
function of the complex variable z which is the inverse of the 
function Log z. 

Definition. If any value of Logs is equal to £, we call z the 
exponential of £ and write 

z = exp £. 

Thus z = exp £ if £ = Log 2. It is certain that to any given 
value of 2 correspond infinitely many different values of £. It 
would not be unnatural to suppose that, conversely, to any given 
value of £ correspond infinitely many values of 2, or in other 
words that exp £ is an infinitely many-valued function of £. This 
is however untrue, as is proved by the following theorem. 

Theorem, The exponential function exp£ is a one-valued 
function of £. 

For suppose that 

Zj = r^cos d 1 + i sin Ofj, z 2 = r 2 (cos 0 2 + i sin 0 2 ) 
are both values of exp £. Then 

£ = Log z 1 = Logz 2 , 

and so log r 1 + i(0 1 + 2mn) = log r t + i(0 2 + 2 nn), 
where m and n are integers. This involves 

log r x = log r z , 9 1 4 - 2mn = 0 2 + 2nn. 

Thus r t = r 2 , and 6 1 and d 2 differ by a multiple of 2n. Hence 

z i = *2- 

Corollary. If £ is real then exp £ = e£, the real exponential 
function of £ defined in Ch. IX. 

For if 2 = e£ then log 2 = £, i.e. one of the values of Log 2 is £. 
Hence 2 = exp £. 

233. The value of exp £. Let £ = E, + iy and 
2 = exp£ = r(cosi?-)-tsin0). 

i+iy = Log 2 = logr + i(0 + 2wwr), 


Then 
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where m is an integer. Hence £ = log r, rj = 6 + 2mn, or 
r = e 5 , 6 = t) — 2 mn; 

and accordingly 

exp(£ + ii?) = e J (cosi/+isin^). 

If rj = 0 then exp £ = e-, as we have already inferred in § 232. 
It is clear that both the real and the imaginary parts of exp (£ + m;) 
are continuous functions of £ and 7 for all values of £ and 7 ). 

234. The functional equation satisfied by exp£. Let 

£1 = + £2 = Zz + iVz- Then 

exp x exp C 2 = eSi(cos r/ l +i sin rj x ) x e s ‘(cos 17 a + i sin r/ 2 ) 

= e£i+fi{cos (7) x + t} 2 ) 4 i sin (tj 1 + ij t )} 

= expf^ + Q. 

The exponential function therefore satisfies the functional rela¬ 
tion fiCi + Zz) = f(Zi)f(Zz)> an equation which we have proved 
already (§213) to be true for real values of £, and £ a . 

235. The general power aL It might seem natural, since 
exp £ = e f when £ is real, to adopt the same notation when £ is 
complex and to drop the notation exp £ altogether. We shall not 
follow this course because we shall have to give a more general 
definition of the meaning of the symbol eC We shall find then that 
ef represents a function with infinitely many values of which 
exp £ is only one. 

We have already defined the meaning of the symbol at in a 
considerable number of cases. It is defined in elementary algebra 
in the cases in which a is real and positive and £ rational, or a real 
and negative and' £ a rational fraction whose denominator is odd. 
According to the definitions there given has at most two values. 
In Ch. Ill we extended our definitions to cover the case in which 
a is any real or complex number and £ any rational number p/q; 
Rnd in Ch. IX we gave a new definition, expressed by the equation 

a C _ e CIogo ; 

which applies whenever £ is real and a real and positive. *, 
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Thus we have, in one way or another, attached a meaning to 

3*, (-1)*, (V» + $»)■*, 

but we have as yet given no definitions which enable us to attach 
any meaning to 

(14-i) V2 , 2‘, (3 + 2t)*+« 

We shall now give a general definition of at which applies to all 
values of a and £, real or complex, with the one limitation that 
a must not be zero. 

Definition. The function at is defined by the equation 
at = exp (£ Log a), 

where Log a is any value of the logarithm of a. 

We must first satisfy ourselves that this definition is consistent 
with the previous definitions and includes them all as particular 
cases. 

(1) If a is positive and £ real, then one value of £Loga, viz. 
£loga, is real: and exp (£logo) = et ioea , which agrees with the 
definition adopted in Ch. IX. The definition of Ch. IX is, as we 
saw then, consistent with the definition given in elementary 
algebra; and so our new definition is so too. 

(2) If a = e T (cos \Jr + i sin \jr), then 

Log a = r + i(ijr+ 2mn), 

exp ^ Log aj = e vrlQ Cis (i/r+ 2»wr)j , 

where m may have any integral value. It is easy to see that if m 
assumes all possible integral values then this expression assumes 
q and only q different values, which are just the values of aPb 
found in §48. Hence our new definition is also consistent with 
that of Ch. m. 

236 . The general value of at. Let 

m • £ = £ + 17), a = o-(cos i/r + i sin \jr). 
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where - 7r < ^ g tr, so that, in the notation of § 235, a = e T or 
t = logcr. Then 

£Loga = (£ + *??) {log a+i(ijr+ 2mn)} = L + iM, 

where 

L = [logtr - rj(rjr + 2mrr), M = y logcr + + 2mn)\ 

and at = exp (f Loga) = e 7 -(cos M + i sin .¥). 

Thus the general value of at is 

e i log rr-y^+imtr) [ CO g ] 0 g (T -f + 2TO7r)} 

+ i sin {y log a + E > (\J/ + imn ))]. 

In general at is an infinitely many-valued function. For 

| at j = e ilOga-v{\fr+2mn) 

has a different value for every value of m, unless y = 0. If on the 
other hand y — 0 , then the moduli of all the different values of at 
are the same. But any two values differ unless their amplitudes 
are the same or differ by a multiple of 2 n. This requires that 
+ 2 mrr) and E,(i/r + 2 nn), where m and n are different integers, 
shall differ, if at all, by a multiple of 2n. But if 

£(\Jr + 2mn) - £(ijr + 2nn) — 2kn, 

then £ = kj(m — n) is rational. We conclude that at is infinitely 
many-valued, unless £ is real and rational. On the other hand we 
have already seen that, when £ is real and rational, at has but a 
finite number of values. 

The principal value of at = exp (JLogo) is obtained by giving Logo its 
principal value, i.e. by supposing m = 0 in the general formula. Thus the 
principal value of at is 

el iog<r -^{cos (y log cr + g\jr) + i sin (y log a + &)}. 

Two particular cases are of especial interest. If a is real and positive 
and £ real, then cr = a, ^ = 0, £ = £, 7 = 0, and the principal value of at is 
eCi“e°, which is the value defined in Ch. IX. If | a | = I and £ is real, 
then <7=1, £ = f, y = 0, and the principal value of (cos^ + isinyi)C is 
cos {fir + i sin Qfr. This is a further generalisation of de Moivre’s theorem 
(§§ 45, 49). 
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Examples XCV. 1. Find all the values of i‘. [By definition 
i' = exp(iLogi). 

But i = cos Jtt + i sin f 77 , Log i = ( 2k + J) ni, 

where k is any integer. Hence 

i' = exp{ — (2k + i) n] = e-us+l)*. 

All the values of i 1 are therefore real and positive.] 

2. The values of at, when plotted in the Argand diagram, are the 

vertices of an equiangular polygon inscribed in an equiangular spiral 
whose angle is independent of a. (Math. Trip. 1899) 

[If at = r(cos 6 + i sin 0) we have 

r = e £ logfr -ijdA+Jrair), g — 17 log <T + f (+ 2mn ); 

and all the points lie on the spiral r = <j <£ 2 + 7 j >/£ c -ii 0 /£.] 

3. The function et. If we write e for a in the general formula, so that 
logcr = 1 , ijr = 0 , we obtain 

et = c £-im 7 n;{cos (ij + 2 rtmi) + i sin (17 + 2 mirg)}, 

The principal value of et is et(cos j; + £sin)j), which is equal to exp £ (§233). 
In particular, if £ is real, so that r\ — 0, we obtain 
et(cos 2 wwr£ + i sin 2mnQ 

as the general and et as the principal value, et denoting here the positive 
value of the exponential defined in Ch. IX. 

4. Show that Log et = (1 + 2mni) £ + 2 nm, where m and n are any 
integers, and that in general Log at has a double infinity of values. 

6 . The equation 1 /at = art is completely true (Ex. xciv. 3): it is also 
true of the principal values. 

6 . The equation at x &£ = (afi)t is completely true but not always true 
of the principal values. 

7. The equation at x at' = at+t" is not completely true, but is true of the 
principal values. [Every value of the right-hand side is a value of the 
left-hand side, but the general value of at x at', viz. 

exp {£(log a + 2mm) + £'(log a + 2nni)}, 
is not os a rule a value of at+f' unless m - n.] 

8 . What are the corresponding results as regards the equations 

Logat - £Loga, (at)t' = (at')f = atf'? 

9. A necessary and sufficient condition that all the values of at should 
be real is that 2 £ and [)?log | a | + famuJ/j, where am a denotes any 
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value of the amplitude, should both be integral. What are the corre¬ 
sponding conditions that all the values should be of unit modulus? 

10. The general value of | x* + x~ l |, where x > 0, is 

e -(m-n)ir y'[2{cosh 2(m + n) 7r + cos {2 log ic)}J. 

11. Explain the fallacy in the following argument: since e im ” < = e*" B< = 1, 
where tn and n are any integers, therefore, raising each side to the power t, 
we obtain e~ ,m " = e~ in ”. 


12. In what circumstances are any of the values of x x , where x is real, 
themselves real ? [If x > 0 then 

x z = exp (x Log x) — exp [x log x) Cis 2mnx, 
the first factor being real. The principal value, for which m = 0, is always 
real. 

If x is a rational fraction p/( 2q + 1), or is irrational, then there is no other 
real value. But if x is of the form p/2q, then there is one other real value, 
viz. —exp (a; log a;), given by m = q. 

If x = — £ < 0 then 

i* = exp{-£Log(-£)} = exp(-£log£)Cis{-(2m + 1)7r£}. 

The only case in which any value is real is that in which £ — pj(2q+ 1), 
when m = q gives the real value 

exp (-£log£) Cis ( -pit) = (- 1)" £*£. 

The cases of reality are illustrated by the examples 

(*)*-**. (i)* = ±Vi. (-*)-* = -a (-*)-* = --5'3.] 


13. Logarithms to any base. We may define £ = Log„z in two 
different ways. We may say (i) that £ = Log„ z if the principal value of at is 
equal to z, or we may say (n) that £ = Log„zif any value of of is equal to z. 

Thus if a = e then £ = Log, z, according to the first definition, if the 
principal value of ef is equal to z, or if exp £ = z, and so Log, z is identical 
with Log z. But, according to the second definition, £ = Log, z if 
ef = exp (£ Log e) = z, £ Log e - Log z, 
or £ = (Logz)/(Loge), any values of the logarithms being taken. Thus 

log | z j + (amz + 2m7r) i 


£ = Log, z = - 


1 + 271771 


so that £ is a doubly infinitely many-valued function of z. And generally, 
aocordmg to this definition, Log a z = (Logz)/(Loga). 


14. 


Log,l = 


2mm 


1 + 271771. 

where m and n axe any integers. 


Log,(-l) 


(2m + \)m 

1 + 2nm 



462 GENERAL THEORY OF THE LOGARITHMIC, [X 

237. The exponential values of the sine and cosine. 
From the formula 

exp (i + it)) = exp £ (cos y + isin r/), 
we can deduce a number of very important subsidiary formulae. 
Taking £ = 0, we obtain exp (irj) = cos ?/+ i sin ?/; and, changing 
the sign of r), exp { — if)) = cos r) — i sin rj . Hence 
cos f) — \ {exp {iij) + exp (— irj)}, 

sin f) = — |i{exp (if)) — exp (— if])}. 

We can of course deduce expressions for any of the trigono¬ 
metrical ratios of f) in terms of exp (if)). 


238. Definition of sin £ and cos £ for all values of £. We 

saw in the last section that, when £ is real, 

cos£ = J {exp(i£) + exp(-i£)|.(la), 

sin £ = - |i{exp (i£) - exp (- i£)} .(16). 

The left-hand sides of these equations are defined, by the 
ordinary geometrical definitions adopted in elementary trigo¬ 
nometry, only for real values of £. The right-hand sides have, on 
the other hand, been defined for all values of £, real or complex. 
We are therefore naturally led to adopt the formulae (1) as the 
definitions of cos £ and sin £ for all values of £. These definitions 
agree, in virtue of the results of §237, with the elementary 
definitions for real valbes of £. 

Having defined cos £ and sin £, we define the other trigono¬ 
metrical ratios by the equations 


sm£ „ cos £ ,-1 y 1 / 

tan £ =-cot £ = — -n , sec£ =-cosec£ = -^—...(2). 

cos£ sm£ cos£ sm£ 


It is evident that cos £ and sec £ are even functions of £, and sin £, 
tan £, cot £, and cosec £ odd functions. Also, if exp (i£) = t , we have 
cos £ = ${t -t- f- 1 }, sin £ = — ii{t - f- 1 }, 
cos 2 £ + sin 2 £ = £{(f + < -1 ) 2 — (t — f -1 ) 2 } = 1 .(3). 

We can moreover express the trigonometrical functions of 
£ + £' in terms of those of £ and £' by the same formulae as those 
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which hold in elementary trigonometry. For if exp (*£) = t, 
exp (ig) = t', we have 




= cos £ cos £' — sin £ ain £' .(4); 

and similarly we can prove that 

sin (£+£') = sin £ cos £' + cos £ sin£' .(5). 

In particular 

cos (£ + ^n) = — sin £, sin (£+ \n) = cos £ .(6). 

All the ordinary formulae of elementary trigonometry are 
algebraical corollaries of the equations (2)-(6); and so all such 
relations hold also for the generalised trigonometrical functions 
defined in this section. 


239. The generalised hyperbolic functions. In Ex. lxxxviii. 20 
we defined cosh £ and sinh £, for real values of £, by the equations 

cosh £ = |{oxp£+exp (-£)}, sinh £ = £{exp£-exp(-£)}.. .( 1 ). 
We can now extend this definition to complex values of the variable; 
i.e. we can agree that the equations ( 1 ) are to define cosh £ and sinh £ for 
all values of £ real or complex. The reader will easily verify that 

cos j£ = cosh £, sin i£ = i sinh £, cosh i£ = cos £, sinh i£ = i sin £. 

We have seen that any elementary trigonometrical formula, such as 
cos 2£ = cos 2 £ — sin" £, remains true when £ is allowed to assume complex 
values. It therefore remains true if we write cos i£ for cos £, sin i£ for sin £ 
and cos 2i£ for cos 2 £; or, in other words, if we write cosh£ for cos£, 
i sinh £ for sin £, and cosh 2£ for cos 2£. Hence 

cosh 2£ = cosh" £ + sinh" £. 

The same prooess of transformation may be applied to any trigonometrical 
identity. It is this which explains the correspondence noted in Ex. Lxxxvm. 
22 between the formulae for the hyperbolic and those for the ordinary 
trigonometrical functions. 

240. Formulae for ooa(£ + itj), sin (£ + 177 ), etc. It follows from the 
addition formulae that 

00 s (£ + irj) = oos£ cosiij — sing &miq = cos £ cosh ij — i sin £ sinhi), 
sin {£ + iij) = sin £ cos irj + cos £ sin iij = sin £ cosh rj + i cos £ sinh ij. 
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These formulae are true for all values of £ and i). The interesting case is 
that in which £ and y are real. They then give expressions for the real and 
imaginary parts of the cosine and sine of a complex number. 


Examples XCVI. 1 . Determine the values of £ for which cos £ and sin £ 
are (i) real, (ii) purely imaginary. [For example cos £ is real when y = 0 or 
when £ is any multiple of rr.] 


2. | cos (t + iy) | = V( 0 °s* f + sinh J y) = J(oosh 2y + cos 2£)}, 

| sin (£ + iy) | = 7(sin* £ + sinh* y) = ^/{ifcoah 2y — cos 2£)}. 
[Use (e.g.) the equation 

| cos (£ +iy) I = Vicos a+iy) cos (f - iy)}.] 


3. tan (£+«;) = 
[For example 


sin 2 £ + i sinh 2y 


cosh 2y + cos 2 £ ’ 

sin (£ + «)} cos (£-tJj) 


cot (£+«;) = 


sin 2 £ — i sinh 2y 


tan(£+i)?) = , r ■ s , r ■ . 

cos(£ + 17 ) cos (£ — m? ) 

which leads at once to the result given.] 


cosh 2y — cos 2 £ 

sin 2 £ + sin 2 iy 
cos 2 £ + cos 2 iy' 


4. 


sec (£ + iy) = 
oosec(£ + i'j/) = 


cos£ cosh y + ising sinh y 
i(oosh 2y + cos 2 £) 
sin£ cosh y~i cos £ sinhj/ 
i(cosh 2y — cos 2 £) 


5. If |oos(£ + m/)| = 1 then sin*£ = sinh* y, and if |ain(£-f ti/) | — 1 
then cos’£ = sinM j/. 


6. If | cos (£ + iy) | ~ 1, then 

Bin{amcos(£+ij/}} = ±sin*£ = ±sinh*j/. 

7. Prove that Logcos(£+ii/) = A+iB, where 

A = i log {J(cosh 2y + cos 2£)} 
and B is any angle such that 

cos B _ sin B 1 

cos £ cosh y sin £ sinh y ~ V(i(oosh 2y + cos 2£)}' 

Find a similar formula for Log sin (£ + iy). 

8. Solution of the equation cos £ = a, where a is real. Putting 
£ = £ + »)/, and equating real and imaginary parts, we obtain 

oos £ cosh y = «, sin £ sinh y = 0. 

Hence either y = 0 or £ is a multiple of n. If (i) y = 0 then cos £ = a, which 
is impossible unless — 1 ga£ 1. This hypothesis leads to the solution 
£ = 2kn ± aro cos a. 
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where arc cos a lies between 0 and \it. If (ii) £ = mn then cosh 7 = ( — 11” 1 as 
so that either at, 1 and m is even, or a g — I and m is odd. If a = + 1 then 
7 = 0, and we are led back to our first case. If | a | > 1 then cosh7 = | a |, 
and we are led to the solutions 

£ = 2 kn ± i log { as + ^a 2 -!)} (a>l), 

£ = (2fc+1)7r±ilog{ —a + ^/(a* — 1)} (a< -1). 

For example, the general solution of cos £ = — Jis£=( 2 ifc+l)ff±i log 3. 

Solve sin£ = as similarly. 


9. Solution of cos £ = at+i/J, where /?4=0. We may suppose /?> 0, 
since the results when /? < 0 may be deduced by merely changing the sign 
of t. In this case 

cos £ cosh 7 = as, sin £ sinh 7 = — /? .(1), 


and 


at 2 d 2 

—-h—-- 

cosh 2 7 sinh 2 7 


= 1 . 


If we put cosh 2 7 = 1 we find that 

x 1 — (1 + a 2 + /?“) x + a 2 = 0 


ori= (At ± A,) 1 , where 

A , = iV««+l>*+/?*}. A, = *,/{(«-l) 2 + £«}. 

Suppose that a. > 0. Then A 1 >A ,>0 and cosh7 - A r ± A,. Also 

a 


cos£ : 


— Aj + A it 


cosh 7 

and since cosh 7 > cos £ we must take 

cosh7 = A x +A t , coa^ = A l — A t . 


The general solutions of these equations are 

£ = 2 Icit± arccos M, 7 = ± log{L + ^(L*— 1)} .(2), 

where L = A t + M — A x — A t , and arc cos M lies between 0 and \n. 

The values of 7 and £ thus found above include, however, the solutions 
of the equations 

cos £ cosh 7 = a, sin £ sinh 7 = /? .(3), 

as well as those of the equations (1), since we have only used the second of 
the latter equations after squaring it. To distinguish the two sets of 
solutions we observe that the sign of sin £ is the same as the ambiguous 
sign in the first of the equations (2), and the sign of sinh 7 is the same as the 
ambiguous sign in the seoond. Since/?> 0, these two signs must be different. 
Hence the general solution required is 

£ = 2 kn ± [arc 00s M — i log {L + 1)}]. 

Work out the oases in whioh a < 0 and a = 0 in the same way. 


HSU 


30 
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10. If/? = Othen£ = i|a+l| + i|a-l | and M=i | a +1 1 ~i | a- 11. 
Verify that the results thus obtained agree with those of Ex. 8 . 

11 . Show that if a and ft are positive then the general solution of 
sin £ = a + if! is 

£ = kn + ( — 1)* [arc sin M + ilog{X + J(L 2 — 1)}], 
where arc sin M lies between 0 and in. Obtain the solution in the other 
possible cases 

12. Solve tan £ = a, where a is real. [All the roots are real.] 


13. Show that the general solution of tan £ = a +1 

[a*+ (! + /?)“) 


?, where /?=(= 0 , is 




where 6 is the numerically least angle such that 

cos 0. sm 0 :1:: 1 — a‘ — /8‘: 2a . V{( 1 - a* - /? 2 ) 8 + 4a*}. 


14. Prove that 

I exp exp (£ + 11)) [ = exp (exp £ cos 7j), 

R{eos cos (£ + i’O)} = cos (cos £ cosh 17 ) cosh (sin £ sinh ij), 
I{sinsin(£ + t 7 )} = cos (sm £ cosh 17 ) sinh (cos £ sinh 17 ) 

16. Prove that | exp£| tends to 00 if £ moves away towards infinity 
along any straight line through the origin making an angle less than in 
with OX, and to 0 if £ moves away along a similar line making an angle 
between \n and n with OX. 

16. Prove that | cos £ | and | sin £ j tend to 00 if £ moves away towards 
infinity along any straight line through the origin other than either half 
of the real axis. 


17. Prove that tan£ tends to — 1 or to 1 if £ moves away to infinity 
along the straight lme of Ex. 16, to — 1 if the line lies above the real axis 
and to i if it lies below. 


241. The connection between the logarithmic and the inverse 
trigonometrical functions. We found in Ch. VI that the integral of a 
rational or algebraical function <f>(x,a,/3, ), where a, /?, . are constants, 

often assumes different forms according to the values of a, ft, ..; sometimes 
it can be expressed by means of logarithms, and sometimes by means of 
inverse trigonometrical functions. Thus, for example, 


/, 


/; 


dx 1 x 

r— = ~r aro tan-,- 
x* + a V° 


dx 


1 


it’ + o 2-J(—a) 


log 


x-J(-a) 




—( 1 ) 
•( 2 ) 


if o>0, but 
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if a < 0. These formulae suggest the existence of some functional connection 
between the logarithmic and the inverse circular functions. That there 
is such a connection may also be inferred from the facts that we have 
expressed the circular functions of f in terms of expi£, and that the 
logarithm is the inverse of the exponential function. 

Let us consider more particularly the equation 


/. 


dx 1 , , ~ 

x 2 — cc 2 2a 


x — CL 

+ a. 


which holds when a is real and (x — ct)/(x + a) is positive. If we could write 
ia instead of a in this equation, we should be led to the formula 

1 


/x\ 1 , /x — vx\ „ 

arctanM = -log(~^) + C.(3), 


where C is a constant, and the question is suggested whether, now that we 
have defined the logarithm of a complex number, this equation will not 
be found to be true. 

Now (§231) 

Log (x ± ia) = i log (r 2 + a 2 ) ± i(? i + 2kn), 

where k is an integer and 4> is the numerically least angle such that 
cos 0 : sin <j >: 1:: x: a : *][x 2 + a 2 ). Thus 


<ri L °e 


mi 


\x+ia> 

where l is an integer, and this in fact differs by a constant from any value 
of arc tan (xja). 

The standard formula connecting the logarithmic and inverse circular 

functions is , , , . 

1 „ fl+tx\ 

aretana^-Log^—j .(4), 

where x is real. It is most easily verified by putting x = tan y, when the 
right-hand side reduces to 

1 /cos y +isini/X 

- J = — Log (exp 2ry) = y + kn. 


2 i 


■Log 


cosy — tsiny/ 


where k is any integer, so that the equation (4) is ‘completely’ true (Ex. 
xciv. 3). The reader should also verify the formulae 

arccosr — -t Log {#± 11/(1 —a; 2 )}, arcsina: — -»Log{iat± ^/(l — #*)} 

* .(5), 

where — 1 £z £ 1; each of these formulae also is ‘completely’ true. 
Example. Solving the equation 

oosn = x = i {y+y~ l ). 


30-2 
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where y = exp (in), with respect to y, we obtain y = x±i*J(l— a*). Thus 
u = - i Log y = — iLog{a; ± — a 2 )}, 

which is equivalent to the first of the equations (6). Obtain the remaining 
equations (4) and (5) by similar reasoning. 

242. The power series for exp z*. We saw in § 219 that 
when z is real 2 a 

expz = l + z + 2 i +.(1). 

We also saw^in § 198 that the series on the right-hand side 
remains convergent (indeed absolutely convergent) when z is 
complex. It is naturally suggested that the equation (1) also 
remains true, and we shall now prove that this is so. 

Let the sum of the series (1) be denoted by F(z). The series 
being absolutely convergent, it follows by direct multiplication 
(as in Ex. lxxxi. 7) that F(z) satisfies the functional equation 
F(z + h) = F(z) F(h) .(2), 

and in particular that 

F(x + iy) = F(x)F(iy). 

F(x) = l+a;+ —+ ... = e x , 

y 2 y i ./ y 3 \ 

- 2! + 4!~"' + Y + = C0B y + lBm V- 

F(z) = e I (cosy + t siny) = expz 

There is an alternative proof which is interesting because it 
does not demand a knowledge of the power series for cos y and 
siny. 

If F(iy) =f(y) then f(y + k) =f(y)f{k) and 

* It will be convenient now to use z instead of £ as the argument of the ex¬ 
ponential function. 


Now 

and „.. . 

F(iy) = 1 

Hence 
if z = x + iy. 
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where 


|p| ^ + ^f + "- g(e ~ 2 ) l A l 


for small k, so that p tends to zero with k. Hence /(y) is differ¬ 
entiable and /'(y) = if(y). 

It follows that 

9(y) =f(y){c°ay - isiny) 
is differentiable.* Also 

g'(y) = if(y) (cosy - i8iny)-/(y)(siny+icosy) = 0, 
so that g(y) is constant. Hence 

g(y) = g(0) = i 


and f(y) = 


1 


cosy + tsiny . . 

- = cos y + i siny. 

in* 


cos y — isiny cos 2 y + sin 2 y 
Finally F(iy) = /(y) = cosy -ftsin y and 

F(x+iy) = F(x)F(iy) = e-^eosy-f isiny). 

243. The power series for cosz and sinz. From the 
result of the last section and the equations (1) of § 238 it follows 
fhat z 2 z \ z » z b 

cosz= sinz=z-- ! + - r ... 

for all values of z. 

Examples XCVII. 1. Prove that 

| cosz | Scosh | z|, | sinz | gsinh | z |. 

2. Prove that if | z | < 1 then | cosz | < 2 and | sinz j < jj | * |. 

3. Since sin 2z = 2 sin z cos z we have 

(2z) s (2z)‘ / z* \ / z» \ 

{2z) -^r + ir~-- 2 ( z _ 3 ! + -)( 1 ~ 2 ! + -)* 

Prove by multiplying the two series on the right-hand side (§202) and 
equating coefficients (§ 201) that 


2n+l 


• + 1 \ / 2n + 1 x 

i M » ) 


+ ...+ 


/ 2n +1 
\2n + 


!)— 


Verify the result by means of the binomial theorem. Derive similar 
identities from the equations 

cos , z + sin 8 z = 1, cos2z = 2cos*z- 1 - 1 —2sin*z. 

* The argument which followed in earlier editiona contained a curious fallacy. 
That adopted here was suggested by Mr Love. 
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4. Show that exp {(1 + 1 ) z} = 2 2*" exp ( \ntti) —. 

o 

6. Expand cos 2 cosh 2 in powers of z. [We have 
coszco8hz-isinzsinhz = eos{(l + i)z} = £[exp{(l +t)z} + exp{ —(1 + i) z}] 

= i2 2, "{l + (- l)"}exp(inJrc) —, 

0 

and similarly 

cosz coshz + isinz sinh 2 = cos(l — i)z 

= JZ2*"{H-(-l)”}exp( —JnTri) —. 
o n - 

Hence 

00 z n 2 s z 4 2 4 z 8 

cos 2 cosh 2 = 21*{1 + (— 1)"} cos Jaw — = 1-1—-—....] 

o n\ 4! 8! 

6. Expand sin* z and sin* 2 in powers of z. [Use the formulae 

sin* z = £( 1 — cos 2 z), sin* z = £(3 sin z — sin 3z). 

It is clear that the same method may be used to expand cos n z and sin" z, 
where n is any integer.] 

7. Sum the series 

_ . cos z cos 2z cos3z „ sinz sin2z sin 3z 

C = 1+ -rr + - 2 r + ^r + -* s = Tr + 2! + - 3 r + - 

[Here C + iS = 1+ !^> + !^ + ... = exp {exp (iz)} 

= exp (cos z) [cos (sin z) + i sin (sin 2 )}, 

and similarly 

C — iS = exp {exp (— iz)} = exp (cos z) {cos (sin z) — i sin (sinz)}. 
Hence C = exp (cos z) cos (sinz), iS = exp(cosz) sin(sinz).] 

„ „ acosz o J cos2z a sinz a 2 sin2z 

8. Sum 1 + —— + ——— + ..., ——+——— + .... 


1! 


21 


9. Sum 


cos 2z cos 4z 
1 -—+ - 


2! 4! 

and the corresponding series involving sines. 
10. Show that 
cos 4z cos 8z 


11 21 
cos z cos 3z 

Ti 


3! 


+ ... 


1 + 


4! 


8! 


+ ... = £[cos(cosz) cosh (sinz) + cos(sinz) cosh(cosz)}. 


11. Show that the expansions of cos {x + h) and sin(* + h) in powers of 
h, found in § 152 (1), are valid for all values of * and h, real or oomplex. 
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244. The logarithmic series. We found in § 220 that 

log ( 1 + 2 ) = 2 - £z a + £z 3 -.(1) 

when 2 is real and numerically less than unity. The series on the 
right-hand side is convergent, indeed absolutely convergent, when 
2 has any complex value whose modulus is less than unity. It is 
naturally suggested that the equation (1) remains true for such 
complex values of z. That this is true may be proved by a modi¬ 
fication of the argument of § 220. We shall in fact prove rather 
more than this, viz. that (1) is true for all values of z such that 
| z | ^ 1, with the exception of the value — 1. 

It will be remembered that log(l + 2 ) is the principal value of 
Log (1+z), and that 

log( 1 +z) -JVv’ 

where C is the straight line joining the points 1 and 1 + 2 in the 
plane of the complex variable u. We may suppose that z is not 
real, since the formula (1) has been proved already for real values 
of z. 


If we put 2 = r(cos ff + i sin 6) = £r. 

so that | r | 5 1, and u = 1 + £t, 

then u will describe C as t increases from 0 to r. And 

Ut 


f du_ f* 
JcU “Jo 


1+& 


rrl f _ 1 

=J o (e - &+- ...+{-1 r - 1 + - - 1+ g t — 


dt 


— 2 + 3-- + ( - 1 ) m - 1 m +J? " 


•( 2 ), 


Cr i m di 

whore = (-1 ) m f m+1 j o .(3). 

It follows from (1) of § 170 that 


I S. 


4 V 


r tV'dt 


+ & I 


W- 
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Now 11 + £*| or I u| is never less than m, the perpendicular from 
O on to the line C*. Hence 

\ Rm ' " w Jo*™'* = (m+\)w ~ (m+l)w ’ 
and so R m -> 0 when m-^co. It now follows from (2) that 

log(l+z) = z-£z 2 + -|z 3 -.(5). 

We have shown in the course of our proof that the series is 
convergent: this however has been proved already (Ex. lxxx. 4). 
The series is in fact absolutely convergent when | z | < 1 and 
conditionally convergent when | z | = 1. 

Changing z into — z we obtain 

lo s(l”) = -log(l-z) = z+£z 8 + 4z 3 +.(6), 

for | z | g 1, z + 1. 

245. Now 

log(l+z) = log {(1 + r cos 0) + ir sin 0} 

— ^ log (1 + 2r cos 6 + r 2 ) + i arc tan 

That value of the inverse tangent must be taken which lies 
between — \n and For, since 1 + z is the vector represented 
by the line from — 1 to z, the principal value of am (1 + z) always 
lies between these limits when z lies within the circle | z | = I f. 

Since z m = r m (cos m6 + i sin md), we obtain, on equating the 
real and imaginary parts in equation (5) of § 244, 

£log(l + 2rcos 6 + r 2 ) = rcoaO— Jr 2 cos 20+ ^r 3 cos 30— 

arc tan ( fsinfl \ __ f g j n q _ i r s s j n 2 Q + i r 3 sin 3 0—.... 
\l+rcos<9/ 2 3 

These equations hold when 0 ^ r < 1, and for all values of 6, except 
that, when r = 1, 6 must not be equal to an odd multiple of it . 
It is easy to see that they also hold when — 1 g r g 0, exoept that, 
when r = —1,6 must not be equal to an even multiple of n. 

* Since z is not real, C cannot pass through 0 when produced. The reader is 
reoommended to draw a figure to illustrate the argument, 
f See the preoeding footnote. 
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A particularly interesting case is that in which r = 1. In this 
case we have 


log(l +z) = log (1 + Cisd) = Jlog(2 + 2 eosd) + i arc tan 



if — n<6 <n, and so 


= ^ log (4 cos 2 \6) + \i6, 


cos d — % cos 28 + j cos 3 0 — ... = £ log (4 cos 2 \6), 
sin 6—\ sin 2d + ^ sin 38 — ... = \8. 

The sums of the series, for other values of 6, are easily found from 
the consideration that they are periodic functions of 6 with the 
period 2tt. Thus the sum of the cosine series is | log (4 cos 2 \0) for 
all values of 8 save odd multiples of -n (for which values the series 
is divergent), while the sum of the sine series is \(8 — 2kn) if 
(2k— \)n<6< (2k + \)ir, and zero if 6 is an odd multiple of n. 
The graph of the function represented by the sine series is shown 
in Fig. 55. The function is discontinuous for 0 = (21c + \ )n. 



Fig. 55 


If we write iz and — iz for z in (5), and subtract, we obtain 

ii log (ir2) = z - i2S+iz ‘--' 

If z is real and numerically less than unity, we are led, by the results of 
§241, to the formula 

arctanz = z— Jz* + Jz‘— .... 
already proved in a different manner in § 221. 


Examples XCVIII. 1, Prove that, in any triangle in which a>b, 


b b » 

logo = logo — cos C — — t coa2C —.... 


(Math. Trip. 1915) 


(Use the formula log c = J log (a* + 6* -.2 ab cos C).] 




474 GENERAL THEORY OF THE LOGARITHMIC, [X 

2. Prove that if — 1 <r< 1 and — \n<d<\n then 

rain 2# — Jr 8 sin 45+ Jr* sin 6 9— ... = 0 — arc tan ^ tandj , 

the inverse tangent lying between — Jrr and Jtf. Determine the sum of the 
series for all other values of 6. 


3. Prove, by considering the expansions of log(l + iz) and log(l — tz) 
in powers of z, that if — 1 < r < 1 then 

rsin 6+ Jr*cos 20 — Jr*sin 3d — Jr*cos 4 6+... = Jlog(l + 2rsin0 + r 3 ), 

( T COS 0 \ 

-i. 

1 — rsin#/ 

rsintf — Jr*sin 30 + ... = Jlog ( 1 --— 2rSln 0 + r \ 

-2rsin0 + rV' 

„ , _ , /2rcos0\ 

reoso — Jr*cos 38 + ... = Jarctan^—- J ), 


the inverse tangents lying between - \tt and \n. 

4. Prove that 

CO80CO80— Jcos20cos a 0 + J eos3dcos*0 — ... = Jlog(1 + 3cos' 6), 

sin 0 sind — Jsin 20810*0+ J sin 30 sin* 0— ... = arc cot (1 +cot 0 + cot 3 0), 

the inverse cotangent lying between — J7T and Jtt; and find similar ex¬ 
pressions for the sums of the series 

cos 6 sin 6 — J cos 28 sin 3 6+ .... sin# cos 8— J sin 21? cos 3 0+ .... 


246. Some applications of the logarithmic series. The 
exponential limit. Let z be any complex number, and h a real 
number small enough to ensure that | hz \ < 1. Then 

log (1 -t- Az) = hz-%(hz) 2 + %(hz) 3 - 

»d,„ 

where <j>{h, z) = — \hz 2 + tyH 3 — JA 3 * 4 + ..., 

|^(A, 2 )|S|Az 3 |(l + iAz| + |A*z*| + ...) = r jA*lL > 

so that <p(h, z) -> 0 as h ->■ 0. It follows that 

log(l+Az) 

hm -^4- = z . 1 ). 

A-*o n 
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If in particular we suppose h = ljn, where n is a positive 
integer, we obtain 


lim wlog 




and so lim(l + -j = lim exp|mlog| 1 + -|1 = expz ...(2). 
»-co\ n) r { b \ njj 


This is a generalisation of the result proved in §215 for real 
values of z. 


From (1) we can deduce some other results which we shall 
require in the next section. If t and h are real, and h is sufficiently 
small, we have 


log(l + <z + Az)-Iog(l+<z) 1,„„/, , hz \ 
h ~ h g \ l+tzj’ 

which tends to the limit z/(l + tz) when h -> 0. Hence 


^{log(l-Mz)) 


z 

1 + fc 


(3). 


We shall also require a formula for the differentiation of 
(1 + tz) m , where m is any number real or complex, with respect 
to t. We observe first, that, if <p(t) = ft(t) + iy(/) is a complex 
function of t, whose real and imaginary parts (j>(t) and y(<) are 
differentiable, then 

~ (exp ft) = j t {(cos x + i sm x) exp ft} 

= {(cos x + * sin X) + (~ sin X + 008 X) X*} ex P ft 
= [ft' + ix') (cos x + * sin y) exp ft 
= (V^' + ix'lexp^ + i*) = ft'expft, 
so that the rule for differentiating exp ft is the same as when ft is 
real. This being so we have 

= ^exp (m log (1 + tz)} 


= -—-exp{»iIog(l + /z)} - wiz(l+fz) m ~ 1 ...(4). 

1 T IZ 

Here both (1 + tz) m and (1 + <z) m_1 have their principal values. 
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247. The general form of the binomial theorem. We 

have proved already (§ 222) that the sum of the series 


1 + 



z a +... 


is (1 + z) m = exp [m log (1 + z)}, for all real values of m and all real 
values of z between - 1 and 1. If a n is the coefficient of z n then 


_n±l 


n +1 5 


whether m is real or complex. Hence (Ex. lxxx. 3) the series is 
always convergent if the modulus of z is less than unity, and we 
shall now prove that its sum is still exp {mlog (1 + z)}, i.e. the 
principal value of (1 -t- z) m . 

It follows from § 246 that if t is real then 

^ (1 + tz) m = mz( 1 + tz)™- 1 , 


z and m having any real or complex values and each side having 
its principal value. Hence, if $(t) = (I +tz) m , we have 

<j> in> (t) = m(m — 1)... (m - n +1) z n ( 14- tz) m ~ n . 

This formula still holds if t = 0, so that 


<ft”(0) 

n\ 



z\ 


It follows from (1) and (2) of § 167 (if we remember the remark 
made at the end of § 170) that 


where 


0(1) = 0(0) + 0'(O) + + ...+ 


^(O) 
(n-l)T + 




We write z = r(cos# + »sin#), m=fj, + iv, 
and determine an upper bound for R n . 

We have on the one hand 

11 + tz | < 2, 
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and on the other 


| l+te|= V( 1 + 2t»*cos0+«*»•*)£ 
while — 7 r < am (1 4- £ 2 ) S w. Also 

| (l-t-fz) m_1 1 = exp{(/i- l)log 11 +te| - vam{l + fz)} 

= | l+te|*~ 1 e-' ama + fe) . 

The first factor here does not exceed 2^ -1 if p> 1, or (1 — r)s -1 
if fi < 1; and the second does not exceed e” 1 " 1 . Hence | (1 + tz) m ~ l | 
has an upper bound K independent of ( (and n); and therefore 

, D , | m(m— 1)... (w —»+ 1) |, _ ln 

1 "n I - (^TTjT 1 * 1 

I f 1 / 1 —/\n-i I 

HJ. (1+far ‘WJ *| 

< K i W ( m -l)--( m - W+1 )l r n f'l 

= (n — 1)! J 0 \ 1 —fry 

Finally 1 — tr > 1 — t, so that 


say. But 




Pn+1^ |w-n| r ; r 
Pn n 


and so (Ex. xxvii. 6) p n 0. Hence R n -*■ 0, and we arrive at the 
following theorem. 

Theorem. The sum of the binomial series 



is exp{mlog(l-t-z)}, where the logarithm has its principal value, 
for all values of m, real or complex , and all values of z such that 
\Z\K\. 

A more complete discussion of the binomial series, including 
the more difficult case in which \z \ = 1, will be found on pp. 287 
et seq, of Bromwich’s Infinite series (2nd edition). 
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Examples XC1X. 1. Suppose m real. Then since 


[X 


we obtain 


log (1 + z) = i log (1 + 2r cos 8 + t*) + i arc tan (— -~~ 'l 

\l + rcos0/’ 


2 (™) ** = exp {£m log (1 + 2r cos fi + r*)} Cis jm arc tan f - 
= (1 + 2r cos 8 + r*)l® Cis -jm arc tan 


+ rooa9 / > 
rein# 


+ rcos 6 


.)} 


rsinfl 


>))• 


L + rcos0/ 

all the inverse tangents lying between - fa and fa. In particular, if we 
suppose 9 = fa,z = ir, and equate the real and imaginary parts, we obtain 

1- ( 2 ) rJ + ( 4 ) r * - -” = (1+ *•*)*” cos (marc tanr), 

— = (1 + r 8 )i">sin (marc tanr). 

2. Prove that if 0 £f < 1 then 

l_i^ r «+iJL?LJ r 4_ _ /( V(l + r 8 )+l ) 

2.4 2.4.6.8 " V i 2( 1 + r a ) /' 


1 1.3.5 1.3.5.7.9 , 

-T— — ~-r* + -^~ —— r 1 


_ _ __ //V(l + r 2 )-ll 

2 2.4.6 ^2.4.6.8.10 vUlUyTr 


[Take m = — | in the last two formulae of Ex. I.] 

3. Prove that if -fa<0<fa then 

cos md - cos’" 6 11 - tan* 0 tan* 9 - .. ,| , 

sin md as cos’” 6 | tan 8 - tan® 9 + ... j , 

for all real values of to. [These results follow at once from the equations 
cosTO0 + isinm0 = (cos 8 + i sin 9) m = cos’" 0(l + i tan 0) m .] 

4. We proved (Ex. LXXXi. 6), by direct multiplication of series, that 

/(to, z) = 2 z«, where | z | < 1, satisfies the functional equation 

f(m,z)f(m',z) =f(m + m',z). 

Deduce, by an argument similar to that of § 223, and without assuming 
the general result of p. 477, that if to is real and rational then 
f{m,z) = exp {to log (1 + 2 )}. 

5. If z and fi are real, and - 1 < * < 1, then 

£ (*%) Z * = oos O t l°g(l + *)} + tsin{/*log(l + z)}. 
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MISCELLANEOUS EXAMPLES ON CHAPTER X 

1. Show that the real part of i lQ « <I_<) i3 

e i (th+ Dir 8 cog {J(4Jfe 4-1) n log 2), 
where k is any integer. 

2. If a cos 5+ 6sind + c = 0, where a, 6, c are real and c* >«*+&*, then 

a |e|+V(c*-a 2 -6') 

6 = mn + a ±tlog - - - — , 

s J(a‘ + b‘) 

where m is any odd or any even integer, according as c is positive or 
negative, and a is an angle whose cosine and sine are a/^(a* + b x ) and 
6/V(a* + 6«). 

3. Prove that if z = re i9 , and r < 1, then the imaginary part of 

log (1 + iz) — log (1 — iz) 

(where the logarithms are principal values) is that value of 

{2rcos0\ 
l — r* ) 


are tan ( 
which lies between — and 

4. Show that if x is real and A = a + ib, then 
d 


dx 


exp Ax = A exp Ax, I exp Axdx = 


’ / 6 


(Math. Trip. 1916) 
exp Ax 


Deduce the results of Ex. uckxviii. 5. 


5. Show that if a > 0 then I exp {— (a + ib) x) dx =- -, and deduce 

Jo a + ib 

the results of Ex. nxxxviii. 6. 

6. Show that if (xja) 2 + (y/b) 1 = 1 is the equation of an ellipse, and/(x, y) 
denotes the terms of highest degree in the equation of any other algebraic 
curve, then the sum of the eccentric angles of the points of intersection of 
the ellipse and the curve differs by a multiple of 2n from 

-i(log/(a,i6)-log/(o, -id)}. 

[The eccentric angles are given by /(a cos a, b sin a) +... = 0 or by 

/ W* + =)- -**(«—)}+".=°. 

whei% u = exp ia; and JCa is equal to one of the values of — i Log P, where 
P is the product of the roots of this equation.] 

7. Determine the number and approximate positions of the roots of the 
equation tanz = az, where a is real. 
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[We know already (Ex. xvn. 4) that the equation has infinitely many 
real roots. Now let z = x + iy, and equate real and imaginary parts. We 
obtain 

sin 2x sinh 2 y 

- = " r . —--= aw, 

cos 2x + cosh 2y cos 2x + cosh 2y 

so that, vmless x or y is zero, we have 

sin 2x sinh 2 y 

'2x ~ 2 y 

This is impossible, the left-hand side being numerically less, and the right- 
hand side numerically greater than unity. Thus x = 0 or y = 0. If y — 0 
we come back to the real roots of the equation. If x = 0 then tanh y = ay. 
It is easy to see that this equation has no real root other than zero if a £ 0 
or a g 1, and two such roots if 0<a< 1. Thus there are two purely imaginary 
roots if 0<a< 1; otherwise all the roots are real.] 

8. The equation tan z = az + b, where a and b are real and b is not equal 
to zero, has no complex roots if a £ 0. If a > 0 then the real parts of all the 
complex roots are numerically greater than [ b/2a \. 

9. The equation tanz = ajz, where a is real, has no complex roots, but 
has two purely imaginary roots if a<0. 

10. The equation tan z — a tanh cz, where a and c are real, has an infinity 
of real and of purely imaginary roots, but no complex roots. 

11. Show that if x is real then 

CO yjfl f Tb\ 1 

e oa, cos6rr = 2 — jo" — ( a" _, 6* + ^ j o” _4 6‘— ...j , 

where there are $(n + 1) or J(n + 2) terms inside the largo brackets. Find 
a similar series for e 01 sin bx. 


12. If n<j>(z,n) -*z as n -*■ oo, then {1 + <j)(z, n)}" -»-expz. 

13. If <j>(t) is a complex function of the real variable t, then 

d, . d>'(t) 

5 l0g ^ ) = fer 

[Use the formulae 

<t> = tf + iX’ = i log (^ ! + x a ) +fare tan (x/ji').] 


14. Transformations. In Ch. Ill (Exs. xxi. 21 et geg., and Misc. Exs. 
22 et »eq.) we considered some simple examples of the geometrical relations 
between figures in the planes of two variables z, Z connected by a relation 
z =f(Z). We shall now consider some oases in which the relation involves 
logarithmic, exponential, or circular functions. 
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Suppose first that 


nZ a 

a = exp —, Z = - Log*, 
a n 


where a is positive. To one value of Z corresponds one of a, but to one of z 
infinitely many of Z. If x, y, r, 6 are the coordinates of a, and X, Y, R, & 
those of Z, we have the relations 


x = e **1* cos —. 

a 

y = 

X = - log r, 
n 

Y = 


nY . ttY 

' sin —, 
a 


a& 


+ 2 ka. 


where k is any integer. If we suppose that -n<d^ir, and that Log z has 
its prinoipal value log a, then k = 0, and Z is confined to a Btrip of its plane 
parallel to the axis OX and extending to a distance a from it on each side, 
one point of this strip corresponding to one of the whole a-plane, and con¬ 
versely. By taking a value of Log a other than the principal value we 
obtain a similar relation between the z-plane and another strip of breadth 
2a in the Z-plane. 

To the lines in the Z-plane for whioh X and Y are constant correspond 
the circles and radii vectores in the a-plane for which r and d are oonstant. 
To one of the latter lines corresponds the whole of a parallel to OX, but 
to a circle for which r is constant corresponds only a part, of length 2 a, of 
a parallel to 0 Y. To make Z describe the whole of the latter line we must 
make a move continually round and round the circle. 


15. Show that to a straight line in the Z-plane corresponds an equi¬ 
angular spiral in the a-plane. 

16. Discuss similarly the transformation a = c cosh (irZja), showing in 
particular that the whole z-plane corresponds to any one of an infinite 
number of strips in the Z-plane, each parallel to the axis OX and of 
breadth 2o. Show also that to the line X = X 0 corresponds the ellipse 


y 


_r 

coosh(7 rXJa)l lesinh (vXJa)) 




= l. 


md that these elbpses, for different values of X a , form a confocal system; 
md that the lines Y = F 0 correspond to the associated system of confocal 
lyperbolas. Trace the variation of a as Z describes the whole of a line 
f = X„ or Y a> y 0 . How does Z vary as a describes the degenerate ellipse 
ind hyperbola formed by the segment between the foci of the confocal 
yatem^iid the remaining segments of the axis of a:? 

17. Verify that the results of Ex. 16 are in agreement with those of 
lx. 14 and those of Ch. Ill, Miso. Ex. 26. [The transformation 

. w Z 

a = c oosh — 


H P M 


31 
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may be regarded as compounded from the transformations 

1/ 1\ TlZ n 

— * 1 = 2 \ Zt+ zJ’ *» = ex PV ] 

18. Discuss similarly the transformation z = ctanh(rrZ/a), showing 
that to the lines X — X 0 correspond the coaxal circles 

{x — ccoth(27rX 0 /o)}* + y* = c 1 cosech* (2nX 0 /o), 
and to the lines Y = Y 0 the orthogonal system of coaxal circles. 


19. The stereographic and Mercator’s projections. The points 
of a unit sphere whose centre is the origin are projected from the south 
pole (whose coordinates are 0 , 0 , — 1 ) on to the tangent plane at the north 
pole O. The coordinates of a point on the sphere are £, 7 , f, and Cartesian 
axes OX, O Y are taken on the tangent plane, parallel to the axes of £ 
and 7). Show that the coordinates of the projection of the point are 

_ 2 £ 2 V 

i+£’ y i+r 

and that x + iy = 2 tan \0 Cis <j>, where <j> is the longitude (measured from 
the plane 7 = 0 ) and 6 the north polar distance of the point on the sphere. 

This projection gives a map of the sphere on the tangent plane, generally 
known as the etereographic projection. If now we introduce a new complex 

variable Z = X + iT = — ilog £z = — ilog \(xA-iy), 

so that X = <j>, Y = log cot Jd, we obtain another map in the plane of Z, 
usually called Mercator's projection. In this map parallels of latitude and 
longitude are represented by straight lines parallel to the axes of X and 
Y respectively. 

20. Discuss the transformation given by the equation z — Log , 

showing that the straight lines for which x and y are constant correspond 
to two orthogonal systems of coaxal circles in the Z -plane. 

21. Discuss the transformation 

* = L og 

g l V(6-«) 

showing that the straight lines for which x and y are constant correspond 
to sets of oonfocal ellipses and hyperbolas whose foci are the points Z = a 
and Z — b. 


)\ 

| » 


[We have 4j(Z — a) + J(Z — b) = J(b — a) exp (x + iy), 

J(Z-a)-J(Z-b) = <J(b-a)exp(-x-iy); 
and it will be found that 

\Z—a{ + \ Z—b j = j6 -a jcosh2s, \ Z-a\ — \Z—b\ = 16-a|cos2y.] 
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22. The transformation z = Z { . If z = Z i , -where the imaginary 
power has its principal value, we have 

exp (log r + i#) = 2 = exp (Hog Z) = exp (flog R — ©), 

so that log r = — 0, 0 = log it + 21-77, where fc is an integer. Since all values 
of k give the same point z, we may suppose that k — 0, when 

logr = — ©, 0 = logit.(1). 

The whole plane of Z is covered when it varies through all positive 
values of & from — 7 r to 77: then r has the range exp (— 77) to exp it and 6 
ranges through all real values. Thus the 2-plane corresponds to the ring 
bounded by the circles r = exp ( — 77), r = exp 77; but this ring is covered 
infinitely often. If however 0 is allowed to vary only between — it and it , 
so that the ring is covered only once, then it can vary only from exp ( — 77) 
to exp 77, so that the variation of Z is restricted to a ring similar in all 
respects to that within which z varies. Each ring, moreover, must be 
regarded as having a barrier along the negative real axis which z (or Z) 
must not cross, sinoe its amplitude must not transgress the limits —n 
and It. 

We thus obtain a correspondence between two rings, given by the pair 
of equations 

z = Z\ Z = z-', 

where each power has its principal value. To circles whose eentre is the 
origin in one plane correspond straight lines through the origin in the 
other. 


23. Trace the variation of z when Z, starting at the point exp 77 , moves 
round the larger circle in the positive direction to the point — exp 77 , along 
the barrier, round the smaller circle in the negative direction, back along 
the barrier, and round the remainder of the larger circle to its original 
position. 

24. If z ss 2‘, any value of the power being taken, and Z moves along 
an equiangular spiral whose pole is the origin in its plane, then z moves 
along an equiangular spiral whose pole is the origin in its plane. 

26. How does Z = z al , where a is real, behave as z approaches the origin 
along the real axis ? [2 moves round and found a circle whose centre is the 
origin (the unit circle if z° ( has its principal value), and the real and 
imaginary parts of 2 both oscillate finitely.] 

00 

26. Show that the region of convergence of a series of the type 2 o,,z n “ , , 

— 00 

where a is real, is an angle, i.e. a region bounded by inequalities of the type 
0,< am z<0 v [The angle may reduce to a line, or cover the whole plane.] 


31-2 




484 GENERAL, THEORY OF THE LOGARITHMIC, [X 

27. Level curves. If f(z) is a function of the complex variable z, we 
call the curves for ■which |/(z) | is constant the level curves of/(z). Sketch 
the forms of the level ourves of 

z —a (concentric circles), (z — a)(z — b) (Cartesian ovals), 

( z — a)j(z — b ) (coaxal circles), expz (straight lines). 

28. Sketch the forms of the level curves of (z — a)(z — b) (z-c). 

29. Sketch the forms of the level curves of (i) zexpz, (ii) sinz. [See 
Fig. 66*, which represents the level curves of sinz. The ourves marked 
I-vhi correspond to k = -35, -60, '71, 1 00, 1-41, 2-00, 2-83, 4-00.] 

30. Sketch the forms of the level curves of exp z — c, where c is a real 
constant. [Fig. 57 shows the level curves of | exp z — 11, the curves i-vii 



Fig. 60 


Fig. 67 

corresponding to the values of k given by log k = — 1 00, —-20, —-05,0 00, 
•06, -20, 1-00.] 

31. The level curves of sinz —c, where c is a positive constant, are 
sketched in Figs. 68, 69. [The nature of the curves differs in the two 
cases c< 1 and c> 1. In Fig. 68 we have taken c = -6, and the curves 
l-vm correspond to k = -29, -37, -60, -87, 1-60, 2-60, 4-50, 7-79. In Fig. 69 
we have taken c = 2, and the curves i-vn correspond to k = -68, 1-00,1-73, 
3-00, 6-20, 9-00, 15-59. If c = 1 then the curves are the same as those of 
Fig. 66, exoept that the origin and scale are different.] 

32. Prove that if 0 < 0 < n then 

cos 0 +4 cos 30+ 1 cos 50+ ... = Jlogcot a £0, 
sin 0 + Jain 30 + $ sin 50 +... = J n, 

* The figures were drawn for me by Mr (now Prof.) E. H. Neville when an 
undergraduate. 
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and determine the sums of the series for all other values of 0 for which they 
are convergent. [Use the equation 

* + l** + l* I +— = 

where z = cosd + i&md. When 9 is increased by n the sum of each series 
changes its sign. It follows that the first formula holds for all values 
of 9 save multiples of u (for which the series diverges), while the sum of 
the second series is Jrr if 

2k7r<9<(2k+ l)n, 

— irr if (2k+l)n<6<(2k+2)n, 

and 0 if 9 is a multiple of 77.] 



for all real 9. {Math. Trip. 1032) 


34. Prove that if 0 < 0 < -$77 then 

oos 9 — ^ cos 39 + 1 cos 5 9—... — ±n, 
sin0 — Jain 30 + 1 sin 5 9-... = ilog(seo0 + tan0)»; 
and determine the sums of the series for all other values of 9 for which 
they sure convergent, 

35. Prove that 

ooB0cosa + Joos 20 cos 2a+ $ cob 30 cos 3a + ... = — Jlog{4(cos0 —cosa)’}, 
unless 0-aor0 + awa multiple of 2n. 

3»-3 



486 LOGARITHMIC AND EXPONENTIAL FUNCTIONS 


[X 


30. Prove that if neither a nor 6 is real then 

dx log (— a) — log (— b) 


r 

Jo 


/o (x — a)(x—b) a — b 

each logarithm having its principal value. Verify the result when a = ci, 
b = — ci, where c is positive. Discuss also the cases in which a or 6 or both 
are real and negative. 

37. Prove that if a and /? are real, and /?> 0, then 
dx 7ti 


r 

Jo 


I o a;® — {a + ift) 2 2(ct + ift) 

What is the value of the integral when ft < 0 ? 

38. Prove that, if the roots of ,4a; 2 + 215a; -f C = 0 have their imaginary 
parts of opposite signs, then 

dx ni 


r — 

)-a>Ax* 


/— a0 Ax‘ + 2Bx + C J(B‘-AC)’ 
the sign of J(B* — AC) being so chosen that the real part of {^/( B 2 — A C)}/Ai 
is positive. 



APPENDIX I 


(To Chapters III, IV, V) 

The proof that every equation has a root 

Let Z = P(z) =: a^z'+ ^ 2 "-* + ...+a n 

be a polynomial in z, with real or complex coefficients. We may suppose 
that a a + 0. We can represent the values of z and Z by points in two 
planes, which we may call the z-plane and the 2-plane respectively. It is 
evident that if z describes a closed path y in the z-plane then Z describes 
a corresponding closed path V in the 2-plane. We shall assume for the 
present that the path P does not pass through the origin. 

To any value of Z correspond an infinity of values of am 2, differing 
by multiples of 2rr, and each of these values varies continuously as 2 




describes P*. We can select a particular value of am2 corresponding to 
each point of P, by first selecting a particular value corresponding to the 
initial value of 2, and then following the continuous variation of this 
value as 2 moves along P. We Bhall, in the argument which follows, use 
the phrase ‘the amplitude of 2’ and the formula am2 to denote the 
particular value of the amplitude of 2 thus selected. Thus am 2 denotes 
a one-valued and continuous function of X and Y, the real and imaginary 
parts of 2. 

When 2 returns to its original position after describing P, or any other 
closed contour in the 2-plane whioh does not pass through the origin, its 
amplitude may be the same as before or it may differ from its original 
value by a multiple of 2n. Thus if its path does not enclose the origin, 
* It is here that we assume that P does not pass through the origin. 
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like (a) in Fig. B, its amplitude will be unchanged; but if its path,dike (6) 
in Fig. B, winds onoe round the origin in the positive direction, then it* 
amplitude will have increased by 2 it. Associated with any such contour 
there is a number which we may call ‘the increment of amZ when Z 
describes the contour a number independent of the initial choice of a 
particular value of the amplitude of Z. 

_ We shall now prove that if the amplitude of Z is not the aame when Z 
returns to its original position, then the path of z must contain inside or on 
it at least one point at which Z = 0. 

We can divide y into a number of smaller contours by drawing parallels 
to the axes at a distance <5 t from one another, as in Fig. C. If there is a 
point on the boundary of any one of these contours at which Z — 0, then 
we have proved what we want. We may therefore suppose that there is 
no such point. Then the increment of amZ, when z describes y, is equal 




to the sum of all the increments of amZ obtained by supposing z to 
describe each of these smaller contours separately in the same sense as y. 
For if z describes each of the smaller contours in turn, in the same sense, 
it will ultimately (see Fig. D) have described the boundary of y once, and 
each part of each of the dividing parallels twice and in opposite directions. 
Thus PQ will have been described twice, once from P to Q and once from 
Q to P. Abz moves from P to Q, am Z varies continuously, since Z does 
not pass through the origin; and if the increment of amZ is in this case 6, 
then its increment when z moves from Q to P is — 6; so that, when we add 
up the increments of amZ due to the description of the various part* of 
the smaller contours, all cancel one another except the increments due to 
the description of parts of y itself. 

Hence, if amZ is changed when z describes y, there must be at least one 
of the smaller contours, say y v such that am Z is ohanged when z de¬ 
scribes y v This contour may be a square whose Bides are parts of the 
auxiliary parallels, or may be composed of parts of these parallels and 
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parts of the boundary of y. In any case every point of the contour lies in 
or on the boundary of a square A x whose sides are parts of the auxiliary 
parallels and of length S v 

We can now further subdivide y l by the help of parallels to the axes at 
a smaller distance i t from one another, and we can find a contour y v 
entirely included in a square z) 2 , of side S t and itself included in A lt such 
that emZ is changed when z describes the contour. 

We choose a sequence S t .<S„, ... of decreasing numbers whose 

limit is zero; we may suppose, for example, that S m = 2~ m+1 Repeating 
the argument, we can determine a series of squares zt„ A 2 , ..., A m , ... and a 
series of contours y,, y,, y m , ... such that ( 1 ) A m+1 lies entirely inside 
A m , (ii)y m lies entirely inside A m . (iii) am Z is changed when z describes y m . 

If (x m ,y m ) and (x m + S m ,y m + S m ) are the lower left-hand and upper 

right-hand comers of A m , it is clear that x v x 2 . x m , ... is an increasing 

and x 1 + 8 1 , x 2 + S 2 , .... x m + S m , ... a decreasing sequence, and that they 
have a common limit x 0 . Similarly y m and y m + S m have a common limit 
y a , and (a: 0 , j/ 0 ) is the one and only point situated inside every square A m . 
However small S may be, we can draw a square which includes (x 0 ,y o ), and 
whose sides are parallel to the axes and of length 8, and inside this square 
a closed contour such that amZ is changed when z describes the contour. 

It can now be shown that 

P(x 2 + iy o) = 0. 

For suppose that P(x 0 + iy 0 ) = c, where |c| = p>0. Since P{x + iy) is a 
continuous function of x and y, we can draw a square whose centre is 
(x„, y a ) and whose sides are parallel to the axes, and which is such that 
\P(x + iy)- P(x t + iy„) | < Jp 

at all points x + iy inside it or on its boundary. At all such points 
P(x + iy) = c + <j>, 

where | <j> \ < ip- Now let us take any closed contour lying entirely inside 
this square. As z describes this contour, Z = c + <f> also describes a closed 
contour. The latter contour lies inside the circle whose centre is c and 
whose radius is \p, and this circle does not include the origin. Hence the 
amplitude of Z is unchanged. 

But this contradicts what was proved above, viz. that inside each 
square A m we can find a closed contour whose description by z changes 
am Z. Hence P(x„ + iy 0 ) = 0. 

All that remains is to show that we can always find some contour such 
that am Z is changed when z describes y. Now 


: = o„z"^ 


, Or CU 

1 4 *- 1 -+ 

GqZ Oo 2 <h Z 


—V 
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We can choose R so that 


;+ •••+! 


,<i» 


Kl* ' . \a 0 \R n 

and then, if y is the circle whose centre is the origin 
is R, we have 

Z = a^z"(l +p). 


and whose radius 


where \p\<\, at all points on y. We can then show as before that 
am (1 + p) is unchanged when z describes y in the positive sense, while 
amz” is increased by 2 nn. Hence am Z is increased by 2 nn, and the proof 
that Z = 0 has a root is completed. 

We have assumed throughout the argument that neither r, nor any of 
the smaller contours into which it is resolved, passes through the origin. 
This assumption is obviously legitimate, since to suppose the contrary, at 
any stage of the argument, is to admit the truth of the theorem. 

We leave it as an exercise to the reader to infer, from the discussion 
which precedes and that of § 43, that when z describes any contour y which 
does not pass through a root of Z = 0, in the positive sense, the increment 
of amZ is 2kn, where k is the number of roots inside y, multiple roots being 
counted multiply. 

There is another proof, proceeding on different lines, which is often 
given. It depends, however, on an extension to functions of two or more 
variables of the results of §§ 103 el seq. 

We define, just as in § 103, the upper and lower bounds of a function 
f[x, y), for all pairs of values of x and y corresponding to points of any 
region in the plane of (x,y) bounded by a closed curve. And we prove, 
much as in § 103, that a continuous function f(x,y) attains its upper and 
lower bounds in any such region. 

Let us suppose in particular that 

f{x,y)=\Z\ = \P(z)\, 

and that y is a large circle with its centre at the origin. Then f(x,y) is 
continuous and non-negative. If m is the lower bound of }(x,y) for points 
on and inside y, then mgO, and there iB a point z 0 , on or inside y, at which 
| P(z) | = m. This point must be inside y when the radius of y is large, 
since | P{z) | ->• oo when | z | -► oo. 

Suppose first that m> 0. If we put z = z 0 + £, and rearrange P(z) 
according to powers of £, we obtain 

P(z)=P(z 0 ) + .4 1 £ + A ! £»+...+4„£’\ 
say. Let A k be the first of the coefficients which does not vanish, and let 
| A k j = p, | £ | = p. We can choose p so small that 

l-4*+il P+ \^M\p t + — + \A„\p n -'‘<\p. 
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Then | P(z) -PM - A t ? | < i fip*. 

and \P(z)\<\P(z 1i )+A k ^\+\np>‘. 

Now suppose that * moves round the circle whose centre is z 0 and radius p. 

®“ W4P 

moves k times round the circle whose centre is P(z a ) and radius 


\A k ?\=iip>, 

and passes k times through the point in which this circle is intersected by 
the line joining P{z 0 ) to the origin. Hence there are k points on the circle 
described by z at which |P(z 0 ) + ^4 l f‘| = | PM | - pp* and 

I P(z) | < | PM I -i up t + ipp" = m—\/ip k <m; 
and this contradicts the hypothesis that m is the lower bound of | P(z) |. 
It follows that m must be zero and that P(z„) = 0. 


EXAMPLES ON APPENDIX I 

1. Show that the number of roots of f(z) = 0 lying within a closed 
contour which does not pass through any root is equal to the increment of 

L iogf{z) 

when z describes the contour. 


2. Show that if R is any number such that 


Kl l°»l 

Jt JP 



then all the roots of z“ + Oj z" _1 + ... + a n = 0 are in absolute value less than 
R. In particular show that all the roots of z 5 — 13z — 7 = 0 are in absolute 
value less than 2<iV. 


3. Determine the numbers of the roots of the equation z tp 4- az + 6 = 0, 
where a and 6 are real and p odd, which have their real parts positive and 
negative. Show that if a > 0, b > 0 then the numbers are p—1 and p + 1; if 
a < 0, 6 > 0 they are p + 1 and p — 1; and if 6 < 0 they are p and p. Discuss 
the particular cases in which a = 0 or 6 = 0. Verify the results when p = 1. 

[Trace the variation of am(z"’ + az + &) as z describes the contour 
formed by a large semi-circle whose centre is the origin and whose radius 
is P,“and the part of the imaginary axis intercepted by the semi-circle.] 

4. Consider similarly the equations 

* 3 4, +az + 6 = 0, z 4<,_l +az + & = 0, z 4,+1 + az + 6 = 0. 
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5. Show that if a and /? are real then the numbers of the roots of the 
equation z*" -fats 4 "- 1 = 0 which have their real parts positive and 

negative are n — 1 and n+ 1, or n and n, according as n is odd or even. 

(Math. Trip. 1861) 


6. The points z l , z 2 , z 3 form a triangle in the complex plane, the interior 
of the triangle lying to the left of the side from Zj to z s . Show that, when z 
moves along the straight line joining the points z = z l , z = Zj, from a point 
near Zj to a point near z,, the increment of 

am--h—-) 

K z —Zj z —z, z-z,/ 

is nearly equal to rr. 


7. A contour enclosing the three points z = z„ z = z,, z = z, is defined 
by parts of the sides of the triangle formed by z v z a , z„ and the parts 
exterior to the triangle of three small circles with their centres at those 
points. Show that when z describes the contour the increment of 


is equal to — 2 ir. 


+ -L) 

\z~z 1 z — z, z —z,/ 


8. Prove that a closed oval path which surrounds all the roots of a 
cubic equation f(z) = 0 also surrounds those of the derived equation 
/’(z) = 0. [Use the equation 

where z l , z 2 , z, are the roots of f(z) = 0, and the result of Ex. 7.] 

9. Show that the roots of f'(z) = 0 are the foci of the ellipse which 
touches the sides of the triangle (zj,z t ,z ( ) at their middle points. [For a 
proof see Ces&ro’s Elementares Lehrbuch der algebraiechen Analytit, 
p. 362.] 

10. Extend the result of Ex. 8 to equations of any degree. 

11. If /(z) and <f>(z) are two polynomials in z, y is a contour which does 
not pass through any root of /(z), and | <j>(z) | < |/(z) | at all points on y, 
then the numbers of the roots of the equations 

/(*) = <>> /(*) + 0(z) = O 

which lie inside y are the same. 

12. Show that the equations 

e* = oz, e' = oz 1 , e c — oz*, 

where a>e, have respectively (i) one positive root, (ii) one positive and 
one negative root, and (iii) one positive and two complex roots within the 
circle |zj = 1. (Math. Trip. 1910) 
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(To Chapters IX, X) 


A note on double limit problems 


In Chapter IX and X we eame into contact with some special cases of a 
general problem of great importance in analysis. 

In §220 we proved that 

log(l + ai) = x- lx* + \x ‘-..., 


where — 1 <x^ 1, by integrating the equation 
1 


1 + t 


= l-t + t*-... 


between the limits 0 and x. What we proved amounted to this, that 

rx fit rx rx rx 

I --= dt- tdt+\ 

J gl+t J g Jg Jo 

or in oth4r words that the integral of the sum of the infinite series 

1 -t + t 1 -.... 


taken between the limits 0 and x, is equal to the sum of the integrals of its 
terms taken between the same limits. Another way of expressing this is to 
say that the operations of summation from 0 to oo, and of integration 
from 0 to x, are commutative when applied to the function (— 1 
i.e. that it does not matter in what order they are performed on the 
function. 

Again, in §223, we proved that the differential coefficient of the 
exponential function 

expi = 1 +x + — +... 
is itself equal to expx, or that 

At^l +x + 2] + "•) = D»l + -D„x-f D„—+ 

that is to say that the differential coefficient of the sum of the series is equal 
to the sum of the differential coefficients of its terms, or that the operations of 
summation from 0 to ao and of differentiation with respect to x are com¬ 
mutative when applied to x”jn 1. 
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Incidentally we proved in the same section that the function expx is 
a continuous function of x, or in other words that 

/ CC^ \ W 

Jim (1+* + —+ ...) = I+|+|- + ... = lim 1+ lira x+ lim — +...; 

2 ! / 2 ! 

i.e. that the limit of the sum of the series is equal to the Bum of the limits 
of the terms, or that the sum of the series is continuous for x = £, or that 
the operations of summation from 0 to oo and of making x tend to £ are 
commutative when applied to x n in !. 

In each of these cases we gave a special proof of the correctness of the 
result. We have not proved any general theorem from which the truth 
of any one of them could be inferred immediately. In Ex. xxxvii. 1 we 
saw that the sum of a finite number of continuous terms is itself con¬ 
tinuous, and in § 114 that the differential coefficient of the sum of a finite 
number of terms is equal to the sum of their differential coefficients; and 
in § 165 we stated the corresponding theorem for dofinite integrals. Thus we 
have proved that in certain circumstances the operations symbolised by 

{» 

lim..., D t ... r / ...dx 
'jr-*E, • a 

are commutative with respect to the operation of summation of a finite 
number of terms. And it is natural to suppose that, in certain circum¬ 
stances which it should be possible to define precisely, they should be 
commutative also with respect to the operation of summation of an 
infinite number. It is natural to suppose so; but that is all that we have a 
right to say at present. 

A few further instances of commutative and non-commutative opera¬ 
tions may help to elucidate these points. 

(1) Multiplication by 2 and multiplication by 3 are always commutative, 
since 

2x3xz=3x2xi 

for all values of x. 

(2) The operation of taking the real part of 2 is never commutative 
with that of multiplication by i, except when 2 = 0; for 

i x R(a; + iy) = ix, R{i x (x-i-iy)} = — y. 

(3) The operations of proceeding to the limit zero with each of two 
variables x and y may or may not be commutative when applied to a 
function f(x,y). Thus 

lim { lim (x + y)} = lim x = 0, lim { lim {x + y)} = lim y = 0; 

2-+0 V —►O x-*0 J/-V0 X->0 1/-+0 
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but on the other hand 


( x — y\ , x 

lim -—) = lim - = lim 1 = 1, 

x-rO x I—*0 

lim (lim -—= lim —— = lim (— 1) = — 1. 
y-+a''x-+O x + ys y-rO y y—>0 


(4) The operations 2..., lim... mayor may not be commutative. Thus 
1 x->l 

if x ->1 through values less than 1 then 


gi- l)- 1 , 

n 


f °° 

lim 

x —rl t 1 

s { *» - 

l L-d n 


} = lim log(l +x) = log 2, 
J x-+l 

(-I)"' 1 


-1 . co 

*" = 2 
1 1 


= log 2; 


but on the other hand 
lim 


ini—«”)} = lim {(1— x) + (x — x*)+ ...} = lim 1 = 1, 

J x—v 1 x —► 1 

2) { lim (a :" -1 — a;")} = 2(1 ~ 1) — 0 + 0 + 0+... = 0. 

1 l x-+l > 1 


The preceding examples suggest that there are three possibilities with 
respect to the commutation of two given operations, viz.: (1) the opera¬ 
tions may always be commutative; (2) they may never be commutative, 
except in very Bpecinl circumstances; (3) they may be commutative in 
most of the cases which occur commonly in analysis. 

The really important case is (as is suggested by the instances which wo 
quoted from Ch. IX) that in which each operation is one which involvos 
a passage to the limit, such as a differentiation or the summation of an 
infinite series: such operations are called limit operations. The problem of 
deciding whether two given limit operations are commutative is one of 
the most important in mathematics; but to attempt to deal with problems 
of this character by means of general theorems would carry us far beyond 
the scope of this volume. 

We may however remark that the answer to the general question is on 
the lines suggested by the examples above. If L and L’ are two limit 
operations then the numbers LL'z and L'Lz are not generally equal, in the 
strict sense of the word ‘general’. We can always, by the exercise of a 
little ingenuity, find z so that LL'z and L'Lz shall differ from one another. 
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But they are equal generally if we use the word in a more ‘practical' 
sense, viz. as meaning ‘ in the great majority of such Cases as are likely to 
occur naturally*. In practice, a result obtained by ass umin g that two 
limit operations are commutative is probably true; at any rate it gives a 
valuable suggestion of the answer to the problem under consideration. 
But an answer thus obtained must, in default of a further study of the 
general question, or a special investigation of the particular problem such 
as we gave in §220, be regarded as suggested only and not proved. 
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The infinite in analysis and geometry 

Some, though not all, systems of analytical geometry contain ‘infinite’ 
elements, the line at infinity, the circular points at infinity, and so on. 
The object of this brief note is to point out that these concepts are in no 
way dependent upon the analytical doctrine of limits. 

In what may be called ‘ common Cartesian geometry ’, a point is a pair 
of real numbers (x,y). A line is the class of points which satisfy a linear 
relation ax + by 4- c = 0, m which a and 6 are not both zero. There are no 
infinite elements, and two lines may have no point m common. 

In a system of real homogeneous geometry a point is a class of triads of 
real numbers (x,y,z), not all zero, triads being classed together when their 
constituents are proportional. A line is a class of points which satisfy a 
linear relation ax + by + cz = 0, where a, b, c are not all zero. In some 
systems one point or line is on exactly the same footing as another. In 
others certain ‘special’ points and lines are regarded as peculiarly dis¬ 
tinguished, and it is on the relations of other elements to these special 
elements that emphasis is laid. Thus, in what may be called ‘real homo¬ 
geneous Cartesian geometry ’, those points are special for which s = 0, and 
there is one spocial lme, viz. the line z = 0. This special line is called ‘the 
lme at mfimty ’. 

This is not a treatise on geometry, and there is no occasion to develop 
the matter in detail. The point of importance is this. The infinite of 
analysis is a ‘limiting’ and not an ‘actual’ infinite. The symbol ‘ oo' has, 
throughout tins book, been regarded as an ‘ incomplete symbol ’, a symbol 
to which no independent meaning has been attached, though one has been 
attached to certam phrases containing it. But the infinite of geometry is 
an actual and not a limiting infinite. The ‘lme at infinity’ is a lme in 
precisely the same Bense m which other lines are lmes. 

It is possible to set up a correlation between, ‘homogeneous’ and ‘oom- 
mon’ Cartesian geometry in which all elements of the first system, the 
special elements excepted, have correlates m the second. The line 

ax + by + cz = 0, 

for example, corresponds to the lme 

az + by + c — 0. 
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Every point of the first line has a correlate on the second, except one, viz. 
the point for 'which z = 0. When ( x,y,z ) varies on the first line, in such a 
manner as to tend in the l imi t to the speoial point for which z = 0, the 
corresponding point on the seoond line varies so that its distance from 
the origin tends to infinity. This correlation is historically important, since 
it is from it that the vocabulary of the subject has been derived, and it is 
often useful for purposes of illustration. It is however no more than an 
illustration, and no rational account of the geometrical infinite can be 
based upon it. The confusion about these matters so prevalent among 
Btudents arises from the fact that, in the commonly used text-books of 
analytical geometry, the illustration is sometimes taken for the reality. 

Readers interested in the relations between analysis and geometry 
may be referred to Hilbert's Grundlagen der Geometric, the early chapters 
of Veblen and Young’s Projective geometry, and an article by the author 
‘ What is geometry V published in the Mathematical gazette (vol. 12, 1925, 
pp. 309-316). 
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